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General overview of the lectures

Lecture 1 Introduction and some Basics

− Webs, Equivalence, Hexagonality
− Some basic examples
− Abelian relations & Polylogarithms

Lecture 2 Examples of Webs in Algebraic Geometry

− Webs on surfaces, on Fano manifolds, on moduli spaces
on homogeneous spaces G/P, etc

Lecture 3 Webs by conics on Del Pezzo Surfaces

− Geometry of Del Pezzo Surfaces
− Hyperlogarithms
− Gelfand-MacPherson Webs



A Foreword on the Development of Web Geometry

• Web geometry : Developed by Blaschke’s School in Hamburg

• 1927-1938 : Blaschke and others published more than 60 papers
« Topologie Fragen der Differentialgeometrie »

• 1932 : Blaschke was invited to give lectures at Peking University

• Chern was a master student at Tsinghua Univ. at that time, he
attended & was influenced by Blascke’s lectures on webs

• 1934 : Chern went to Hamburg to work under Blaschke’s guidance

• 1936 : Chern defended his thesis (2 papers on webs)

• 1977-80 : Chern and Griffiths worked together on the
problem of the algebraization of maximal-rank webs



First definitions : foliations

• General setting : analytic or algebraic / C (∃ others : C∞, etc)

• M complex manifold of dimension µ ≥ 2

• A regular foliation F of codimension r on M is given by a
integrable distribution TF ⊂ TM of corank r .
A first integral for F on D ⊂ M is a map U : D → Cr such that
TF |D= ker(dU).

≃
locally

• In general, foliations may have singularities...

• ... but in web geometry, we usually stay away from the singularities
of the foliations we are working with.



First definitions : webs

• Geneneral position (GP) for subspaces V1, . . . , Vd ⊂ Cµ :

∀ I ⊂ {1, . . . , d} : codim
(

∩i∈I Vi
)

= max
(

µ ,
∑

i∈I codim(Vi)
)

Definition : A (TD) d-web is a d-tupleW =
(
F1, . . . ,Fd

)
of

foliations F i whose tangent distributions TF i are in GP

(wGP) : ∀ i ̸= j , TmF i and TmF j are in GP in TmM

or (GP) : the tangent spaces TmF1, . . . , TmFd of the foliations of
the webW at m are in GP in TmM

Definition : a d-web is obtained by gluing totally decomposable webs
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Some examples of webs : Lie groups

Notation : W(U1, . . . , Ud ) = d-web whose foliations are those
admitting the Ui ’s as first integrals

• Planar parallel 3-web :W(x , y , x + y)

=

• Let G be a Lie group. Then G2 comes with three natural maps :
− πi : G × G → G : the projection onto the i-th factor (i = 1, 2)
− Π : G × G → G : (x , y) 7→ xy the group multiplication

⇝WG =W(π1 , π2 , Π ) is 3-web on G2

• A classical theme in web geometry is the investigation of the interplay
Differential properties ofWG ←→ Algebraic properties of G



Some examples of webs : on surfaces in R3

• There are two families of circles on a torus T2 in R3 :

• But there are also two Villarceau’s circles through each point

• Hence T2 carries a 4-web in circles



Some examples of webs : in algebraic geometry

• Algebraic surface S ⊂ P3 : if deg S = 2 then S = Q ≃ P1 × P1

⇝ Q carries a 2-web by lines

• Cubic surface S ⊂ P3 : ∃ 27 lines contained in S
⇝ 27-web by conics on S

• Cubic threefold X ⊂ P4 : through x general pass 6 lines ⊂ X
⇝ 6-web by lines on X

• Moduli spaces I : ∃ n forgetful morphisms φi :M0,n →M0,n−1
⇝ n-webWM0,n by rational curves onM0,n

• Moduli spaces II : Let Y r = moduli space of marked del Pezzo
surfaces of degree 9 − r . Blowing-down a -1 curve gives a map
Y r → Y r−1. There is a finite number ℓr of lines on each dP9−r

⇝ ℓr -web by surfaces on Y r



Web geometry

Singular set Σ(W) =
(

∪i Sing(F i)
)

