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1. Introduction

1.1. Let F be a non-Archimedean locally compact field, and D be a non-split quaternion algebra
of centre F'. Fix an integer n > 1, and set G = GL,, (D). This is an inner form of GLa, (F), which
can be equipped with an involution o whose fixed point subgroup H is equal to Sp,,(D), the non-
quasi-split inner form of the symplectic group Spy,, (F'). In the framework of the local relative
Langlands program, one is interested in the classification of the irreducible (smooth, complex) re-
presentations of G which are distinguished by H, that is, which admit non-zero H-invariant linear
forms. The split version where the pair (G, H) is replaced by (G’, H') = (GL2,(F'), Spa, (F')) has
been thoroughly investigated by Jacquet—Rallis [32], Heumos-Rallis [28] and Offen [42, 43], both
locally and globally. The pair (G’, H') is a vanishing pair in the sense that there is no cuspidal
representation of G’ distinguished by H’, both locally and globally. The striking difference with
the pair (G, H) under consideration in this work is that the latter does not share this property,
as observed by Verma in [64]. More precisely, for discrete series representations of G, Dipendra
Prasad proposed the following conjecture (see also [64] Conjecture 7.1) stated in terms of the lo-
cal Jacquet—Langlands correspondence, a bijection between the discrete series of G and GLa, (F).
For the definition of the notation Sto, see §4.1 below.

Conjecture 1.1. — (1) There is a discrete series representation of GL, (D) distinguished by
Sp,,(D) if and only if n is odd.
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(2) Suppose that the integer n is odd. The discrete series representations of GL,, (D) which are
distinguished by Sp,,(D) are exactly the cuspidal representations of GLy, (D) whose Jacquet—Lang-
lands transfer to GLay, (F') is of the form Sto(7) for some cuspidal representation T of GLy,(F).

Note that, if one replaces the groups G and H by their split forms GLa, (F') and Sps,, (F'), then
[46] Theorem 1 implies that there is no generic (in particular, no discrete series) representation of
GLay, (F') distinguished by Spy,, (F'), whatever the parity of n.

1.2. In this article, we prove the following results. Let p be the residue characteristic of F.

Theorem 1.2. — Suppose that F' has odd residue characteristic and that the Jacquet—Langlands
transfer of any cuspidal representation of GLy, (D) distinguished by Sp,,(D) is non-cuspidal. Then
any cuspidal representation of GLy, (D) whose Jacquet—Langlands transfer is non-cuspidal is dis-
tinguished by Sp,, (D).

It then follows from well-known properties of the Jacquet—Langlands correspondence (see §4.1
and §4.2) that

— there is a cuspidal representation of GL,,(D) distinguished by Sp,, (D) if and only if n is odd,

— if n is odd, a cuspidal representation 7 of GL,, (D) is distinguished by Sp,,(D) if and only if
its Jacquet-Langlands transfer to GLa, (F') is a discrete series representation of the form Sto(7),
where 7 is a cuspidal representation of GL,,(F') uniquely determined by 7 up to isomorphism.

In the case when F' has characteristic 0, Verma ([64] Theorem 1.2) proved, by using a globali-
sation argument, that any cuspidal representation of G which is distinguished by H has a non-
cuspidal Jacquet-Langlands transfer to GLay, (F') (see also Theorem 5.2 below). It follows that,
when F has characteristic 0 and p # 2, any cuspidal representation of GL,, (D) whose Jacquet—
Langlands transfer is non-cuspidal is distinguished by Sp,, (D).

Theorem 1.3. — Suppose that F' has characteristic 0. Then any discrete series representation
of GL,(D) distinguished by Sp,,(D) is cuspidal.

Putting Theorems 1.2 and 1.3 together with Verma’s result, we obtain the following corollary.

Corollary 1.4. — Suppose that F' is a non-Archimedean locally compact field of characteristic 0
and odd residue characteristic. Then Prasad’s Conjecture 1.1 holds.

The proofs of Theorems 1.2 and 1.3 use quite different tools and methods. Let us first explain
how we prove Theorem 1.2.

1.3. The strategy of the proof of Theorem 1.2 is, given a cuspidal representation m of G whose
Jacquet-Langlands transfer is non-cuspidal, to produce a pair (J,A) made of a compact mod
centre, open subgroup J of G and an irreducible representation A of J such that:

— A is distinguished by J n H,

— the compact induction of A to G is isomorphic to 7.
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By a simple application of Mackey’s formula, this will imply that 7 is distinguished by H. The
construction of a suitable pair (J, A) is based on Bushnell-Kutzko’s theory of types, as we ex-
plain below.

1.4. Start with a cuspidal irreducible representation 7 of G. By [19, 55], it is compactly indu-
ced from a Bushnell-Kutzko type: this is a pair (J, A) with the following properties:

— the group J is open and compact mod centre, it has a unique maximal compact subgroup
J? and a unique maximal normal pro-p-subgroup J*,

— the representation X of J is irreducible and factors (non-canonically) as k® p, where k is a
representation of J whose restriction to J! is irreducible and p is an irreducible representation
of J whose restriction to J' is trivial,

— the quotient J°/J! is isomorphic to GL,,(l) for some integer m dividing n and some finite
extension [ of the residue field of F', and the restriction of p to J is the inflation of a cuspidal
representation g of GLy,(1).

Our first task is to prove that, if the Jacquet—Langlands transfer of m to GLg, (F) is non-cus-
pidal, then, among all possible Bushnell-Kutzko types (J, X) whose compact induction to G is
isomorphic to 7 (they form a single G-conjugacy class), there is one such that J is stable by o
and k can be chosen to be distinguished by J n H.

1.5. Assuming this has been done, our argument is as follows:
(1) The fact that k is distinguished by J n H together with the decomposition

Homy g (k® p,C) ~ Homy~py(k,C) ® Homy~g(p,C)

implies that kK ® p is distinguished by J n H if and only if p is distinguished by J n H.

(2) The representation p is distinguished by J n H if and only if the cuspidal representation
0 of GL,,(1) is distinguished by a unitary group, or equivalently, ¢ is invariant by the non-tri-
vial automorphism of 1/ly, where lj is a subfield of I over which I is quadratic.

(3) The fact that the Jacquet—Langlands transfer of 7 is non-cuspidal implies that g is invari-
ant by Gal(l/ly).

Note that (2) is reminiscent of [64] Section 5. See Section 9 below for more details.

1.6. It remains to prove that J and k can be chosen as in §1.4. The construction of k relies on
the notion of simple character, which is the core of Bushnell-Kutzko’s type theory. The cuspidal
representation 7 of §1.4 contains a simple character, and the set of simple characters contained
in 7 form a single G-conjugacy class. We first prove that, if the Jacquet—Langlands transfer of =
to GLa, (F') is non-cuspidal, then, among all simple characters contained in 7, there is a simple
character 6 such that # o o = =1, Zou [69] proved a similar result for cuspidal representations
of GL, (F) with respect to an orthogonal involution, and we explain how to transfer it to G in an
appropriate manner. (Note that, if the Jacquet—Langlands transfer of 7 is cuspidal, such a 6 may
not exist.)

Next, fix a simple character 6 as above, and let J denote its normalizer in G, which is stable
by o. A standard construction (see for instance [54, 33]) provides us with:
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— a representation k of J such that the contragredient of k o ¢ is isomorphic to &,
— a quadratic character y of J n H such that the vector space Homj~ (K, x) is non-zero.

To prove that the character x is trivial, we show that, if x were non-trivial, one could construct
an H-distinguished cuspidal representation of G’ with cuspidal transfer to GLa, (F'), thus contra-
dicting the assumption of Theorem 1.2.

Together with the argument of §1.5, this finishes the proof of Theorem 1.2.

1.7. Now let us go back to §1.2, assuming that n is odd. Associated with any cuspidal represen-
tation 7 of GL, (D) whose Jacquet—Langlands transfer to GLa, (F") is non-cuspidal, there exists a
unique cuspidal representation 7 of GL,,(F') such that the transfer of 7 is equal to Sta(7). This
defines a map

T

from cuspidal representations of GL,, (D) whose Jacquet-Langlands transfer to GLay, (F') is non-
cuspidal to cuspidal representations of GL,,(F'), and this map is a bijection (see Remark 5.1). As
suggested by Prasad, the inverse of this map can be thought of as a ‘non-abelian’ base change, de-
noted bp, g, from cuspidal representations of GL,(F) to those of GL, (D). For instance, if n = 1,
the map bp,p is just x — x oNrd, where Nrd is the reduced norm from D> to F'* and x ranges
over the set of all characters of F/*. When F' has characteristic 0 and odd residue characteristic,
it follows from Corollary 1.4 that the image of the map bp r is made of those cuspidal represen-
tations of GL,, (D) which are distinguished by Sp,,(D).

