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| Introduction
Polylogarithms & their functional identities

Theorem : HLog" =0 for w=1,...,6

Il Ingredients and proof

Del Pezzo surfaces, Hyperlogarithms
Proof of HLog" =0

Comparison

IIl  An approach a la Gelfand-MacPherson
Face maps on G/P
Example : the case r =6 ( G/P = OP? = Cayley plane )



The logarithm

Li;(z) = —Log(1 — 2)

- . . k
Development in series : Lii(z) = >0 %
Integral formula : Log(z) = ZUGE’O
LI]_ = —f du

Monodromy : My (Log) = Log+ 2im

Cauchy’s functional identity :

Log(x) — Log(y )+Log(%)

(zeC)

0



The dilogarithm

. k
o Lix(2) = S5 (lzl<1)
e Integral formula : Lio(z) = Loi(z) = —szog(l — u) -2

Llo(Z) = fZLOg(u - 0) lcﬁlu

e Monodromy : M (Liz) = Lip —2irLog
e Abel’s functional equation (.Ab) [Spence 1809]
Lia(x) — Lia(y) — Lia( ) —Lia 2 ) + Liz(x(l_y)) =
y 1- y(1—x)

1—y 2
L L e
og(y) 0g<1_x> 5



The dilogarithm

. k
o Lix(z) = Xk (lzl<1)
e Integral formula : Li>(z) = Loi(z) = —szog(l — u) -2

Llo(Z) = szOg(u - 0) lcﬁlu

e Monodromy : My (Liz) = Lip —2iwLog
e Abel’s functional identity (.Ab) [ Spence 1809]
x 1—y x(1—y)
R —R —R —R R =0
(9RO -R()-R(;—2)+R( )

R(x) = %(Lm(x) - L10(X)>



The n-th polylogarithm Li, for n > 1

o Lin(z) = X%, % (lzl<1)

e Integral formula : Lin(z) = szi,,_l(u)%

Li, (z) = Lip_1(2)/z

e Monodromy : M (Li,) = Li, —2ir ('-Oig)".*1

e Functional identities in one variable :

Li,,(zm> = 1 Z Lin(w z)
wm=1
Lin(2) + (—1)"Lin(271) = _2im)" B,,(

nl

Logz)

2im



The n-th polylogarithm Li, for n > 1

.« Lifz) = T2, 2 (lzl<1)

e Integral formula : Lir(z) = fZLi,,,l(u)%

Li,'(z) = Lip—1(2)/z

e Monodromy : Ml ('—in) = Lip —2ir ((Lno—gi)l;!_1

e Functional identities in several variables ( 37 ) :
> ciLin(U;) =Elem_,
i€l

finite, c; € Z, U; € Q(Xl,.. .,XN) )

/
~



The n-th polylogarithm Li, for n > 1

o Lin(z) = Y5 (lzl<1)

e Integral formula : Lir(z) = fZLi,,,l(u)%

Li,'(z) = Lip—1(2)/z

e Monodromy : Ml ('—in) = Lip —2ir ((Lno—gi)l;!_1

e Functional identities in several variables ( 37 ) :

> cilin(U;) =Elem., <= > ¢L,(U;)=0

i€l i€l

(/ finite, ¢; € Z, U,‘E@(Xl,...,XN))



Example : Lis

e Li3(z) = 3%, 2X/k3 = [?Lix(u)
e Spence-Kummer identity (SIC) (1809-1840) :
2Lis(x) + 2Lis(y) — Li3<§> + 2Li3(i:;> + 2LI3<;E1:§3> ~ Lis(xy)
+ 2Li3<—x((11__:))) + 2Li3<—y((11__yx))) - Li3(§8 :Z;i)

= 2Li3(1) — Log (y )2Log<1 ) +fLog( )Jr%Log(y)3

3



Example : Lis

o Lis(z) = X2, 2K/k3 = 7 Lip(u)
e Spence-Kummer identity (SKC) (1809-1840) :
2Lis(x) + 2Lis(y) — Li3<§> + 2Li3<i:;> + 2L|3<§8:g> ~ Lis(xy)
" 2Li3<_x((11__){))> " 2Li3<_y((11_—{())> N ”3(%>

. 2
= 2Li5(1) - Log (y)?Log (u) + " Log(y) + ~Log (y)?