∪
{

where GP is not satisfied
}

• Given a webW , we always work on Reg(W) = M \ Σ(W)
• Classically, one even works locally, at a generic point m ∈ Reg(W)

Definition. Two websW = (F i)d
i=1 and W̃ = (F̃ i)d

i=1 on two
manifolds M and M̃ are equivalent if there exists a germ of
biholomorphism φ : (M, m) ≃ (M̃, m̃) (with m ∈ Reg(W), ...)
such that (possibly up to reindexing the foliations) :

φ∗
(
W

)
=

(
φ∗(F i)

)d
i=1 = W̃

Web geometry is the study of webs up to equivalence

Example :
A planar 2-web
is locally trivial



Web Geometry



A planar algebraic curve : the deltoid
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A planar algebraic 3-web

algebraic 3-web WC associated to a plane cubic C ⊂ P2
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A planar algebraic 3-web
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A planar algebraic 3-web

The algebraic 3-web WC associated to a plane cubic C ⊂ P2
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Hexagonality of a planar 3-web

Definition :W3 is hexagonal if all ‘hexagons’ are closed
i.e. if H : L1 → L1, p 7→ q is the identity
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Definition :W3 is hexagonal if all ‘hexagons’ are closed
i.e. if H : (L1, •) → (L1, •), p 7→ q is the identity

Definition :W3 is hexagonal if all ‘hexagons’ are closed i.e.
if ∀ •, the map H : (L1, •) → (L1, •), p 7→ q is the identity
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The Queen Elizabeth II Great Court roof at the British Museum

The Queen Elizabeth II Great Court roof at the British Museum

The Queen Elizabeth II Great Court roof at the British Museum



A classical theorem

• LetW3 be a 3-web on an open domain D ⊂ C2

• Let U1, U2, U3 : D → C be first integrals :W3 =W(U1, U2, U3)

Theorem. The following properties are equivalent :

1.W3 is hexagonal

2.W3 is parallelizable ≃ W(x , y , x −y) =

3.W3 is flat i.e. its curvature vanishes : KW3 = 0 in Ω2(D)

4.W3 carries a non-trivial abelian relation : ∃
(
F i

)3
i=1 ∈ O(U)3

such that F 1(U1) + F 2(U2) + F 3(U3) ≡ 0
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Theorem. The following properties are equivalent :

1.W3 is hexagonal

2.W3 is parallelizable ≃ W(x , y , x −y) =

3.W3 is flat, ie. its curvature vanishes : KW3 = 0 in Ω2(D)

4.W3 carries a non-trivial abelian relation : ∃
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)3
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• Hexagonality is stable up to local topological equivalence :

• W3 ≃ topologically ⇐⇒ W3 ≃ analytically

• Hence « Topologische Fragen der Differentialgeometrie »



• Hexagonality is stable up to local topological equivalence :

• W3 ≃ topologically ⇐⇒ W3 ≃ analytically

• Hence « Topological Questions in Differential Geometry »



W
(

x , y , x + y
) ‘Identity equation’(

x
)

+
(
y

)
−

(
x + y

)
= 0

W
(

x , y , y/x
) Cauchy’s equation

Log(x) − Log(y) + Log (y/x) = 0

W
(

x , y , Q
) Euler’s equation∫ x ds√

g(s)
+

∫ y ds√
g(s)

−
∫ Q ds√

g(s)
= 0

Euler’s Addition Theorem (1753). We have∫ x

0
ds√
g(s)

+
∫ y

0
ds√
g(s)

−
∫ Q

0
ds√
g(s)

= 0

for g(x) = (1 − x2)(1 − k2x2) and Q = Q(x, y) = x
√

g(y)+y
√

g(x)√
1−k2x2y2



Euler’s Addition Theorem, geometrically

• To y2 = (1− x2)(1− k2x2) is associated a cubic curve C ⊂ P2

• To dx√
(1−x2)(1−k2x2)

= dx
y is associated ω ∈ H0(

Ω1
C

)
≃ C

• Let L0 ∈ P̌2 be a line such that L0 · C =
∑3

i=1 pi (L0)