A type theoretic, explicit description of b/ can be extracted from [16, 56, 21], at least up to
inertia, that is: given a cuspidal representation 7 of GL,,(F"), described as the compact induction
of a Bushnell-Kutzko type, one has an explicit description of the type of the inertial class of the
cuspidal representation bpp(7) in terms of the type of 7.

The case of cuspidal representations of depth 0 has been considered in [64] Section 5. The ex-
plicit description of by provided by [64] Proposition 5.1, Remark 5.2 is somewhat incomplete
(see Remarks 10.1 and 10.4 below). In Section 10, thanks to [58, 59, 17], we provide a full des-
cription of bpp for cuspidal representations of depth 0.

1.8. We now explain how we prove Theorem 1.3. The proof is based on an idea from the first
author’s previous work [37]: we study the functional equation of local intertwining periods in or-
der to reduce the study of distinction of discrete series representations to the cuspidal case. We
note that this idea has been successfully applied in [61] as well. However in the case at hand, the
argument here is different from, and in fact more involved than, the one used in [37] and [61],
since the result to prove is of different flavour, and we cannot avoid using intertwining periods
attached to orbits which are neither closed, nor open, hence using the results of [38].

Let 7 be an irreducible discrete series representation of G. Associated with it (via the classifi-
cation of the discrete series of G which we recall in §4.1), there are a divisor m of n, a cuspidal
irreducible representation p of GL,, /(D) and an integer r € {1,2}, such that, if we set

(11) I(S,p) _ pysr(m—l) ~ stT(m—3) X e X pysr(l—m)
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for any s € C, where v denotes the character “normalized absolute value of the reduced norm” of
GL,,/m(D) (see Section 3 for the notation), then 7 is the unique irreducible quotient of I(—1, p).
Note that 7 is cuspidal if and only if m = 1. We set t = n/m.

1.9. The proof of Theorem 1.3 is by contradiction, assuming that 7 is distinguished by H and
m > 2. First, by using Offen’s geometric lemma [44] and Verma [64] Theorem 1.2, we prove
that the distinction of 7 implies that p is distinguished by Sp,(D) and r = 2 (Proposition 13.1
and Corollary 13.2).

Let M be the standard Levi subgroup GL;(D) x - - - x GL¢(D) and P be the standard parabo-
lic subgroup generated by M and upper triangular matrices of GG. Fix an n € G such that PnH
is open in G and M nnHn~! is equal to Sp;(D) x - -- x Sp,(D). Since p is distinguished, there is
a non-zero M n nHn~'-invariant linear form p on the inducing representation of (1.1). For any

flat section ¢s € I(s, p) (see §11.2 for a definition), the integral

J(s, 05, 11) = w(ps(nh)) dh

f(annﬁH NH
converges for Re(s) in a certain right half plane, has meromorphic continuation to C and defines
an H-invariant linear form J(s,-, ) on I(s, p), called the open intertwining period.

Let M (s, w) denote the standard intertwining operator from I(s, p) to I(—s, p) associated to
the longest element w of the symmetric group &,,. As I(s, p) is irreducible for generic s and the
space Hompg (I (s, p), C) has dimension at most 1 for such s by Verma [64] Theorem 1.1, there is a
meromorphic function a(s, p) satisfying

J(_87 M(87 w)(psu /’L) = a(s, p)J(87 Psy :U’)
for any flat section g € I(s, p). The next assertion is the key to the proof of Theorem 1.3.

Proposition 1.5 (Corollary 15.3). — The meromorphic function «(s, p) is holomorphic and
non-zero at s = 1.

Let M* € Homg(I(—1,p),I(1, p)) be a non-zero intertwining operator. Since m > 2, its image
is isomorphic to 7 and M*M (1, w) is zero. Since Homp (I(—1, p), C) has dimension 1 by Proposi-
tion 13.1, thereis a A € Hompy (7w, C) such that J(—1, ¢, u) = AM*p for all ¢ € I(—1, p). Then we
see that

a(l,p)J (1,0, p) = J(=1, M(1,w)p, p) = AM*M(L w)p =0
for ¢ € I(1, p). Combined with Proposition 1.5, this implies that J(1, ¢, u) = 0 for all p € I(1, p).
This contradicts Proposition 13.4, which asserts that J(1,-, 1) is a non-zero linear form.

1.10. For the proof of Proposition 1.5, we compute «(s, p) via a global method. First we globa-
lise p. There are

— a totally imaginary number field k£, with ring of adeéles A, such that there is a unique place
u above p and k,, the completion of k at u, is equal to F',

— a quaternion algebra B over k such that B, = B® k, is equal to D,

— a cuspidal automorphic representation IT of GL;(B ®y, A) with a non-zero Sp,(B ®, A)-pe-
riod and whose local component at u is isomorphic to p.
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Given s € C, let ¢ be a non-zero automorphic form on GL,,(B®y A) in the parabolically induced
representation II x - - - x I which decomposes into a product of local factors ¢,. Similarly to the
local setting, we can define the global intertwining period by the meromorphic continuation of

J(s,0) = J (J w(mnh) dm) eCspp Hpmh) qp.
(n="PnaH)(A)\H(A) \ I (MnHn=1)(k)\(MnnHp~1)(A)

(For unexplained notations, see the later sections.) It has the product decomposition

HJ ¢vaﬂv

and, for each v, we have the functional equation

JW(_S? MU(S, w)@m M’U) = O‘U(S)Jﬂ(sa Pus ,uv)

where a,(s) is a meromorphic function such that au(s) = a(s, p). In §14.5, we show that ay(s)
can be written in terms of Rankin—Selberg ~-factors for all v at which B, is split. We also obtain
a formula for J, (s, ¢y, 11y) at almost all places. Using the functional equation of global intertwin-
ing periods of Section 14, we obtain an equality of the form

(12) Hav H H j_7“8+22 Zvvwv) ( (.]_Z')S’Evazngy)il

veS veS 1<2<g<m
where S is a finite set of finite places of k such that B, splits for all v ¢ S and X is a certain cus-
pidal automorphic representation of GL;(A) associated with II via the global Jacquet—Langlands
correspondence. We deduce from (1.2) and the fact that « is the only place of k above p that

a(s,p)=c- [ QG —i)s+2,5,, 5,9, )72 —i)s, 5,5y ¢, )

1<i<j<m

for some constant ¢ € C*. Hence we see that a(1,p) # 0.

1.11. Let us comment on the assumption on the residue characteristic in Theorem 1.2. The only
places where we use this assumption are: Proposition 7.1, Lemma 8.2 and Proposition 9.2. Pro-
position 7.1 is the main difficulty: this proposition might not hold when p = 2.

1.12. Let us comment on the assumption on the characteristic of £’ in Theorem 1.3. Our proof
uses the theory of local and global intertwining periods, which are only available in characteristic
0 so far, although at least locally when p # 2 this restriction is probably removable just by check-
ing the original sources. We also use this assumption when we apply Theorem 5.2 in the proof
of Corollary 13.2 (see also Remark 5.3).
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2. Quaternion algebras and symplectic groups

2.1. Let F be a field. Given any finite-dimensional central division F-algebra A and any inte-
ger n > 1, we write M,,(A) for the central simple F-algebra made of all n x n matrices with en-
tries in A and GL,(A) for the group of its invertible elements. The latter is the group of F-ra-
tional points of a connected reductive algebraic group defined over F.

2.2. Fix an integer n > 1, and set A = M, (4) and G = GL,(4). We write Nrd 4,z and trd 4,
for the reduced norm and trace of A over F', respectively.

Let (ni,na,...,n,) be a composition of n, that is, a family of positive integers whose sum is
equal to n. Associated with it, there are the standard Levi subgroup

M = GLy,(4) % -+ x GLy, (A)

considered as a subgroup of block diagonal matrices of G, and the standard parabolic subgroup
P of G generated by M and all upper triangular matrices.
Denoting by IV the unipotent radical of P, we have the standard Levi decomposition P = M N.

2.3. Let D be a quaternion algebra over F, that is, a central simple F-algebra of dimension 4.
The algebra D is either isomorphic to Mg (F') —in which case we say that it is split — or a division
algebra. In both cases, it is equipped with the canonical anti-involution

(2.1) T+ T = trdp/p(v) — .

One has the identity 27 = Zz = Nrdp,p(z) for any 2 € D. Note that an element of D is inverti-
ble if and only if its reduced norm is non-zero.

Given an a € A = M, (D), for an n > 1, we write *a for the transpose of a with respect to the
antidiagonal and a for the matrix obtained by applying (2.1) to each entry of a. We define an
anti-involution

(2.2) a—a*="'a

on the F-algebra A. The group G = GL,, (D), made of invertible elements of A, is then equipped
with the involution o : 2 — (2*)~!. The subgroup G’ made of all elements of G that are fixed by
o is denoted by Sp,, (D).