1—x 3 3

2L5(x) +2L3(y) — L3(§) + 2L3(1_X> n 253(;8:3)7 L3(xy)

e y) (e y) el =

L£3(2) = Li3(2) — Lia(2) Log|z|+1 Lir(2)(Log|z])?




Example : Li,

o Kummer’s functional identity /C(4) (1840) :

() e ) e ()

()l el ) e
3@%2”)“4(?)3;(%)3@(%)




e Functional identities (Fl) of polylogarithms Li, :

» Hyperbolic geometry

> Web geometry

> K-theory of number fields

» Periods (MZVs)

» Particle physics (‘Scattering amplitudes’)
» Mathematical physics ('Y -systems')

» Cluster algebras

» Mirror symmetry (‘Scattering diagrams’)



‘Scattering amplitudes’ and functional identities

o ‘Scattering amplitudes’ A = fA\II ( important in HEPP )
A-A R
A=A+, Fi(x)

e [dDDS] ‘The 2-loop hexagon Wilson loop in N' =4 SYM’  (2010)

R((i?\)/VL = ‘remainder’ : a 17 pages formula!
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Classical Polylogarithms for Amplitudes and Wilson Loops|

A.B. Goncharov," M. Spmdlin,2 @ Vergu,2 and A. Volovich?

Depurrmem‘ of Mathematics, Brown University, Box 1917, Providence, Rhode Island 02912, USA
Deparmwnt of Physics, Brown University, Box 1843, Providence, Rhode Island 02912, USA
(Received 8 July 2010; published 7 October 2010)

We present a compact analytic formula for the two-loop six-particle maximally helicity violating
remainder function (equivalently, the two-loop lightlike hexagon Wilson loop) in N* = 4 supersymmetric
Yang-Mills theory in terms of the classical polylogarithm functions Li; with cross ratios of momentum
twistor invariants as their arguments. In deriving our formula we rely on results from the theory of
motives.

3
1
R (uy, uz,u3) = Y (La(xf, x7) — S Lia(1 = 1/u)

i=1

ZLIZ(I - l/u)
i=1
4

_ 4 - 2 3
24J 12J 72" ©)



‘Scattering amplitudes’ and functional identities

o ‘Scattering amplitudes’ A = fA\ll ( important in HEPP )
A-A+Rr
A=A + el Fi(xi)
e [dDDS] ‘The 2-loop hexagon Wilson loop in N' =4 SYM’  (2010)
’R'é?\)/VL = ‘remainder’ : a 17 pages formula!
e [GSVV] Rg‘)m =3, <L4(x,.+,x,.—) - %Li4(v,-)) ~1 (Z?=1 Lig(v;))2 NI
e Relevance of simplifying > ;c,Fi(x;) for F; = polylogarithms

F; = hyperlogarithms
F; = elliptic polylogs

e Justifies the study of functional identities ;- F;(x;) = cst



‘Scattering amplitudes’ and functional identities

o ‘Scattering amplitudes’ A = fA\ll ( important in HEPP )
A-A+Rr
A=A + el Fi(xi)
e [dDDS] ‘The 2-loop hexagon Wilson loop in N' =4 SYM’  (2010)
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F; = elliptic polylogs

e Justifies the study of functional identities ;. F;(x;) = cst



[ Hain - MacPherson 1990] Higher logarithms

The dilogarithm has properties analogous to those of the
logarithm. It has been widely believed, both in the nine-
teenth century and more recently, that these two functions
should be the first two elements of an infinite sequence of
higher logarithms which share analogous properties. To
date, several sequences of such functions have been
proposed, but no function beyond the dilogarithm in any
of these sequences is known to possess all the desired
properties.

