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Logarithm dPg = Bl3(P?) C PS

Log(x ) + Log(y) — Log (xy) =0

Dilogarithm

R(X)—R(y)'--+R(;f}ji;>=o 5 a(P?) 4

Weight 3 hyperlog

dP, = Q:N Q, C P*
Y10 AHR(Ui(x, y)) =0 4 1 2

Weight 4 hyperlog
Y AH] (Ui(x, y)) =0




I Introduction

Polylogarithms & their functional identities
Theorem : HLog" =0 for w=1,...,6

Il Proof

Del Pezzo surfaces

Hyperlogarithms

IIl  An approach a la Gelfand-MacPherson
Gelfand-MacPherson webs on G/P

The case r =5 : Ss (spinor 10-fold)
and r = 6 : OP? (Cayley plane)



The logarithm

e Liy(z) = —Log(1 — 2) (zeC)

u
u—0

Lis(z) = — [ 2%

Integral formula : Log(z) = fz

. . . k
Developement in series : Lii(z) = >0 &

Monodromy : My (Log) = Log + 2im

e Functional indentity : Log(x) — Log(y) + Log ( % ) =0



The dilogarithm

e Lisz) = T2, 2 (lzl<1)

¢ Integral formula : Li>(z) = Loi(z) = —leog(l —u) ‘ﬁ’o

u

Lio(z) = [ log(u—0) 12

e Monodromy : M (Liy) = Lip —2irLog
e Abel’s functional identity (.Ab)

mn—R@qux)—RUf”)+R<ﬂl_”)_0

y 1—x y(1—x)

R(x) = %(LM(X) - Llo(x))



The n-th polylogarithm Li, for n > 1

o Lin(z) = X%, % (lzl<1)

e Integral formula : Lir(z) = szi,,_l(u)d—Lj’

Li, (z) = Lip_1(2)/z

e Monodromy : Ml (Lin) = Lip, —2im ((Lnofgi;;1

e Functional identities in one variable :

Li,,(z') =t Z Lin(w 2)

wr=1

Lin(2) + (~=1)"Lin(271) = - (20m)" Bn(LOgZ)

n! 2im




The n-th polylogarithm Li, for n > 1
o Lin(2) = % 4 (lzl<1)

e Integral formula : Lin(z) = fZLi,,,l(u)—

e Monodromy : My (Li,) = Li, - 2fﬂ%

e Functional identities in several variables ( 37 ) :
> ciLin(U;) =Elem_,
i€l

( I finite, ¢; € Z, U; € Q(Xl,...,XN)>



The n-th polylogarithm Li, for n > 1

o Lin(z) = Y5 (lzl<1)

e Integral formula : Lin(z) = fZLi,,,l(u)d—;’

e Monodromy : My (Li,) = Li, - 2iT =y

e Functional identities in several variables ( 37 ) :

> cilin(U;) =Elem., <= > ¢L,(U;)=0

i€l i€l

(/ finite, ¢; € Z, U,‘E@(Xl,...,XN))



Example : Lis

° Li3(Z) = Ziozl zk/k3 = fz L|2(U)%

e Spence-Kummer identity (SKC) (1809-1840) :

2L3(x) +2L3(y) — £3<§) + 2£3(17X) + 2£3(x(17y))_ 53<XY>

1—-y y(1—x)
x(1— 1-— x(1 = y)?
+2£5( - ((I_Xy))>+ 2£3(_y((1_yx)))_ E3(y§l—i§2> =0

e (SK) lives on Cayley cubic surface € C P3

“ blow-up of P? at ‘%

Sing(€)= 4 nodal points
’\ only 9 pencils of conics U; : € — P!



Example : Li,

e Kummer’s functional identity /C(4) (1840) :

o) e v ) e %)
—6La( v ) _6£4(77C> —6£4(77> _6L4(7%)
_3£4<X77) —354(YC> —3ﬁ4(%) _3£4(E)
(
(

o)) e ) e )

¢
+6£4 x)+6£4(y)+6£4(—§)+6£4<—7) =0



¢ Functional identities (Fl) of polylogarithms Li, :

» Hyperbolic geometry

» Web geometry (n<3)

» K-theory of number fields (n<4)

» Periods (MZVs)

» Particle physics (‘Scattering amplitudes')

» Mathematical physics ('Y -systémes’) (n=2)

» Cluster algebras (n<4)

» Mirror symmetry (‘Scattering diagrams’) (n=2
e Problems : — find some Fl for £, (eg. 3n>87 )

— better understand FI of polylogarithms



[ Hain - MacPherson 1990] Higher logarithms

The dilogarithm has properties analogous to those of the
logarithm. It has been widely believed, both in the nine-
teenth century and more recently, that these two functions
should be the first two elements of an infinite sequence of
higher logarithms which share analogous properties. To
date, several sequences of such functions have been
proposed, but no function beyond the dilogarithm in any
of these sequences is known to possess all the desired
properties.