Euler’s Addition Theorem. For ω ∈ H0(
Ω1
C

)
, we have∑3

i=1 pi
∗(ω) = 0 ⇐⇒

∫ p1 ω +
∫ p2 ω +

∫ p3 ω = cst
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y is associated ω ∈ H0(

Ω1
C
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≃ C

• ∃ germs pi :
(
P̌2, L0) → C s.t. for L ∼ L0, then L · C =

∑3
i=1 pi (L)

Euler’s Addition Theorem. For ω ∈ H0(
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C
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, we have∑3
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Abel’s Addition Theorem : curves

• Let C ⊂ Pn be a reduced algebraic curve of degree d ≥ 3

• Given H0 ∈ P̌n s.t. H0 · Creg =
∑d

i=1 pi(H0) (transverse intersection)

• ∃ germs pi :
(
P̌n, H0) → C s.t. for H ∼ H0 : H · C =

∑d
i=1 pi (H)

Abel’s Addition Theorem

∀ ω ∈ H0(
ω1
C

)
, we have∑d

i=1 pi
∗(ω) = 0 on P̌n

• C ⇝WC
locally= W

(
p1, . . . , pd

)
: d-web by hyperplanes on P̌n

• ∀ ω ∈ H0(
ω1
C

)
:

(
pi

∗(ω)
)d

i=1 is an abelian relation forWC



Abel’s Addition Theorem : projective varieties

• Let V r ⊂ Pn+r−1 be a reduced proj. variety, degV = d , dimV = r

• Let Π0 ∈ Gn−1
(
Pn+r−1)

= Gn(Cn+r ) s.t. Π0 ·V reg =
∑d

i=1 pi(Π0)

• ∃ germs pi :
(
Gn−1

(
Pn+r−1)

, Π0
)

→ V s.t. Π ·V =
∑d

i=1 pi
(
Π

)
Abel’s Addition Theorem

For k ≤ r , ∀ η ∈ H0(
ωk
V

)
:∑d

i=1 pi
∗(η) = 0 on Gn

(
Cn+r )

• V ⇝WV
loc= W

(
p1, . . . , pd

)
: d-web on Gn

(
Cn+r ) by Schubert

subvarieties
• ∀ η ∈ H0(

ωk
V

)
:

(
pi

∗(η)
)d

i=1 is a k-abelian relation forWV



Abelian relations

• LetWd = d-web on D ⊂ CN defined by submersions Ui : D → Cr

Definitions. − A k-abelian relation (k-AR) forWd is a d-tuple(
ηi

)d
i=1 ∈

∏
i Ωk

Cr such that in Ωk(D), one has
d∑

i=1
U∗i

(
ηi

)
= 0

− ARk(
Wd

)
= C-vector space of k-ARs ofWd

− rkk(
Wd

)
= dim ARk(

Wd
)

is the k-rank ofWd

Abel’s Thm + its converse. For V r ⊂ Pn+r algebraic and k ≤ r
the map H0(

ωk
V

)
−→ ARk(

WV
)

is linear and injective
η 7−→

(
p∗

i (η)
)d

i=1 =⇒ hk,0(V ) = rkk(
WV

)
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Algebraic & Algebraizable Webs

Defo. A d-webWd is algebraizable if it is equivalent to an
algebraic web = a webWV for V r ⊂ Pn+r−1 alg. subvariety

Rk. IfWd of codimension r on D ⊂ CN is equivalent toWV
which is a web on Gn

(
Cn+r )

⇒ N = dim Gn−1
(
Pn+r−1)

= nr

Chern in [Web Geometry, Bull. AMS (1982)] :
In order to keep algebraic geometry in sight, we will consi-
der [...] only webs of codimension r in RN , with N = rn.
Even so the subject is a wide generalization of the geo-
metry of projective algebraic varieties. Just as intrinsic al-
gebraic varieties are generalized to Kähler manifolds and
complex manifolds, such a generalization to web geometry
seems justifiable.