When D is split, any isomorphism from D to My(F') transports the canonical anti-involution
of D to that of My(F), and induces an algebra isomorphism A ~ My, (F) transporting (2.2) to
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the anti-involution z — 2 - Tx - 21 where

1
-1
(23) = an = T S GLQn(F)

—1

and Tz is the transpose of x € My, (F') with respect to the antidiagonal. It thus induces a group
isomorphism G ~ GLg, (F') which sends the subgroup Sp,,(D) to the symplectic group Sp,,, (F),
the latter being defined as the subgroup of GLa,(F) made of those matrices x € GLa, (F") such
that Tz 2x = (2.

When D is non-split, the group GL,, (D) is an inner form of GLg,(F') and Sp,,(D) is an inner
form of Spy,, (F).

Remark 2.1. — The reader may be more familiar with the transpose with respect to the dia-
gonal. Let J = J, denote the antidiagonal matrix of GL,(F) € G with antidiagonal entries all
equal to 1. Then the transpose of a matrix a € M,,(D) with respect to the diagonal is the conju-
gate of ta by J.

3. Preliminaries on groups and representations

3.1. Let G be a locally compact, totally disconnected topological group. By representation of a
closed subgroup H of GG, we mean a smooth, complex representation of H. By character of H, we
mean a group homomorphism from H to C* with open kernel. If 7 is a representation of H, we
denote by 7V its contragredient. Given a character x of H, we denote by mx the representation
h+— x(h)m(h) of H.

If o is a continous involution of G, we denote by 7% the representation 7 o o of o(H). Given
a closed subgroup K of H, the representation m is said to be distinguished by K if its underlying
vector space V' carries a non-zero linear form A such that A(w(x)v) = A(v) forallz e K, ve V.

We also denote by éy the modulus character of H.

3.2. Given a non-Archimedean locally compact field F', we will denote by O its ring of integers,
by pr the maximal ideal of O, by kp its residue field and by |- | the absolute value on F' sen-
ding any uniformizer to the inverse of the cardinality of kp.

Similarly, given a finite-dimensional central division F-algebra A, we denote by O 4 its ring of
integers, by pa the maximal ideal of O o and by k its residue field.

3.3. Let F' be a non-Archimedean locally compact field, A be a finite-dimensional central divi-
sion F-algebra and n be a positive integer. The group G = GL,,(4) is locally compact and total-
ly disconnected.

Let (nq,...,n,) be a composition of n and P = M N be the standard parabolic subgroup of G
associated with it (§2.2). Given a representation ¢ of M, we denote by Ind%(c) the representa-
tion of G obtained from o by (normalized) parabolic induction along P.
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Fori=1,...,r, let m; be a representation of GL,, (A). We write
T X oo X Ty

for the parabolically induced representation Ind%(m ® - - - ® m,) of G.

3.4. Suppose that A = F and let U denote the subgroup of upper triangular unipotent matrices
of G = GL,(F). Fix a non-trivial additive character ¢ : F' — C*. It gives rise to a character

U — 1/)(11,172 +ug3+ -+ un_lyn)

of U, which we still denote by .
Given any irreducible representation 7 of G, the dimension of the vector space Homy (7, ) is
at most 1 (see [23]). We say that 7 is generic if this space is non-zero.

4. The Jacquet—Langlands correspondence

4.1. Let F be a non-Archimedean locally compact field, A be a finite-dimensional central divi-
sion F-algebra of reduced degree denoted d and n be a positive integer. Let us recall the classifi-
cation of the discrete series of the groups GL,(A), n > 1 (|68, 63, 7]).

Given any cuspidal representation p of GL,,(A) for some n > 1, there is a unique positive inte-
ger r = r(p) such that, for any integer m > 2, the parabolically induced representation

(4.1) pyr(l—m)/Q y pyr(3—m)/2 Y x pyr(m—l)/2

is reducible, where v denotes the character of GL, (A) defined as the composition of the normali-
zed absolute value of F' with the reduced norm. For m > 1, the representation (4.1) has a unique
irreducible quotient, which we denote by St,,(p). This quotient is a discrete series representation
of GLyn(4), which is unitary if and only if p is unitary.

The integer r associated with p (it is denoted s(p) in [54] §3.5) has the following properties:

— it divides the reduced degree d of A ([54] Remark 3.15(1)),

— it is prime to n ([54] Remark 3.15(2)).

In particular, when A is isomorphic to F', one has r = 1 for all cuspidal representations p.

Conversely, if 7 is a discrete series representation of GL,(A) for some n > 1, there are a uni-
que integer m dividing n and a cuspidal representation p of GL,, /m(A), uniquely determined up
to isomorphism, such that 7 is isomorphic to St,,(p).

Remark 4.1. — Note that (4.1) also has a unique irreducible subrepresentation, which we will
denote by Sp,,(p).

4.2. The (local) Jacquet-Langlands correspondence ([50, 20, 4]) is a bijection between the dis-
crete series of GL, (A) and that of GL,,4(F') characterised by a character relation on elliptic regu-
lar conjugacy classes. If 7 is a discrete series representation of GL,,(A) for some n > 1, its Jac-
quet-Langlands transfer will be denoted by ‘r.

Let p be a cuspidal representation of GL,,(A) for some n > 1, and set r = r(p). Its Jacquet—
Langlands transfer ' is isomorphic to St,.(7) for a cuspidal representation 7 of GLy,q/r(F) and,
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for all m > 1, the Jacquet-Langlands transfer of Sty (p) is Sty (7) (see for instance [39] Proposi-
tion 12.2).

Conversely, given a positive integer n > 1, a divisor k of nd and a cuspidal representation 7 of
GL,4/x(F), the discrete series representation m of GL,(A) whose Jacquet-Langlands transfer is
Sty (7) is of the form St,,(p) for some cuspidal representation p of GL,q/,(A), where m is the
greatest common divisor of k and n ([54] Remark 3.15(3)).

4.3. Let k be a number field and B be a finite-dimensional central division k-algebra of redu-
ced degree d. Let A = Ay be the ring of adeles of k. For each place v of k, let &k, be the comple-
tion of k at v and set B, = B® k,.

We recall the classification of the discrete series automorphic representations of GL,, (B ®j A)
for all n > 1 (see [41] and [6] Proposition 5.7, Remark 5.6 and [8] Proposition 18.2).

Given an integer n > 1, we denote by v the automorphic character of GL,,(B ® A) obtained
by composing the reduced norm GL, (B ®; A) — A* with the idelic norm A* — C*. Thus, for
each place v of k, the local component of v at v, denoted by v, is the character “normalized ab-
solute value of the reduced norm” of GL,(B,).

Given any cuspidal automorphic representation ¥ of GL, (B ® A) for some n > 1, there is a
positive integer r = r(X) such that, for any m > 1, the parabolically induced representation

(4.2) nyr(=m)/2 o s r(3=m)/2 oy oy r(m—1)/2

has a unique constituent which is a discrete series automorphic representation of GLy, (B®x A).
This constituent is denoted by MW, (X). Note that, if B ~ k, one has r = 1 for all cuspidal au-
tomorphic representations 3.

Conversely, if IT is a discrete series automorphic representation of GL,,(B®j A) for some inte-
ger n = 1, there are a unique integer m dividing n and a unique cuspidal automorphic represen-
tation ¥ of GL,,/n,(B ® A) such that II is isomorphic to MW ().

4.4. The (global) Jacquet-Langlands correspondence is an injection I + *MII from the auto-
morphic discrete series of GLy, (B ®g A) to that of GL,4(A) characterised by the fact that, for
any discrete series automorphic representation II of GL,,(B®y A) and any place v of k such that
B, is split, the local components of "II and IT at v are isomorphic once GL,(B,) and GLy4(ky)
are identified ([6] Theorem 5.1 and [8] Theorem 1.4).

At finite places of k where B does not split, we will only need the following result.

Lemma 4.2. — Let 11 be a discrete series automorphic representation of GL,(B ®g A). Let v
be a finite place such that B, is not split and let w denote the local component of Il at v. Suppose
that the Jacquet-Langlands transfer of m to GLyg(ky) is cuspidal. Then M1 is cuspidal and its
local component at v is V.

Proof. — Let 7’ denote the local component of 7VIT at v. Let LJ denote the Langlands-Jacquet
morphism (defined in [6] §2.7) from the Grothendieck group of the category of representations of
GLy4(ky) of finite length to that of GL,,(B,). By [6] Theorem 5.1(a), there is a sign e € {—1,1}
such that LI(7') =€ 7.
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On the other hand, given a unitary representation s’ of GL,4(k,) such that LJ(x’) is non-zero,
it follows from the classification of the unitary dual of GL,4(k,) in [62] and the description of the
image of unitary representations by LJ in [6] Section 3 that, if x is the unique unitary represen-
tation of GL,,(B,) such that LI(x’) € {—k, k} and if we denote by p; + - - - + p, the cuspidal sup-
port of k (which means that « is an irreducible component of p; x --- x p,), then

cusp(r’) = cusp("p1) + -+ + cusp("p, ).