[Goncharov-Rudenko 2018] Motivic correlator, cluster algebras...
Conclusion. /f n > 3, the problem of writing explicitly
functional equations for Li, might not be the “right”
problem. It seems that when n is growing the functional
equations become so complicated that one can not write
them down on a piece of paper.



Considering hyperlogarithms, one gives a series of Fl
HLog! < ( Log(x) — Log(y) — Log(x/y) =0 )

HLog? = ((R() R0 ~R(;) (1) (502 ) <o)

HLog® ( Hyperlogarithmic Fl of weight 6 )

—Forw=1,...,6: S AHY (i) =0 (HLog")



A geometric view on Abel’s identity

o (Ab) R()—R(y) —R(2)—R(EZ)+R(:4 ) =0
A A ',

X

e Blow-up B : X4 =B, (P?) — P2
D1,..., 05 X4 — Pl are

5 the five fibrations by conics
on the del Pezzo surface X,

o (Ab) <= Y2 €R(¢:) =0 (with (), € {+1}%)



Generalisation to del Pezzo surfaces

e pi1,...,pr €P?: points in general position (re{3,...,8})
e Blow-up 3, : X,=Bl, _, (P> —P> ( X,=dPg_, )

Prop : 1. 3 a finite number = k,

ic fibrati X, s Pl
of conic fibrations on X, b1, Pt Xy

2. Foranyi: X;=SingVal(¢;) C P! hasr — 1 elements

Def° : The complete antisymmetric

r—2 /Iv
hyperlog. of weight r — 2 AHy = PP\ % — C

Thm [Castravet-P.] 3 (), € {£1}*, +-unique, such that

(HLog™2) Yy 6 AHE ?(¢i) =0




(HLog’_z) ?:1 € AH;—_-_’2 (¢,) =0

e One identity HLog 2 for each del Pezzo dP; = X, (d =9 —r)
[d =6] dPg is unique, AH%:'_ = Log for every i

(HLogl) : Log(x) — Log(y)— Log(x/y) =10

[d =5] dPsis unique : AH2’, = %(Lm — LlO) =R forevery i
(HLog?) - S2 €iR(¢i) =0 (Ab)



(HLog’_z) ?:1 €; AH;:TZ (¢,) =0

[d =4] dP, moduli c0? ~- oo? identities HLog®

[d =3] dP3 = cubic surface in P> ~» oo identities HLog?

Z,?L AH?(qbi) =0



Del Pezzo surfaces

e dP; = X, = Bl,, ., (P?) Pic(dPy) =Zh& (D1 Z£)

e Pic(dPy)) DKt ={pi,...,p,) pi=ti—Li i<r—1
pr=3h— ?:lfi

—(,)+{p;}—;, ~ Rootsystem E CR =K ®R

e For any root p : Sp i R — R, (orthog. reflection)
dr—d+(d,p)p

W, =W(E)=sp,,---,5. ) C O(R) : Weyl group of type E,



Del Pezzo surfaces

6

E4_A4o—o—o—o 7

E=D, +» ], ¢
E81234567

Figure — Dynkin diagram E, (k stands for py for any k=1,..., r)



e Lines

e Conics C,:{cePic(X,) ‘ -K-¢c=2, c2:0}:W,-c

w

¢ — |c|~P!~> Conic fibration ¢, : X, — P?

r 3 |4 5 6 7 8
E, AyxA; [Ay| D Eg E; Eg
W, =WE) | Sx6y |G| (Z/22)xCs| W(E) | W(E) W(Es)
;= W, 2|5t 245 |27.3h5]20.305.7(24.3.52.7
=L 6 |10 16 il 56 240

& = %] 3|5 10 v 126 2160




Reducible conics in X, = dPy4

® Lr:UEEL:rgCXr ~ U :Xr\Lr
e C,>c¢ ~> Conic fibration ¢ : X, — P!
Y. = SingVal(¢.) = { oceP! ’ ¢ (o) non-irreducible }
:{acl, U L aflzoo}c]P’l

« For giex, : ¢ (ol) =Li+Li (Li.Liec,)

r—2
o« Ho=HO(P!, QL (Logy,)) = <£>__1 ~ Cr2

i
z—o,

. Hc:¢§(7{c):<¢f’f‘, >Ir_12cH°(x,,Q}(r(LogL,)):HX,



Iterated integrals

e Poincaré (1884), Lappo-Danilevski (1928), Chen (1973)