(Similar questions were raised in [Griffiths 2002], [Gangl 2013], etc. )

[Goncharov-Rudenko 2018] Motivic correlator, cluster algebras...

Conclusion. /f n > 3, the problem of writing explicitly
functional equations for Li, might not be the “right”
problem. It seems that when n is growing the functional
equations become so complicated that one cannot write
them down on a piece of paper.



Main problems regarding polylogarithms :
— Find explicit Fl for £, (eg. 3n>87 )
— 3 a sequence (Fl,),>1 of Fl for the polylogarithms ?

— Better understanding of polylogarithmic FI

In this talk, we give a series of hyperlogarithmic Fls :
— HLog! < ( Log(x) — Log(y) — Log(x/y) =0 )

HLog” <= ( R(x)-R() —R(3) -R(12)+R(;5=3 ) =0 )

HLog® <Weight 6 hyperlogarithmic FI )

— we have (HLog"): Y7 AH}'(¢i)) =0 (w=1,....,6)



A geometric view on Abel’s identity

o (Ab) R()—R(y) —R(2)—R(EZ)+R(:4 ) =0
A A ',

X

e Blow-up B : X; =Bl (P?) — P
D1,..., 05 X4 — Pl are

5 the five fibrations by conics
on the del Pezzo surface X,

o (Ab) <= Y2  €R(¢:) =0 (with (), € {+1}%)



Generalisation to del Pezzo surfaces

e pi1,...,pr €P?: points in general position (re{3,...,8})
e Blow-up 3, : X,=Bl, _, (P> —P> ( X,=dPg_, )

Prop : 1. 3 a finite number = k,

ic fibrati X, s Pl
of conic fibrations on X, b1, Pt Xy

2. Foranyi: X;=SingVal(¢;) C P! hasr — 1 elements

Def° : The complete antisymmetric

r—2 /Iv
hyperlog. of weight r — 2 AHy = PP\ % — C

Thm [Castravet-P.] 3 (), € {£1}*, +-unique, such that

(HLog™2) Yy 6 AHE ?(¢i) =0




(HLog’_z) ?:1 € AH;—_-_’2 (¢,) =0

e One identity HLog 2 for each del Pezzo dP; = X, (d =9 —r)
[d =6] dPg is unique, AH%:'_ = Log for every i

(HLogl) : Log(x) — Log(y)— Log(x/y) =10

[d =5] dPsis unique : AH2’, = %(Lm — LlO) =R forevery i
(HLog?) - S2 €iR(¢i) =0 (Ab)



(HLog™2) 1€ AHE 2 (i) =

[d =4] dP; moduli c0? ~- o0? identities HLog®

3 3(1 (YY) L.,
AHl(x)+AH2<y>+AH3(X)+
e (YT ) e () <o

[d =3] dP3 = cubic surface in P2 ~» oo identities HLog?

SiLi AHE (¢i) =0

;«\é g
|



Il Del Pezzo surfaces

e SdelPezzo <& —Ksample —— d= (—Ks)2 e{1,...,9}
e dP; = X, = Bl,, ., (P?) Pic(dPy) =Zh & (D1 Z£)

—Kap, =3h—3[_1 £ ample ~> ¢ _g| :dPy — P9 embedding

e Pic(dPy)) D K- ={py,...,p,) pi=4i—4L1 i<r-—1
pr:h_Z?:lei

—()+{pi}¥-;, ~> Rootsystem E CR,=K.®R

e For any root p: sp: R — R, (orthog. reflection)
dr—d+(d,p)p

W, = W(E) = (sp,---,5p,) C O(R;) : Weyl group of type E,



Del Pezzo surfaces

6

E4_A4o—o—o—o 7

E=D, +» ], ¢
E81234567

Figure — Dynkin diagram E, (k stands for py for any k=1,..., r)



r 3 |4 5 6 7 8
E, Ay XAy | Ay Ds Eg E; Eg
W,=WE,) | Sx&|Cs|(Z22)'xCs | W(E) | W(E) W(Es)
oy =W, 12 |5 2450 |27.3.5]00.345.7]214.35.52.7
L=1L) 6 |10 16 27 56 240