Applying this to the unitary representation 7', we obtain 7’ = 7. ]

5. A necessary condition of distinction for cuspidal representations

In this section, F' is a non-Archimedean locally compact field and D is a non-split quaternion
F-algebra. Fix a positive integer n > 1 and write G = GL,,(D). It is equipped with the involu-
tion o defined in §2.3. In §5.3 only, the field F' will be assumed to have characteristic 0.

5.1. Let 7 be a cuspidal representation of G. Associated with it in §4.1, there is a positive inte-
ger r = r(m) which divides the reduced degree of D and is prime to n.

As the reduced degree of D is equal to 2, we immediately deduce that, if 7 has a non-cuspidal
Jacquet—Langlands transfer to GLg, (F'), then r = 2 and n is odd. Its Jacquet—Langlands trans-
fer U7 thus has the form Sty(7) for some cuspidal representation of GL,,(F).

Conversely, if n is odd, and if 7 is any cuspidal representation of GL, (F), it follows from §4.2
that the unique discrete series representation of G whose Jacquet—Langlands transfer is Sto(7) is
cuspidal.

5.2. The following lemma will be used in the proof of Theorem 5.2, and later in Section 15.

Lemma 5.1. — Let w be a unitary cuspidal representation of G distinguished by G°. Let
— k be a global field together with a finite place u dividing p such that k, is isomorphic to F,
— B be a (non-split) quaternion k-algebra such that B, = B ®, k,, is non-split.

Then there exists a cuspidal automorphic representation II of GL,, (B ®x A) such that
(1) II has a non-zero Sp,,(B ®y A)-period, that is, there is a ¢ € II such that

J o(h) dh # 0,
b (B)\Sp, (BOA)

(2) the local component of I1 at u is isomorphic to .

Proof. — Let 7w be a unitary cuspidal irreducible representation of G. Assume that 7 is distin-
guished by G7. Let Z denote the centre of G, which is isomorphic to F*, and let G’ = SL, (D)
be the kernel of the reduced norm from GL, (D) to F'*. By [27] Theorem 4.2, the restriction of
7 to the normal, cocompact, closed subgroup G1 = ZG’ is semisimple of finite length. Let 71 be
an irreducible summand of this restriction. The centre Z acts on it through w, the central cha-
racter of w. The restriction of m to G’, denoted 7', is thus irreducible.
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Let k be a global field together with a finite place u dividing p such that k, is isomorphic to
F. Thus k is a finite extension of Q when F' has characteristic 0, and the field of rational func-
tions over a smooth irreducible projective curve defined over a finite field of characteristic p if
F' has characteristic p.

Let B be a quaternion algebra over k such that B ®y, k,, is non-split (it is thus isomorphic to
D). Let G be the k-group GL,(B) and G’ be the k-group SL, (B). The latter is an inner form of
SLs,, over k which contains H = Sp,,(B). The connected component of the centre of G’ is trivial
and H is a closed algebraic k-subgroup of G’ with no non-trivial character. Let V' denote the k-
vector space made of all matrices a € M,,(B) such that a* = a and consider the algebraic repre-
sentation of G’ on V defined by (g,a) — o(g)ag—!. This representation is semisimple (it is even
irreducible) and the G’-stabilizer of the identity matrix (on V') is H.

We now apply either [49] Theorem 4.1 (if F' has characteristic 0) or [22] Theorem 1.3 (if F' has
characteristic p): there exists a cuspidal automorphic representation II' of G’(A) with a non-zero
H(A)-period and such that the local component of I at u is isomorphic to 7. (Here A denotes
the ring of adeles of k.)

By [34] Theorem 5.2.2, the representation II" occurs as a subrepresentation in the restriction
to G/(A) of a cuspidal automorphic representation IT of G(A). Since G’ contains H, the repre-
sentation IT has a non-zero H(A)-period. It follows that:

(1) for any finite place v, the local component II, of II at v is distinguished by H(k,),
(2) the restriction to G'(k,) of the local component II,, of IT at u contains 7.

More precisely, let us prove that II, is isomorphic to 7® (x ©Nrd 4/r) for some character x of the
group F'*. Arguing as at the beginning of the proof of the theorem, the restriction of II, to Gy
is semisimple of finite length and contains an irreducible summand 79 whose restriction to G’ is
isomorphic to 7. If u denotes the central character of II,,, we thus have mo(zz) = p(z)n’(z) for
all z€ Z and x € G'. The representation II, is unitary as a local component of the unitary re-
presentation II. Its central character y is thus unitary. Similarly, we have mi(zx) = w(z)n'(z)
for all z € Z and x € G'. By twisting 7 by a unitary character of G, we may assume that w = p.
By [34] Proposition 2.2.2, we get the expected result.

Let us fix a unitary character © of A*/k* whose local component at u is x. By twisting II by
©~! composed with the reduced norm from G(A) to A*, we obtain a cuspidal automorphic re-
presentation of G(A) having the required properties. ]

5.3. In this paragraph, F is a non-Archimedean locally compact field of characteristic 0.

Theorem 5.2. — Suppose that F' has characteristic 0, and let m be a cuspidal representation of
G. If 7 is distinguished by G, then 'Vm is non-cuspidal.

Proof. — This follows from [64] Theorem 1.2 but we give a more detailed proof, based on Lem-
mas 4.2 and 5.1. Our argument is inspired by [64] Section 6, in particular the proof of Theorem
6.3.

Let 7 be a cuspidal irreducible representation of G distinguished by G?. Assume that "7 is
cuspidal.
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Since any unramified character of G is trivial on G, and since the Jacquet-Langlands corres-
pondence is compatible with torsion by unramified characters, we may and will assume, by twist-
ing by an appropriate unramified character, that 7 is unitary.

Let k£ be a number field together with a finite place v dividing p such that &, is isomorphic to
F. Let B be a quaternion division algebra over k such that B,, is non-split (it is thus isomorphic
to D) and B, is split for all Archimedean places v. By Lemma 5.1, there exists a cuspidal auto-
morphic representation IT of GL, (B ®; A) such that

(1) II has a non-zero Sp,,(B ® A)-period,
(2) the local component of IT at u is isomorphic to 7.

The Jacquet-Langlands transfer V1T of such a II is a discrete series automorphic representation
of GLay,(A) with the following properties:

(3) by Lemma 4.2, its local component at u is cuspidal, isomorphic to "%, thus V1T is cus-
pidal,

(4) for any finite place v such that B, is split, the local components of JLIT and II at v are iso-
morphic.
Since "M is cuspidal, it is generic. Therefore:

5) for any finite place v, the local component of VI at v is generic.

( y p , p g
On the other hand, it follows from (1) that

6) for any finite place v, the local component of II at v is distinguished by Sp,,(B,).

n

It follows from (4), (5) and (6) that, if v is a finite place of k such that B, is split, II, is an irredu-
cible representation of GLay, (k,) which is generic and distinguished by Sp,,(B,) >~ Spa,, (k). This
contradicts [46] Theorem 1, which says that no generic irreducible representation of GLay, (k) is
distinguished by Sp,, (kv ). O

Remark 5.3. — We assumed that F' has characteristic 0 in Theorem 5.2 because a global Jac-
quet—Langlands correspondence for discrete series automorphic representations of GL,, (B ®j A)
is not known to exist in characteristic p, except when n =1 (see [9]).

Sections 6 to 9 are devoted to the proof of Theorem 1.2: assuming that F' is any non-Archi-
medean locally compact field with odd residue characteristic, and that the Jacquet—Langlands
transfer of any cuspidal representation of G distinguished by G is non-cuspidal (which holds for
instance when F' has characteristic 0 by Theorem 5.2), we prove that any cuspidal representation
of G whose Jacquet—Langlands transfer is non-cuspidal is distinguished by G°.

6. Type theoretic material

In this section, we introduce the type theoretic material which we will need in Sections 7-10.
Let A be any finite-dimensional central division F-algebra (this extra generality will be useful in
§8.3.) Let A be the central simple F-algebra M,,(A) of n x n matrices with coefficients in A for
some integer n > 1, and G = A* = GL,(A). Let us fix a character

(6.1) Y : F —C*
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trivial on pr but not on Op. For the definitions and main results stated in this section, we refer
the reader to [19, 18] (see also [54, 33]).