Y complex manifold

° H:<wl,...,wm>CH0(Y7QlY> +[ o :|

w,-/\wj=0
e Ex: ¢:¥ 5 C and we¢ (H(CQL)) i=1,...,m

e Base pointy € Y, path v* =1y :[0,1] = Y from y to x :
— Ly, o x> [ wi ~ I, € O,
— Mo @ X — f,yx wj(u) - Iy, (u) ~ I, €Oy

Mypjwr @ X — f»yx wi(u) - ]ijwi(u) o e € Oy



Iterated integrals (polylogarithms)

nw . HY— 0,
¢ W=w;® - Quj, — I,z f»yz Wil(”)'ﬂwiz---wiw(”)

injective morphism

. QXw
o I (69“’20 H, LU) — Oy of complex algebras

I, € 0,NO(Y)

- —> Symbol S(I,) =w v
unipotent monod. -

e Ex: Y=PI\Y with Z={0,1,00}
H= (%, @) = H(P!, Ol (LogY))

Li, = II”( (%)@)(n_l) ® (£ )) ( ‘Polylogarithms’ )

1-z



Iterated integrals (hyperlogarithms)

e Ex: Y=PI\T avec Z:{al, ce, 02 g’*lzoo}
H:<Zifz-1’”"27cézr_2> :HO(]P)I,Q%M(LOgZ)>
”n( (Zf’;,-l) ®-® (%) ) “Hyperlogarithm”

e Complete antisymmetric hyperlog of weight r — 2 on P! \ X :

dz dz
r—=2 _ nn R
AHs < =1l (Asym(<2_01)® ®(z—a’_2)>>
= ”n< (r}2)! ZVEGr—Z(_l)V <z—iz“(1)> Q- Q (z—a“j’z('_2)> )

. 2 _ 2( dz dz dz dz _
e Ex: AH{, ., =3Il <z® -2 ~ (=2 ®z) =R




Il Identity HLog' 2 : proof(s)

(HLog™?) : Yccec AHI2(0) =0 with AH[™? = AHE?

b X, P DT = {0} ] Ho=HO(QL (Log X))

$%(He) = He € Hx, = HO(Q), (LogL,))

A0 ()1 () ew (e
l S (symbole)

Q2 (52) Aeeen (701’,2) € AN"2H, C A"?Hy,

Pe—0;

(HLog™?) <= . Q?=0 in A"2Hy




Proofs of : hlog 2 =Y _¢.Q2=0 inA"2Hy,

®¢Res L
—— C% injective

[} er = HO(Q}(r(LOg Lr))
Q2eNPHy & ATT2CE5 A W(E)
[Pr1] One decomposes hlog 2 in a natural basis of A""2C%"

(Pr2] sign, — @C(HC)A(r_Z)

1 (Q02), — T Q2 ( GAP3)

— NFT2CEr <sign,7 /\’*Z(CLV> =0

[Pr3]  Explicit descrp® of lines —  Z%r ~ Z/&
+ linear algebra / Z —> Y eQ2=0 ( Maple)



Comparison

o[ Hogt | oo R (5)R() er(5 ) =0

(o | it a (1) e (1) + i (5

e (550 + 2 (7 )+ 0 (5205

+AH3 (00 ) + A (3670 ) + A (50 ) =0

e HLog? et HLog? are very similar... but not quite the same!
— HLog? unique vs there are ©0? HLogib
— only R in HLog? vs 3 several AH,3 in HLog®

— Wy, = Aut(dPs) acts vs not the case for Wp,
geometrically



Gelfand—MacPherson correspondance

. R(x)—R(y)—R(f/)—R(H)+R(;8:ig) =0

e Isomorphism C2\ A~ Mg5(C): (x,y) — [0,1,00,x,y]

(1— Forgetful maps
o{x, y,x/y,...,yg_i;} $— { }

fi: Mos — Mo

e Gelfand-MacPherson (over k =R, C) :

aj

/_\ The vertical arrows
are the quotient maps

Gg(ks) —F'> Gg <k5/<e,-)> by the Cartan subgps
- (k*)* ~ Hy C GL(Kk®)
J‘/H4 l’/H&; (k*)3 ~ H37,' C GL(k5/<e(.>)