& = K| 3 |5 10 2 126 2160




Reducible conics in X, = dPy4

® Lr:UEEL:rgCXr ~ U :Xr\Lr
e C,>c¢ ~> Conic fibration ¢ : X, — P!
Y. = SingVal(¢.) = { oceP! ’ ¢ (o) non-irreducible }
:{acl, U L aflzoo}c]P’l

e For olex, : (bc_l(ai):éi—i-zz (ﬁi,aeﬁr)

r—2
o« Ho=HO(P!, QL (Logy,)) = <£>__1 ~ Cr2

i
z—o,

. Hc:¢§(7{c):<¢f’f‘, >Ir_12cH°(x,,Q}(r(LogL,)):HX,



Iterated integrals

e Poincaré (1884), Lappo-Danilevski (1928), Chen (1973)

Y complex manifold

° H:<wl,...,wm>CH0(Y7QlY> +[ o :|

w,-/\wj=0
e Ex: ¢:¥ 5 C and we¢ (H(CQL)) i=1,...,m

e Base pointy € Y, path v* =1y :[0,1] = Y from y to x :
— Ly, o x> [ wi ~ I, € O,
— Mo @ X — f,yx wj(u) - Iy, (u) ~ I, €Oy

Mypjwr @ X — f»yx wi(u) - ]ijwi(u) o e € Oy



Iterated integrals (polylogarithms)

o nv . H® — 0O,
w z
w=w;, (¥ wi)r— | L : z+— fy Wiy Wy,

injective morphism
I H®Y ) — O
y (69"‘20 ’ ) Y of complex algebras

I, €0,NO(Y)h
w: Y (¥) has —  Symbol S(I,) =w
unipotent monodromy =

e Ex: Y=P\X with ¥={0,100}
H=(% @) = H(P!, Ol (LogX) )

z 11—z

Li, = ||”( (%)@’("—1) ® (%)) ( ‘Polylogarithms’ )



Iterated integrals (hyperlogarithms)

e Ex: Y=PI\T with T={0l, .. 072 o l=00}
H:<Zifz-1’”"27cézr_2> :HO(]P)I,Q%M(LOgZ))
”n( (Ziz,,-l) ®: - ® (z_di,-,,) ) ‘Hyperlogarithm’

e Complete antisymmetric hyperlog of weight r — 2 on P\ X :

dz dz
r=2 _ nn R
AHs < =1l (Asym(<2_01)® ®(z—a’_2)>>
= ”n< (r}2)! ZVEGr—Z(_l)V <z—iz“(1)> Q- Q (z—a“j’z('_2)> )

. 2 _ 2( dz dz dz dz _
e Ex: AH{, ., =3Il <z® -2 ~ (=2 ®z) =R




Identity HLog' 2 : proof(s)

(HLog™?) : Yccec AHI2(0) =0 with AH[™? = AHE?

b X, P DT = {0} ] Ho=HO(QL (Log X))

$%(He) = He € Hx, = HO(Q), (LogL,))

o A0 = ((25) 1 (%)) € (h )
l S (symbol)
o« QI 7= (@ff;g) Ao A (#) € AN"2H, C A"?Hy,

(HLog™?) <= . Q?=0 in A"2Hy




Identity HLog' 2 : proof(s)

Proofs of : hlog’ 2= _¢.Q2=0 in A""2Hyx

®¢Res .. .
Skl RN g2 injective

Hx, = HO(Q} (LogL,))
Q2N PHy & ATT2CE5 A W(E)
[Pr1] One decomposes hlog’2 in a natural basis of A\"~2 C*