6.1. A simple stratum in A is a pair [a, §] made of a hereditary Op-order a of A and an element
B € A such that the F-algebra E = F[f] is a field, and the multiplicative group E* normalizes a
(plus an extra technical condition on 8 which it is not necessary to recall here). The centralizer B
of F in A is a central simple E-algebra, and b = a n B is a hereditary Og-order in B.
Associated to a simple stratum [a, 3], there are a pro-p-subgroup H'(a, 3) of G and a non-
empty finite set C(a, 3) of characters of H!(a,3) called simple characters, depending on .

Remark 6.1. — This includes the case where = 0. The simple stratum [a, 0] is then said to
be null. One has H'(a,0) = 1 + p, (where p, is the Jacobson radical of a) and the set C(a,0) is
reduced to the trivial character of 1 + py.

When the order b is maximal in B, the simple stratum [a, ] is said to be mazimal, and the
simple characters in C(a, 3) are said to be mazimal. If this is the case, and if [a’, 3'] is another
simple stratum in A such that C(a,3) n C(d’, 5’) is non-empty, then

(6.2) e, 8) = €(a,8), o =a, [F[8]:F]=[F[3]:F],

and the simple stratum [a’, ] is maximal ([54] Proposition 3.6).

6.2. Let A’ be a finite dimensional central division F-algebra and [a’, 5] be a simple stratum in
M, (A") for some n’ > 1. Assume that there is a morphism of F-algebras ¢ : F[8] — F[S'] such
that ¢(8) = 8. Then there is a natural bijection from C(a, 3) to C(d’, 8') called transfer.

6.3. Let C denote the union of the sets C(a’, #’) for all maximal simple strata [a’, 5] of M,/ (A4’),
for all n’ > 1 and all finite dimensional central division F-algebras A’. Any two maximal simple
characters 6,0, € C are said to be endo-equivalent if they are transfers of each other, that is, if
there exist

— maximal simple strata [a;, 81] and [aa, B2],
— a morphism of F-algebras ¢ : F[$1] — F[52] such that ¢(51) = P,

such that 6; € C(a;, 8;) for i = 1,2, and 65 is the image of §; by the transfer map from C(ay, 1)
to C(ag, B2). This defines an equivalence relation on C, called endo-equivalence. An equivalence
class for this equivalence relation is called an endoclass.

The degree of an endoclass @ is the degree of F[3'] over F', for any choice of [a, 8'] such that
C(d, 8') n O is non-empty. (It is well defined thanks to (6.2).)

6.4. Let C(G) be the union of the sets C(a, 8) for all maximal simple strata [a, ] of A. Any two
maximal simple characters 61, 02 € C(G) are endo-equivalent if and only if they are G-conjugate.

Given a cuspidal representation 7 of G, there exists a maximal simple character § € C(G) con-
tained in 7, and any two maximal simple characters contained in 7 are G-conjugate. The max-
imal simple characters contained in 7 thus all belong to the same endoclass ©®, called the endo-
class of . Conversely, any maximal simple character 6 € C(G) of endoclass © is contained in 7
([54] Corollaire 3.23).
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6.5. Let 6 € C(a, 3) be a simple character with respect to a maximal simple stratum [a, 3] in A
as in §6.1. There are a divisor m of n and a finite dimensional central division E-algebra I" such
that B is isomorphic to M,,,(I"). Let Jy be the normalizer of # in G. Then

(1) the group Jy has a unique maximal compact subgroup J 0=J 2 and a unique maximal nor-
mal pro-p-subgroup J! = J é,

(2) the group Jy n B* is the normalizer of b in BX and J° n BX = b*, J' A B* =1 + py,

(3) one has Jg = (Jg n B*)JY and J° = (J° n BX)JL.

Since b is a maximal order in B, it follows from (2) and (3) that there is a group isomorphism
(6.3) JO/JY ~ GL,, (1)

where [ is the residue field of I', and an element w € B> normalizing b such that Jy is generated
by J° and w.

There is an irreducible representation 7 = ng of J' whose restriction to H Y(a, B) contains 6. It
is unique up to isomorphism, and it is called the Heisenberg representation associated with 6. It
extends to the group Jy (thus its normalizer in G is equal to Jy).

If k is a representation of Jy extending 7, any other extension of 1 to Jy has the form € for
a unique character & of Jy trivial on J'. More generally, the map

(6.4) T K®T

is a bijection between isomorphism classes of irreducible representations of Jy trivial on J* and
isomorphism classes of irreducible representations of Jy whose restriction to J' contains 1.

7. o-self-dual simple characters

From this section until Section 9, the residue characteristic p of F is assumed to be odd.

We go back to the group G = GL, (D) of §3.2 and fix a cuspidal representation 7 of G with
non-cuspidal transfer to GLg, (F'). In particular, as explained in §5.1, the integer n is odd. The
main result of this section is the following proposition. Recall that = has been defined in §2.3.

Proposition 7.1. — There are a mazximal simple stratum [a, 5] in A and a mazimal simple cha-
racter 6 € C(a, B) contained in 7 such that

(1) the group H'(a,B) is stable by o and Qoo = 671,
(2) the order a is stable by = and B is invariant by *.

7.1. Let © denote the endoclass of 7. Since 7 contains any maximal simple character of C(G)
of endoclass O, it suffices to prove the existence of a maximal simple stratum [a, 5] in A and a
character 6 € C(a, 5) of endoclass © satisfying Conditions (1) and (2) of Proposition 7.1.

Since the Jacquet—Langlands transfer of 7 is non-cuspidal, it follows from §4.2 that this trans-
fer is of the form Sto(7) for a cuspidal irreducible representation 7 of GL,(F'). By Dotto [21],
the representations m and 7 have the same endoclass. It follows that the degree of ® divides n.
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7.2. Let d denote the degree of ®. Thanks to §7.1, it is an odd integer dividing n.

Let 0 be the involution 2 — Tz~ on GL4(F) where T denotes transposition with respect to
the antidiagonal. The fixed points of GL4(F') by o is a split orthogonal group.

By [69] Theorem 4.1, there are a maximal simple stratum [ag, 5] in M4(F') and a maximal sim-
ple character 6y € C(ag, 5) of endoclass ® such that

— the group H'(ay, 8) is stable by o, and 6, o o = 01,

— the order ag is stable by T and § is invariant by T.
Write E for the sub-F-algebra F[5] € My(F). It is made of T-invariant matrices. Its centralizer
in My(F) is equal to E itself. The intersection ag N E is O, the ring of integers of E.

7.3. Let us write n = md. We identify M,,(F') with M,,,(My(F)) and E with its diagonal image
in M,,(F). The centralizer of E in M,,(F) is thus M,,(E).

Now consider M,,(F) as a sub-F-algebra of A. The centralizer B of E in A is equal to M,,(C)
where C is an E-algebra isomorphic to F ®p D. Since the degree d of E over F is odd, C is a
non-split quaternion E-algebra. Denote by #p the anti-involution on B analogous to (2.2).

Proposition 7.2. — The restriction of * to B is equal to =p.

Proof. — It suffices to treat the case where m = 1. We will thus assume that m = 1, in which
case we have B = C. We thus have to prove that

(7.1) c* =trdg/p(c) —c

for all c € C < My(D). Let us identify My(D) with My(F) ® D. Then (a ® 2)* = Ta ® T for
all a € M, (F) and x € D, and C identifies with £ ® D. Thus (7.1) is equivalent to

(7.2) e®7 =trdg/p(e®r) —e®x
for all e € E and x € D. Thanks to (2.1), we are thus reduced to proving that

(7.3) trde/p(r) = trdp/p()

for all x € D, where the F-algebra D is embedded in C via z — 1 Qp .

Let L be a quadratic unramified extension of F'. Since the degree of E over F'is odd, F ®pr L
is a field, denoted EL. The reduced trace is invariant by extension of scalars (see [13] §17.3, Pro-
position 4). Thus trdp,p(z) is the trace of x in D ® EL ~ Ma(EL). (By the Skolem-Noether
theorem, the computation of this trace does not depend on the choice of the isomorphism.) Si-
milarly, trdo/g(z) is the trace of  in € ®g EL ~ M2(EL). The proposition is proven. O

Let b denote the standard maximal order M,,,(O¢) in B. Then b* is a maximal open compact
subgroup of B* which is stable by o. Let a denote the unique O pg-order in A normalized by E*
such that a n B = b (see [52] Lemme 1.6). We thus obtain a maximal simple stratum [a, 5] in
A where a is stable by * and 8* = 3, and E is made of *-invariant matrices.