Rk. An algebraic webWV carries many ARs : rkk(
WV

)
= h0(

Ωk
V

)
Problem : Study webs with ‘many’ abelian relations



Abelian relations : some examples

• Log(x) − Log(y) + Log
(

y
x

)
= 0 ⇝

(
Log, −Log, Log

)
∈ AR

(
W

(
x, y , y

x
))

• Abel’s identity of the dilogarithm [Spence 1807,...]

Rogers’
dilogarithm : R(x) = 1

2

(
Li2(x) − Li2(1 − x)

)
with Li2(x) =

∑
k≥1

xk

k2

(Ab) R (x) − R (y) − R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= −π2

12

⇝ Ab =
(
R, −R, . . . , R

)
∈ AR

(
W

(
x, y, y

x , 1−y
1−x , x(1−y)

y(1−x)

))
Bol’s web : B =W

(
x, y, y

x , 1−y
1−x , x(1−y)

y(1−x)

)
≃WM0,5



Abelian Relations : bounds on the ranks

• W =W
(
U1, . . . , Ud

)
with 1st integrals Ui : M =

(
Cnr , 0

)
→ Cr

• Notations. − Foliation F i = FUi with TF i = ker(dUi)

− Ui = (u1
i , . . . , ur

i ) for S ⊂ {1, . . . , r} with |S|= k :

dSUi = dus1
i ∧ · · · ∧ dusk

i ∈ Ωk(M) dr Ui = ∧r
s=1dus

i ∈ Ωr (M)

• (GP) : For all i1, . . . , in ∈ {1, . . . , d} pairwise distinct, we have
n⊕

m=1
TF im = TM ⇐⇒ dr Ui1 ∧ · · · ∧ dr Uin ̸= 0

• ARk(
W

)
=

{ (
ηi

)d
i=1 ∈

(
Ωk(Cr )

)d ∣∣ ∑d
i=1 Ui

∗(ηi) = 0 in Ωk
M

}
• A k- AR corresponds to a tuple

(
FK

i (Ui)
)

i ,K of holomorphic functo

such that
d∑

i=1

( ∑
|K |=k

FK
i (Ui) · dK Ui

)
= 0 in Ωk

M



Abelian Relations : valuations

• M =
(
z1, . . . , zr

)
maximal ideal of O(Cr , 0) = C{z1, . . . , zr }

Def. − For η ∈ Ωr (Cr , 0), its valuation (at 0 ∈ Cr ) is

v(η) = vM(η) = sup
{

ℓ ≥ 0
∣∣ η ∈ Mℓ · Ωk(Cr , 0)

}
∈ N

− The valuato of η = (ηi)d
i=1 ∈ ARk(

W
)

is v
(
η

)
= min

{
v(ηi)

}d
i=1

− Decreasing filtrato F νARk =
{

η ∈ ARk with v(η) ≥ ν
}

(ν ≥ 0)

Fact. − We have : rkk(W) = dim ARk ≤
∑

ν dim GrνARk

Def. The linearisation of W (at the origin of V = Cnr ) is the
constant web defined by the linear maps ℓi = dUi(0) =

(
ℓs

i )r
s=1

Fact. GrνARk ↪→
{ ∑

i ,|K |=k PK
i dK ℓi = 0

∣∣ PK
i ∈ Cν

hom[ℓ1
i , . . . , ℓr

i ]
}



Abelian Relations : bounds on the ranks (k = r)

• ℓi = (ℓs
i )r

s=1 ∈ L(V ,Cr ) with ∧r ℓi ∈ ∧r V ∨ satisfying (GP)

Proposition. For ν ≥ 0, with Pi ∈ Cν
hom

[
ℓi

]
for all i , we have :

dim
{(

Pi
)d

i=1

∣∣∣∣ ∑
i Pi ∧r ℓi = 0 in ∧r V ∨

}
≤ πr

ν(d , n, r)

with πr
ν(d , n, r) =

(r−1+ν
r−1

)
max (d − (r + ν)(n − 1) − 1, 0)

Cor. 1. For a d-webW of codim r on Cnr satisfying GP :

rkr (
W

)
≤ πr (d , n, r):=

∑
ν≥0

πr
ν(d , n, r)

[
Bol, Chern

Chern-Griffiths

]

2. For V r ⊂ Pn+r−1 alg. irred. non-degenerate with deg(V ) = d :
pg(V ) = h0(

KṼ
)

≤ πr (d , n, r)
[
Harris

]



Castelnovo varieties and maximal rank webs

Castelnuovo (1937)-Harris (1981) bound on the genus.