[Pr2] sign, — @c(HC)A(r_Z)

1—s (Q;—?)c — > Q2 ( GAP3)

— AFT2CEr <sign,, A2 C‘:'> =0

[Pr3]  Explicit descrp® of lines —  Z*r ~ Z/&
+ linear algebra / Z —> Y eQ2=0 ( Maple )



Logarithm dPg = Bl3(P?) C PS

Log(x ) + Log(y) — Log (xy) =0

Dilogarithm

R(X)—R(y)'--+R(;f}ji;>=o 5 a(P?) 4

Weight 3 hyperlog

dP, = Q:N Q, C P*
Y10 AHR(Ui(x, y)) =0 4 1 2

Weight 4 hyperlog
Y AH] (Ui(x, y)) =0




Comparison

+| Hlog? | R(-RO)-R(5)-R(12)+R(3G ) =0
o| Hiog® | AHE(x)+ M3 (] )+ AHS () + A (55

e (550 + 2 (7 )+ 0 (5205

+AH§( x P(x,y) )+ AHg(y(xfb))_F AH%U(a(bfx)) =0

(x—y)(x—a) x(y—a) by—ax

e HLog? and HLog? look very similar... but are not quite the same!
— HLog? unique vs there are ©0? HLogib
— only R in HLog? vs 3 several AH,3 in HLog®

— Wy, = Aut(dPs) acts  vs not the case for W(Es) = Wp,
geometrically



Il Gelfand—MacPherson correspondence

e R(x)-R(y)-R(})-R(i) +R(;8:Q> —0 ondPs
e Up to the natural isomorphism dPs ~ Mg :

B Forgetful maps
x(1—y) «——
{X, va/Yv---’y(l—x)} {f;-:M()’s‘)MOA}

¢ Gelfand-MacPherson (over k =R, C) :

aj

The vertical arrows
/;-\ are the quotient maps
Gg(k5) — 4GS (k5/<e;)> by the Cartan subgps

(k*)* ~ H, C GL(K®)
J(./H‘l JO/H&; A (k*)3 ~ H3’,' C GL(kS/(el.>)

Mos(k) —— Moa(k) ~k\ {0,1}



Gelfand-MacPherson construction of (.4b)

aj

P1 : 1st Pontryagin class

G3(IRS) Rk G3 (R5/<e;)) H4(G2(]R5)) 5P = [S%](R)
y—u{ JV,_,Q with © € 0*(Go(R%))
f;
Mos ——— Moy ~ R\ {0, 1}
Fiber f of — wos =1s(Q) € Q°(Mojs)
° —
the 4-form Q - woai= (1), () € Ql(Moa)

o At y(¢) : wos = T{Q + H-£~A3 via G2(R5)L>Ag

e Stokes thm for fiber integ® :  dwos = Y7 1 (—1)'f*(wo.a)

+ wos=0 woa=dR = 0=37,(-1) F*(dR) (Ab)



Cox varieties

e Question : How can one obtain G»(C®) from X4 = dPs = Mgs ?
Answer : G(C?) is the projective Cox variety of dPs

e S = projective manifold such that Picz(S) = ®/_,Z¥;
| S=Bly, (P?) Lo=h=[H] et &=[E] i=1,..r]

© Def® : Cox(S) = Bp,...nez HO(S, Os(noH + mEi + -+ + n,E,))

e Facts : — Cox(S) =Cly1,...,ym] <= S toric

— Cox(S) of finite type = S “Mori Dream Space” ( MMP V)
Il
Cll,....Tm|/Ts —> A(S) :Spec(Cox(S)> C AP

« Affine Cox variety » of S



Cox varieties of del Pezzo surfaces

Surface § D /¢ with — oy € HO(OXr(E)) \ {0}
¢ ~Pand 2 =1 generator in Cox(S)

Thm [Batyrev, Popov] For r =3,...,8, one has
Cox(dPy = X, = Bly,_p, (P2)) =C[ov| € £,/ Tar,