Let 6 € C(a, B) be the transfer of #y. We are going to prove that the group H!(a, 3) is stable
by o and 8 o 0 = !, which will finish the proof of Proposition 7.1. For this, set % = = o 0.
This is a character of o(H'(a,3)). We thus have to prove that 6* = 6.
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Let ¥y be any character of C(ag, 3) and ¥ be its transfer to C(a, 3). Let us define the characters
9y = ¥y 00y and 9* = ¥~ 0 ¢. By Lemma 16.1 (which we will prove in a separate section
since its proof requires techniques which are not used anywhere else in the paper), we have

v* e e(a*7ﬂ*)7 T190 € G(Ta07TB)‘

On the one hand, by [60] Proposition 6.3, the transfer of Tdy € C(Tag, T3) to C(a*, 5*) is equal to
¥*. On the other hand, we have C(a*, %) = C(a, 8) since a is stable by % and * = /3, and like-
wise C(Tag, T3) = C(ag, 8). Now choose ¥y = 0. Since Ty = 0y, we deduce that 0% = 0.

8. o-self-dual extensions of Heisenberg representations

In this section, the residue characteristic p of F'is odd. We focus on the maximal simple stra-
tum [a, 5] and the maximal simple character 6 € C(a, 3) constructed in Section 7, forgetting tem-
porarily about the cuspidal representation 7. We thus have a* = a, 8* = fand §~' oo = 6. Re-
call that the centralizer B of E in A is equal to M,,,(C') where m[E : F'| = n and C is a quater-
nion E-algebra isomorphic to E ®p D, and b is the standard maximal order M,,,(O¢) in B. Let
® denote the endoclass of 6.

8.1. Let Jy be the normalizer of 8 in G. According to §6.5, it has a unique maximal compact
subgroup JY = J g and a unique maximal normal pro-p-subgroup J' = J é. One has the identity
Jg = C*J°, where C* is diagonally embedded in GL,,(C) = B* < G, and a group isomorphism

(8.1) JO/JY ~ GL,, (1)

where [ is the residue field of C, coming from the identities J* = (J° ~n B*)J*!, J° A B* = b*
and J' A B* =1+ py.

8.2. Let 1 denote the Heisenberg representation associated with 6 and k be a representation of
Jg extending n. Let o be a cuspidal irreducible representation of J° /J 1. Tts inflation to J° will
still be denoted by p. The normalizer J of p in Jy satisfies

EXJc Jc J,.

Since EXJ° has index 2 in Jg = C*J°, there are only two possible values for J, namely E*J°
and Jg. More precisely, Jy is generated by J° and a uniformizer w of C, and the action of @ on
JY by conjugacy identifies through (8.1) with the action on GL,, (1) of the generator of Gal(l/ly),
where [y is the residue field of E. It follows that J = Jy if and only if ¢ is Gal(l/lp)-stable. For
the following three assertions, see for instance [54] 3.5.

Let p be a representation of J extending 0. Then the representation of G compactly induced
from Kk ® p is irreducible and cuspidal, of endoclass ©.

Conversely, any cuspidal representation of G of endoclass © is obtained this way, for a suita-
ble choice of ¢ and of an extension p to J.

Two pairs (J,k® p) and (J',k ® p’) constructed as above give rise to the same cuspidal re-
presentation of G if and only if they are Jy-conjugate, that is, if and only if J' = J and p’ is
Jg-conjugate to p.
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The following theorem will be crucial in our proof of Theorem 1.2.

Theorem 8.1. — The Jacquet—Langlands transfer to GLay, (F') of the cuspidal representation of
G compactly induced from (J,k ® p) is cuspidal if and only if J = E*J°.

Proof. — The Jacquet—Langlands transfer to GLa, (F) of the cuspidal representation compactly
induced from (J,k ® p) is cuspidal if and only if the integer r associated to it (in §4.2) is 1. By
[54] Remarque 3.15(1) (which is based on [16]), this integer is equal to the order of the stabilizer
of ¢ in Gal(l/ly), that is, to the index of EXJ° in J. O

8.3. Let us prove that there exists a representation k of Jy extending n such that k" is iso-
morphic to k. As in [54] Lemme 3.28, we prove it in a more general context (see Section 6).

Lemma 8.2. — Let A be a finite dimensional central division F-algebra, let T be a continuous
automorphism of GL,.(A) for some integer r = 1, let ¥ be a maximal simple character of GL,(A)
such that 9 o7 =971 let Jy be its GL,(A)-normalizer and n be its Heisenberg representation.

(1) The representation 0™ is isomorphic to 7.

(2) For any representation k of Jy extending n, there exists a unique character & of Jy trivial
on J' such that KTV is isomorphic to KE.

(3) Assume that the order of T is finite and prime to p. There exists a representation k of Jy
extending n such that K™V is isomorphic to K.

Proof. — The first two assertions are given by [54] Lemme 3.28. For the third one, note that
valp o Nrd o 7 = €(7) - valp o Nrd

where valp is any valuation on F, Nrd is the reduced norm on M,.(A) and () is a sign uniquely
determined by 7. Indeed, the left hand side is a morphism from GL,(A) to Z. As 7 is continuous,
it stabilizes the kernel of valp o Nrd, which is generated by compact subgroups. The left hand
side thus factors through valg o Nrd, and the surjective morphisms from Z to Z are the identity
and x — —x.

If e(7) = 1, the result is given by [54] Lemme 3.28. (Note that, in this case, the assumption on
the order of 7 is unnecessary.) We thus assume that ¢(7) = —1. Let k be such that det(x) has
p-power order on Jy (whose existence is granted by [54] Lemme 3.12). The representation k7" is
then isomorphic to k& for some character € of Jy trivial on J'. As in the proof of [54] Lemma
3.28, since p is odd, this £ is trivial on JO and it has p-power order.

The group Jy is generated by J° and an element w whose reduced norm has non-zero valua-
tion (see §6.5). Since €(1) = —1 and Jy is stable by 7, we have 7(w) € w 'J°. And since £ is
trivial on JY, we deduce that € o7 = €1,

Now write a for the order of 7, which we assume to be prime to p. Then the identity K™% ~ k&
applied 2a times shows that k€2* ~ k so that £€2* = 1. But since & has p-power order, and 2a is
prime to p, we deduce that £ is trivial. O
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Remark 8.3. — In the case when €(7) = —1 and the order of 7 is finite and prime to p, we even
proved that any & such that det(x) has p-power order satisfies K™ ~ k. We also have
(8.2) Jy nGL,.(A) = JY A GL.(A)".

Indeed, if x € Jy is T-invariant, its valuation has to be equal to its opposite: it is thus 0.

8.4. Now let us go back to the situation of §8.2 with the group G = GL, (D) equipped with the
involution o. Note that e(c) = —1 (in the notation of the proof of Lemma 8.2) and the order of

o is prime to p, so Lemma 8.2 and Remark 8.3 apply. We will need the following lemma, which
is [54] Lemme 3.30.

Lemma 8.4. — Let k be a representation of Jg extending n such that KV ~ K.
(1) There is a unique character x of Jg 0 G° = J° n G trivial on J' n G? such that

Homj,~go (K, Xx) # {0}

and this x is quadratic (that is, x> =1).
(2) Let p be an irreducible representation of Jg trivial on J'. The canonical linear map:

Hom ;1 0 (7, C) ® Homy,~ce (p, x) — Homy,~qo (kK ® p, C)

s an tsomorphism.

9. Proof of Theorem 1.2

Recall that F' has odd residue characteristic, and assume that the Jacquet—Langlands transfer
of any cuspidal representation of G distinguished by G? is non-cuspidal (which is known to be
true when F' has characteristic 0, thanks to Verma [64] Theorem 1.2, and also Theorem 5.2.)

Let 7 be a cuspidal irreducible representation of G with non-cuspidal transfer to GLa, (F), as
in Section 7. By Proposition 7.1, there are a maximal simple stratum [a, 5] in A and a maximal
simple character 6 € C(a, 8) such that a* = a, 8* = 8 and §~! o 0 = §. We use the notation of
Section 8. In particular, we have groups Jy, J° and J*.

9.1. Identify J°/J' with GL,,(I) thanks to the group isomorphism (8.1). Through this identi-
fication, and thanks to Proposition 7.2, the involution o on J° /J identifies with the unitary in-
volution

(9.1) Tzt

on GL,, (1), where T denotes transposition with respect to the antidiagonal and = — 7 is the ac-
tion of the non-trivial element of Gal(l/ly) componentwise. It follows that (J° ~ G?)/(J' n G9)
identifies with the unitary group U,,(l/ly). The following lemma will be useful. Note that m is
odd since it divides n, which is odd by §5.1.

Lemma 9.1. — Let ¢ be a cuspidal irreducible representation of GLy,(1). The following asser-
tions are equivalent.

(1) The representation g is Gal(l/ly)-invariant.
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(2) The representation o is distinguished by Uy, (1/1p).

Moreover, there exist Gal(l/lp)-invariant cuspidal irreducible representations of GLy,(1).

Proof. — For the equivalence between (1) and (2), see for instance [48] Theorem 2 or [25] Theo-
rem 2.4. For the last assertion, see for instance [53] Lemma 2.3. O

Let k be a representation of Jy extending n such that k7Y ~ k (whose existence is given by
Lemma 8.2) and x be the quadratic character of the group Jy n G? (which is equal to Jo~Ge
by (8.2)) given by Lemma 8.4.