1. For V r ⊂ Pn+r−1 alg. irred. non-degenerate with deg(V ) = d
pg(V ) = h0(

KṼ
)

≤ πr (d , n, r)
[
Harris

]
2. For d such that πr (d , n, r) > 0, ∃ V with pg(V ) = πr (d , n, r)
V is a ‘Castelnuovo variety’ and can be described as follows :
−

∣∣IV (2)
∣∣ cut out X r+1 ⊂ Pn+r−1 with deg(X) = n − 1 minimal

− the class of V in Pic(X) is determined

Consequence. For V Castelnuovo,WV is of maximal (r -)rank,
that is rkk(

WV ) = πr (d , n, r) is maximal. Such webs exist.

Question. To what extent does a d-webWd of maximal r -rank look
like a ‘Castelnuovo web’WV (with V r ⊂ Pn+r−1 Castelnuovo) ?



Webs of maximal rank : algebraization

• One assumes d large enough (in particular for that πr (d , n, r) > 0)

Thm. [Hénaut (n = 2), Trépreau (r = 1), P.-Trépreau (r ≥ 2)]
In ‘most cases’, a d-webWd of codim r on (Cnr , 0) with
maximal r -rank is algebraizable in the classical sense :

one hasWd ≃WV for a Castelnuovo variety V

Thm. [P.] In some ‘special cases’ (n = 2, r ≥ 2, d = 2r + 5), one
can construct maximal r -rank webs which are not of Castelnuovo
type but which are algebraic in a generalized sense (Jordan type)

• Notable exception : Planar webs !
∃ webs which are exceptional = nonalgebraizable but of max. rank



Bol’s web

Prop. − ForWd planar : rk
(
Wd

)
≤ 1

2(d − 1)(d − 2) [Bol]

− Let C ⊂ P2 be a degree d reduced algebraic curve :

h0(ω1
C ) = 1

2(d − 1)(d − 2) =⇒ WC has maximal rank

Thm [Lie-Poincaré] A planar 4-webW4 of maximal rank 3 is
algebraizable : ∃ a quartic curve C ⊂ P2 such thatW4 ≃WC

• Bol’s 5-web : B =W
(
x, y, y

x , 1−y
1−x , x(1−y)

y(1−x)

)
≃WM0,5

(Ab) R (x) − R (y) − R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= −π2

12 + Log (x) − Log (y) − Log
(

x
y

)
= 0

. . . . . .

• AR
(
B

)
=

〈
Logarithmic ARs

〉5
⊕ ⟨Ab⟩1 ←− dim 6 = (5−1)(5−2)

2



Exceptional webs & Chern’s problem

• Bol’s web B
{

has maximal rank 6
is not linearizable =⇒ B is exceptional

• (Ab) R (x) − R (y) − R
(

x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= −π2

12

Chern
[
My Mathematical Education (1992)

]
:

I think the determination of such webs which are exotic is
a problem of great interest and importance.

...
Due to my background I like algebraic manipulation [. . .].
Local differential geometry calls for such work. But good
local theorems are difficult to come by. The problem on
maximum rank webs discussed above is clearly an impor-
tant problem, and will receive my attention.

Chern’s Probem : Determine the webs of maximal ranks







Chern
[
The mathematical works of W. Blaschke (1973)

]
It was Professor Blaschke whose influence on me cannot be
overstated. In 1932 he visited Peking as part of his world
tour. I was a young college student in his audience. I was
immediately impressed by his fresh ideas and his insistence
of mathematics to be a lively and intelligible subject. This
contact with him was instrumental in making me to decide
to come to Hamburg as a student. I started my study
in Hamburg in November 1934 and received my doctor’s
degree in February 1936.
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