° TNS = HomZ(Pch( ) ) O A( ,) ~ X, = A(Xr)// TNS
e A(X,) — C* + Z-grading on Cox(X,) induced by (—K,-)
e Def° : The Projective Cox variety of X, is

P(X,) = Proj (Cox(x,)) c P(Cﬁf) O Tns = Tns/c



Cox varieties of del Pezzo surfaces

e P(X,) = Proj(Cox(X,)) € B(CE) O @fEf)TNS/ e }~ G(E)

Thm [Batyrev, Popov, Derenthal, Serganova-Skorobogatov]

1. C* is a minuscule representation of G, = G(E,)

2. There is a Tns = H,-equivariant embedding
P(X,) = G,/P, C P(C*")

3. There is an embedding fss : X, <= Y, = (G,/P,)//H, st

P(X,)~—— G,/P, C P(C*r)

| |

dPgy_, = X,Cfs—5> Y, is commutative

4. There is an isomorphism W(E,) ~ Aut(),)




o r=4 Ags P(Xe) = Gy/Py = Go(C%) > P(CE) =B (
Pliicker )

P(Xa) G(C°) - - - - +G2(CY)
dPs = Xy Yy = Mos - "~ - s Moa ~ P!

—— 'Everything comes from the right square diagrams’

e Forr=4,...,7 we have

P(X")C—> Gr/Pr

J J

dPy= X, Y,

e Question : Can the pencils of conics on dPy4 and the identity
HLog’ 2 be obtained from G,/P,and Y, ?



Face maps

e C*r is a minuscule representation of G

G/P C P(Cﬁ) = minuscule G-homogenous projective variety
H Cartan subgroup of G with Lie algebra h ~ C"

e Fact : The set of weights identifies with L,
e Def° : Weight polytope : A = Conv(L,) C hi ~ R’

e Given a facet F C A ~~ Linear projection Mg :C~% — CF

Prop. For any facet F C A, the proj° Mg induces a rational map
Ne: G/P-—»P(CF)NG/P = Gr/Pk

with Gg/Pg minuscule of rank r — 1




Face maps

e Def° : Mg : G/P --» Gg/PF is the face map associated to F

e There exists a quotient map 7¢ such that the diagram

Mg
G/p——— GF/p;
Vul J/VHF is commutative

y—"F S Yr

e For each F : p(Xr)C—>Gr/P’,,rf,ﬁQif—4:GF/pF

| |

dP97r = Xr* y, L %yf: ~ ]Pr_3

Prop. The 7g o fsg's give the pencils of conics on X,




Differential identities HLOG,,

n
P()(f)(—> Gr/P, -t 9@?_]74 = GF/PF

| | |

dPy , = X, sy __TF_ S Yp ~Pr3

e Setting U = 1+ 3, u;, we define a multivalued (r — 3)-form on Pr—3

du1 dur_3
Q, =Asym, . .y <Log(U)(le Ao A - ))

Thm. 1. The =g o fss's give the pencils of conics on X,
2. We have HLOGy, : > ¢ 77”;(9,) =0

3. HLOGy, ~- HLog[;> foranydPg ,




Case r = 6 : type Eg

Dynkin diagram Minuscule representation
Herm3(0) = %/ ,Ce¢;
highest weight vector e; = F, 0 3}

e Minuscule homog. space : Cayley plane Eg/p, = OP? = Im(v,)
vy : 0?2 < PHerm3(Q), (x,y) — % = yyi}

e Weight polytope :

Gosset 291 27 orthoplexes (type (Ds,w1))
99 facets

e Face maps on OP? : F = a Ds-facet : OP% = OP?NP(EL) = OP!
~~ TMF is equivalent to 0% — O, (x,y) — x

e We can recover the 27 pencils of conics on a cubic surface dP3 and
the identity HLogjp, from the 27 faces maps OP? --» OP! ~ Q?



Thank you very much for your attention
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