Proposition 9.2. — The character x is trivial.

Proof. — Assume this is not the case. Then y, considered as a character of U,,(1/l), is trivial on
unipotent elements because these elements have p-power order and p # 2. Thus y is trivial on
the subgroup generated by all transvections. By [26] Theorem 11.15, this subgroup is SU,,,(1/1y).
Thus y = a o det for some quadratic character o of 1!, where det is the determinant on GL,,(l)
and 1! is the subgroup of I* made of elements of I/lp-norm 1. Let 3 extend a to I*, and let s
be the character of JY inflated from 3 o det. It extends x.

Since m is odd, there is a cuspidal irreducible representation g of GL,, (1) which is invariant by
Gal(l/ly) (equivalently, which is distinguished by U,,(l/lp)), thanks to Lemma 9.1.

Let ¢ be the cuspidal representation gs. Let us prove that it is not Gal(l/lp)-invariant. Let ~y
denote the generator of Gal(l/ly). If o’ were Gal(l/ly)-invariant, 03”7 would be isomorphic to gs.
Comparing the central characters, one would get (37571)™ = 1, that is, a(z?2~1)™ = 1 for all
x € 1, or equivalently o™ = 1. But « is quadratic and m is odd: contradiction.

Let p’ be a representation of J' = EXJ° whose restriction to J is the inflation of ¢’. Since
¢’ is not Gal(l/lp)-invariant, the normalizer of Kk ® p’ in Jy is J' (which has index 2 in Jy).

On the one hand, the representation n’ compactly induced by (J', k ® p’) is irreducible and
cuspidal, and its Jacquet-Langlands transfer to GLsg,(F') is cuspidal by Theorem 8.1.

On the other hand, the map

Hom 150 (7, C) @ Hom p o (p', x) — Hom y o (k @ p, C)

is an isomorphism (by Lemma 8.4) and the space Hom j/ 0 (p', X) is non-zero by construction.
This implies that kK ® p’ is J' n G7-distinguished. Thus 7’ is distinguished, which contradicts
the assumption of Theorem 1.2. Thus y is trivial. O

9.2. According to §8.2, our cuspidal representation 7 of G contains a representation of the form
(J,k ® p), where

— the group J satisfies EXJY < J < Jy,

— the representation k is the restriction to J of a representation of Jy extending 7,

— the representation p of J is trivial on J' and its restriction to J? is the inflation of a cus-
pidal representation o of J°/J! ~ GL,,(I) whose normalizer in Jy is equal to .J.

Thanks to Lemma 8.2 and Proposition 9.2, we may and will assume that kY ~ k and k is
distinguished by Jy n G°.
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Thanks to Theorem 8.1, the fact that the Jacquet—Langlands transfer of 7 is non-cuspidal im-
plies that J = Jy. By §8.2, this implies that g is Gal(l/ly)-invariant. It follows from Lemma 9.1
that o is distinguished by U,,(I/lg), thus p is distinguished by J° n G = Jy n G°. By Lemma
8.4, the representation k ® p is distinguished by Jg n G°. It follows from Mackey’s formula

Homgo (7, C) ~ H Hom j, ~yGeog-1 (K ® p,C)
g
(where g ranges over a set of representatives of (Jg, G?)-double cosets of G) that 7 is distingui-
shed by G?. This finishes the proof of Theorem 1.2.

10. The depth 0 case

In this section, we discuss in more detail the case of representations of depth 0. We assume
throughout the section that n is odd. We no longer assume that F' has odd residue characteristic.

10.1. Let 7 be a cuspidal irreducible representation of G with non-cuspidal transfer to GLa, (F)
as in Section 9. Assume moreover that m has depth 0. In that case, we are in the situation des-
cribed by Remark 6.1. In this situation, we have m = n and [ is the residue field of D (thus I
is that of ). We have J = D*GL,(0p) and J° = GL,(Op), and one can choose for & the tri-
vial character of J. The representation 7 is compactly induced from an irreducible representa-
tion p of J whose restriction to J° is the inflation of a Gal(kp/kr)-invariant, cuspidal represen-
tation o of GL,(kp).

Remark 10.1. — In [64] Proposition 5.1, the inducing subgroup should be D*GL,,(Op) and
not F*GL,(Op). Inducing from the latter subgroup gives a representation which is not irredu-
cible. The same comment applies to [64] Remark 5.2(1). See also Remark 10.4 below.

10.2. Let us now consider the map bp/r defined in §1.7. This is a bijection from cuspidal repre-
sentations of GLy,(F') to those cuspidal representations of GL,, (D) which are distinguished by the
subgroup Sp,, (D). In this paragraph, given a cuspidal representation 7 of depth 0 of GL,,(F'), we
describe explicitly the cuspidal representation T = bp (1), that is, the unique cuspidal represen-
tation of G whose Jacquet-Langlands transfer to GLa, (F') is Sta(7).

On the one hand, it follows from [58] Proposition 3.2 that the representation 7 has depth 0. It
can thus be described as in §10.1, that is, it is compactly induced from a representation p of the
group J = D*GL,(Op) whose restriction to JY is the inflation of o.

On the other hand, the representation 7 can be described in a similar way: it is compactly in-
duced from a representation of F'’*GL,(Or) whose restriction to GL,(Op) is the inflation of a
cuspidal representation gy of GL,(kr). (See for instance [15] 1.2.)

[58] Theorem 4.1 provides a simple and natural relation between g and go: the representation
o is the base change (that is, the Shintani lift) of go. (This relation was pointed out in [64] Re-
mark 5.2(1) without reference to [58].)

The knowledge of ¢ does not quite determine the representation 7. In order to completely de-
termine it, fix a uniformizer wp of F' and a uniformizer w = wp of D such that w? = wp. As
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the group J is generated by J° and w, it remains to compute the operator A = p(w), which in-
tertwines o with @7, where v is the non-trivial element of Gal(kp/kr), that is, one has

Aoo(x)=0(x")o A, xeGLy(kp).

The space of intertwining operators between p and p” has dimension 1. To go further, we have to
identify this space with C in a natural way.

Fix a non-trivial character 1y of kr, and let 1) be the character of kp obtained by composing
1o with the trace of kp/kp. Let U denote the subgroup of GL,,(kp) made of all unipotent upper
triangular matrices, and consider ¢ as the character u — 9 (u12 + us3 + -+ up—1,,) of U. It
is well-known that, if V' is the underlying vector space of g, then

oV ={veV | o(u)(v) = ¢(u)v, ue U}

has dimension 1. Since the character ¢ is Gal(kp/kr)-invariant, this 1-dimensional space is sta-
ble by A. There is thus a non-zero scalar a € C* such that A(v) = av for all v € g%, and A is
uniquely determined by «. Let wy denote the central character of 7. (Note that the representa-
tion 7 is entirely determined by gy and wy.)

Proposition 10.2. — One has o = wo(—wr).

We now have completely determined 7 from the knowledge of 7. The proof of this proposition,
based on [59] and [17], will be done in the next paragraph.

Remark 10.3. — The proposition thus implies that the result does not depend on the choice
of a @ € D such that w? = wp. Replacing @w by —w should thus lead to the same result, that
is, one should have p(—w) = p(w), or equivalently, the central character of = should be trivial
at —1. This is the case indeed, since 7 is distinguished by Sp,,(D), which contains —1.

Remark 10.4. — This paragraph corrects the description made in [64] Remark 5.2(1), which is
incorrect due to the error pointed out in Remark 10.1. Note that [64] Remark 5.2(2) is correct: it
follows from [58] Theorem 4.1 or [16] Theorem 6.1.

10.3. We now proceed to the proof of Proposition 10.2, which is essentially an exercise of trans-
lation into the language of [59] and [17]. Fix a separable closure F' of F.

A tame admissible pair is a pair (K /F, ) made of an unramified finite extension K of F' con-
tained in F together with a tamely ramified character ¢ : K* — C* all of whose Gal(K/F)-
conjugate &7, v € Gal(K/F), are pairwise distinct. The degree of such a pair is the degree of K
over F'.

Given any integer m > 1 and any inner form H of GL,,(F'), Silberger-Zink [59] have defined
a bijection ITH between:

(1) the set of Galois conjugacy classes of tame admissible pairs of degree dividing m,

(2) the set of isomorphism classes of discrete series representations of depth 0 of H.
They have also described (in [59] Theorem 3) the behavior of this parametrization of the discrete
series of inner forms of GL,,(F") with respect to the Jacquet—Langlands correspondence: if H is
isomorphic to GL,(A) for some divisor r of m and some central division F-algebra A of reduced
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degree m/r, and if (K /F,¢§) is a tame admissible pair of degree f dividing m, then the Jacquet—
Langlands transfer of IT" (K /F,¢) to GL,(F) is equal to

(10.1) 1S (/g0

where p g is the unique unramified character of K* of order 2 and (a, b) denotes the greatest com-
mon divisor of two integers a,b > 1. (Silberger—Zink state their result by using the multiplicative
group of a central division F-algebra of reduced degree m as an inner form of reference, but it is
more convenient for us to use GL,,(F) as the inner form of reference.)