Mos(k) —— Moa(k) ~k\ {0,1}



Gelfand-MacPherson construction of (.4b)

aj

P; : 1st Pontryagin class

o Fi o 4 5 —
G3(R°) ——— G5 (RS/(e,-)> H (GQ(R )) > P [s%](R)
V—V4J/ J/Vi_l% with Q € Q4(G2 (R5)) ’
M 5(R) /B Mps(R) ~R\{0,1}
Fiber f of - W05 = Vx (Q) € QO(MOS(R))
° —
the 4-form Q —  woui= (Vi)*(Qi) c QI(M0,4(R))

H ¢~ Ag via Gz(RS) L A5
At : =)z @ +

e Stokes thm for fiber [ :
dwos =2 1(—1)F* (wos) = 0=327 21(~1) fi*(dR) (.Ab)
~~ ~~

=0 =dR



Cox varieties

e Question : How does one obtain G2(C®) from X4 = dP5 = Mg 5?
Answer : It is its Cox variety

e S = projective manifold such that Picz(S) = ®]_yZ¥;
(S=Blp..p(P2) bo=h=[H] et L=[E] i=1,..,r)

o Def® : Cox(S) = @y,...nez HO(S, Os(noH + mEy + -+ n,E,))

e Facts : — Cox(P") = Chomog |[X0; - - - » Xn)
— Cox(S) =C|y1,...,ym] <= S toric

— Cox(S) of finite type = S “Mori Dream Space” ( MMP V)

I
Cll1,....,Tm]/Ts —> A(S) = Spec(Cox(S)) C AP



Cox varieties of del Pezzo surfaces

Surface § D ¢ with _, o€ HO(Ox, (¢)) \ {0}
¢~Pland 2 = -1 generator in Cox(S)

In BI P2?) - -
J oo 21;..(’591()—c?1rves = Cox(Blpl,_..m (Pz)) not of finite type

Thm [Batyrev, Popov] For r=3,...,8, one has
Cox(dPy = X, =Bl (P)) =Clo¢|( € £, ]/ Tap,

° TNS = HomZ(PicZ(X,),(C*) O A(Xr) ~ Xr - A(Xr)// TNS

e A(X,) — C~£r + Z-graduation sur Cox(X,) induite par (—K, )
— P(X;) = Proj (Cox(X,)) C ]P’((Cﬁf) O Tns = Tns/cx
—_————

=(A(X/)—{0}) /c+



Cox varieties of del Pezzo surfaces

* P(X,) = Proj(Cox(X,)) C P(C%) O @'E;TNS/ © }» G(E)

Thm [Batyrev, Popov, Derenthal, Serganova-Skorobogatov]
1. C* is a minuscule representation of G, = G(E,)

2. (Tns, H,)-equivariant embedding
P(X,) <= V,=G,/P, C P(C*)

3. There is an embedding fss : X, < Y, = V. //H, such that
P(X,)——— V, C P(C*)

l is commutative
dPy_, = chfs—5> Y= vr//Hr

4. There is an isomorphism W(E,) ~ Aut(Y,)




o r=4,As:P(Xs) = V4= Gy(C5 — P(C5) =P ( Pliicker )

P(Xs) =————— V4 = G5(C%) - *'~ — + Gy(C})
dPs = X, 3y, = Mos - *7} - -+ Mog ~ P!

— Wap, = fis( W )

o Forr6{4,...,7} we have

eV, =G,/P,

e Can one obtain Wyp, , and HLog" 2 from V, = G,/P,and Y, ?



Gelfand-MacPherson webs

G = simple Lie group, Dynkin type D, rank r
e GO PDOH: P =standard parabolic subgroup (maximal)
H ~ (C*)" = Cartan subtorus in G

V=G/P : G-homogenous projective variety

=rep°of G (p:G < GL(E,)) such that
G-[e,] with e, € E, of highest weight w
= Stabg([e,]) = stabilizer of [e,] € P(E,)

E,
e VCP(E,): V
P

25, = {weights of p} C hg ~R" ( h = Lie(H) )
e Minuscule case : E, = @, con Cew

e Weight polytope : A = Ap , = Conv(2W,) C b}



Gelfand-MacPherson Webs

_ w (p”(v))w generalized
S Vevs [Zwemp (v)ew] € P(E) Pliicker coordinates

Moment p=pp  V— b v Sl (vV)|Pw
map D R Sulp(v)P

o We set Hy = H(R+g) =~ (Rxo)"

Thm [Atiyah, Guillemin-Sternberg, Gelfand-Serganoval]
1. We have u(V) = A

2. For v generic (ie. v € V° = u~1(A))
—p(Hyv)=p(Hv)=A

— p induces a C*-isom of varieties with corners Hi-v ~ A




Face maps

e [ = afacet of A (codim 1) : VFdéfN_l(F) cv

Prop : 1. Vg = Gg/PF with (GF, PF) of type (Df, wF)

and F ~ Ap,

Linear project®

2.WehaveEp:E,:GBE'EaSGF'fePO — Nr:E, — EF
“Ep

ViE= VQP(EF) = HF(V) - P(EF)

3. Htorsor vy V° — Y =V°/H (¥°CY=V=/H)

4.Mf: V° — Vi is (H,Hf)-equivariant  ( H — Hf )




Face maps

Consequence : 3 7 : Y° — Yr = V¢ /HEg such that the diagram

G/p=V>oV —" VS Ve=Gr/p,

qu J{VH,: is commutative

yo,r—F>y?=

e Definition : Gelfand-MacPherson webs

WG/P = W( Mg | F facet of A) < H-equivariant

W§M - W<7r,: | F facet of A> <W /p)/



Gelfand-MacPherson webs : Gk((CN)

e G/p = G,(CN) Cc P(AkCN) (G = SL(CN), Dynkin type AN_1)

e Moment map :
<t <
u:Gk(CN)HAN:{(t,'),N_l Ost<l

N
i=1 t,‘ = k

} hypersimplex

Facets of AY { AYN{t; =0} =A™ e~ G (CV)
(fe. codim 1) | Afnn =1} =AY} e Gy (V)

For every i = 1,..., N, there are two face maps :

Gy (C)) o (eM) s 62 (CVey)



Gelfand-MacPherson webs : Gk((CN)

e Forevery i =1,..., N, there are two face maps :
N-1 {tl {tlfl} o N
(O ) e — " 6 (Vo)

ll/i.o ‘V ./HN 1 llllxl

Confy_, (P*~ 2)<;Coan(IP’k 1 4>Conf,v L (Pk=1)

[Projp,(pj):|J;£’<—{ [pla"’7pN] '—> [plw . '7ﬁi7’ "7PN]
. GM _ N maps forgetting one point)
* GM Web : WCO"fN(]P”"l) o W( + N point-projection maps

ok=2:Conf,(\),(IF’1):Mo,N WMON=W<M0NHM0N 1)

+N=5: ﬁ0752dp5:X4 WM05 Waps (—(Ab)



Gelfand-MacPherson web : type Eg

Dynkin diagram Minuscule representation
Herm3(0) = %/ ,Ce¢;
highest weight vector e; = F, 0 3}

e Minuscule homog. space : Cayley plane Eg/p, = OP? = Im(v,)
vy : 02 < PHerm3(Q), (x,y) — % . yyg}

e Weight polytope :

Gosset 291 27 orthoplexes (type (Ds,w1))
99 facets

e Face maps on OP? : F = a Ds-facet : OP% = OP?NP(EL) = OP!
~~ Tf is equivalent to My : Q% — O, (x,y) — x

e GM web :  WSH is defined by 27 copies of (x,y) — x
Wﬁgg is defined by 27 rational maps Vg, --+ P3



dP-webs from GM-webs ( r = 4,5,6,7 )

e Diagram : P(X,)C G,//p, - _Me_ SQ¥ 4 = Gr/Pr
dPo_, = X,y T Ly apr3

Thm [P W, = fss" (WS)

Question : Can one get HLogS(_r2 from WSV ?

Answer : Yes we can!



Example : Wyp, ( case r =5)
_ - 2:1
e Type Ds : O_O_O<.o Gs = Spinyo(C) = SO10(C)
Gs/Ps =S5 C P(S5)

— S ~ OG{ (C'¥®) = “Spinor 10-fold"

— S+ ~ C16 = “half-spin representation”

_ _ demihypercube : convexe envelope of the
# S5 = Doy = %(61,...,65) S %{:I:l}5 with €1 ---e5 =1

A i=1,...,5
Facets : F = Ap, ;= Ap, N{ti=5}~ADp, g (5e{j:1} )
Diagram : (X5)<—>55**** +QF

| ]

dP4: X5<$>y5**72:*%y;: 2]1’”2



e Diagram : P(Xs) S5 — -~ — Q8 =S,

| |

dp4: X5($>y5**ﬂf*$y[: 2]?2

e Gelfand-MacPherson web of Ss :

GM _ T Y5 - P? 10-web of codim 2
WyS = W( i— =

1,...5 =+ on Y5 ~pirar C°
e We have Wgyp, = 15 (Wg;';")
e Quadrilateral @ = { xyZ =0} C P? (Z=14x+y)

VM wWo = ASyme’Z(LOg(Z)(% A %))

Thm : 1. We have (HLOGy,) : ;. (7)"(wg) =0
2. HLOGy, ~~ HLog3,, for any dP,