Let us start with our cuspidal representation 7 of depth 0 of GL,,(F'). Let (K/F,€) be a tame
admissible pair associated with it by the bijection I7%»(F) Tt follows from [17] 5.1 that this
pair has degree n, and that the central character wg of 7 is equal to the restriction of £ to F'*.

Now form the discrete series representation Sta(7) of GLa,(F'). By [17] 5.2, the tame admis-
sible pair associated with it by the bijection I1G2r(F) is of the form (K /F, ') where & coincides
with & on the units of Ox. By [17] 6.4, one has

§'(wr) = —wo(wr) = —&(wr).

One thus has & = £ug. We now claim that the representation 7 is parametrized, through the bi-
jection IT¢, by the tame admissible pair (K/F,¢). Indeed, by (10.1), and since n is odd and g
is quadratic, we have

L IG(K/F,¢) = M%) (K /F,gp2n=mHmm=ny — pGlan(F) (K /g1y

which is equal to Sta(7). It now follows from [59] (8), p. 196, that the scalar a by which A acts
on the line g% is equal to &(—wr) = wo(—wr) as expected.

11. More preliminaries

The remainder of the article is devoted to the proof of Theorem 1.3. In this section, we give
more preliminaries, in addition to those of Section 3.

11.1. Fix an integer n > 1 and set G = GL,(C). By representation of G we mean a smooth ad-
missible Fréchet representation of moderate growth.

We denote by | - |c the normalized absolute value of C, that is, the square of the usual modu-
lus of C.

Let P = M N be a standard parabolic subgroup of GG together with its standard Levi decompo-
sition. As in the non-Archimedean case (§3.3), we denote by Ind% (o) the representation of G ob-
tained from a representation o of M by (normalized) parabolic induction along P.

Fix a non-trivial unitary additive character ¢ of C. As in the non-Archimedean case (§3.4), it
defines a character (still denoted by ) of the subgroup U of upper triangular unipotent matrices
of G. An irreducible representation m of G is said to be generic if Homy (7, ) is non-zero.

Let v denote the character “normalized absolute value of the determinant” of G.
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11.2. Let F be either C or a non-Archimedean locally compact field and let A be a finite-dimen-
sional central division F-algebra. (If F' = C, we thus have A = C.) Fix an integer n > 1 and set
G = GL,(4). It is a locally compact group.

Let K be the compact subgroup GL, (O 4) if F' is non-Archimedean, and the compact unitary
group U, (C/R) if F' = C. In either case, K is a maximal compact subgroup of G.

Let (n1,...,n,) be a composition of n, and let P = M N be the standard parabolic subgroup of
G associated with it. One has the Iwasawa decomposition G = PK. Fori=1,...,r, let m; be a
representation of GLy,(A). Given any s = (s1,...,s,) € C", restriction of functions from G to
K induces an isomorphism

(11.1) Tt x xS = IndS(rprt @ - @ mr*t) » IndE, p(m @ - ®@m,)
of representations of K, which we denote by r5. A family of functions
ps€mU x - x T, seC,

is called a flat section if r5(ps) is independent of s, that is, if there exists a function f in the right
hand side of (11.1) such that ¢, = 75 (f) for all s € C". The reader may refer to [65] IV.1 for
more detail.

Let X(M) be the free Z-module of algebraic characters of M, set ap = X(M)®z R and let a},
be its dual. The Harish-Chandra map Hp : G — a% is defined by

eOCHPmUR)) — |y (m)|p

forme M, ue N, ke K and y € X(M).

11.3. Now assume that A = F', and let m, 7’ be generic irreducible representations of GL,,(F).
Associated with them in [31] if F is non-Archimedean, and [30] if F' = C, there are the Rankin—
Selberg local factors

L(s,m,7'), e(s,ma' ), ~(s,m 1),
related by the identity
L(1—-s,7v,7'V)
L(s,m,n)

Note that, if F' is non-Archimedean and if 7, 7’ are cuspidal, the local L-factor L(s,m, ') is no-

/7(87 ﬂ-’ Tr/? w) = 6(87 7.‘-7 7r/7 w)

where vanishing, and it has a pole at syg € C if and only if 7’ is isomorphic to 7V ~%0 (see [31]
Proposition 8.1).

11.4. Let k be a totally imaginary number field. Fix a non-trivial additive character of A = Ay
which is trivial on k. For any place v of k, let 1, denote the local component of ¢ at v. It is a
non-trivial unitary additive character of k,.

Let II, TI be cuspidal automorphic representations of GL,,(A). Given an Archimedean place v,
their local components IT,,, I/, are Harish-Chandra modules, having Casselman—Wallach comple-
tions denoted I1%, TI/*, respectively. These completions are generic irreducible representations of

GL,,(ky) (see [66] for details) and we define
L(S’vaﬂg) = L(Sjﬁgo’ﬁ;oo)
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and similarly for e-factors and ~-factors.

Proposition 11.1 ([29] Theorem 5.3). — Let S be a finite set of places of k containing all
Archimedean places and all places at which at least one of I, I or v is ramified. The product

L3(s, IL1T) = HLSH IT)
V¢S

converges absolutely for Re(s) sufficiently large and extends to a meromorphic function on C sa-
tisfying the functional equation

LS(s, ILIT) = [ [ (s, 10,10, 4p,) - L5 (1 — s, ITY, IT').

veES

12. Geometry of the symmetric space

In this section, F' is a field of characteristic different from 2, and A is either My(F) or a non-
split quaternion F-algebra. For any integer n > 1, we write G,, = GL,(A) and H,, = Sp,,(4).

12.1. Fix an integer n > 1 and write G = G,, and H = H,, for simplicity. The symmetric space
corresponding to the symmetric pair (G, H) is

={reG|zo(x) =1}

It is endowed with a transitive action of G defined by g -z = gzo(g)~! for g€ G, x € X. Since
H is the stabilizer of the identity matrix in X, we can identify X with G/H via g — go(g)~!.

12.2. Fix integers m,t > 1 such that n = mt and let P = M N be the standard parabolic sub-
group of G associated with the composition (¢, ...,t). The subgroups P, M and N are o-stable.

Let My be the group of diagonal matrices in G. We write W for the Weyl group of M, that
is, the quotient of the M-normalizer of My by Mj. It is isomorphic to &; X - - - X &, where &; is
the symmetric group of order t!. We also write W for the Weyl group of G.

Any (Wpr, War)-double coset in W contains a unique element w with minimal length in both
Wirw and wWyy. This defines a set of representatives of (W, Wjs)-double cosets in W, which
we denote by 3 Why.

Let W (M) be the set of elements of 5;Wj; normalizing M. It naturally identifies with &,,

12.3. We describe the P-orbits of X, or equivalently the (P, H)-double cosets of G. For more de-
tails, we refer the reader to [40] §3 in the case when A is split, and [57] §3 in the case when A is
non-split (see also [42, 44]). Given an z € X, there is a unique w € ;W such that the P-orbit
P - x is contained in PwP, since P and M are o-stable. Hence we obtain a map

(12.1) iy s P\NX — Wy

A P-orbit P-x is said to be M-admissible if w = tps(P - ) normalizes M, that is, if w € W(M).
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Let P-x be an M-admissible P-orbit of X and consider w = ¢j;(P-x) € W(M) as an element
of &,,. Let w,, be the element of maximal length in &,,. The permutation 7 = ww,, € &,, sa-
tisfies 72 = 1. The map

(12.2) Pzt

is a bijection from the set of M-admissible P-orbits of X to the set {T € &,, | 72 = 1}.

To describe the inverse of the bijection (12.2), let w — [w]; denote the bijection from &, to
the group of permutation matrices of GL,,(F') composed with the natural embedding of GL,,(F')
in GL,,(M;(A)) = G. Given a permutation 7 € &,, such that 72 = 1, the element x = [Tw,,]; is
in X and the image of its P-orbit by (12.2) is equal to 7. For such an x, the stabilizer M, of x
in M =Gy x--- x Gy is equal to

(12.3) My ={(g1,---,9m) € Gy x -+ x Gy | griy = 0(gs) for all i = 1,... . m}.

In particular, one has g; € H; for all i fixed by 7. Thus M, is the group of F-rational points of
a connected reductive algebraic group defined over F.

Example 12.1. — (1) In particular, the choice 7 = 1 € &,, gives the representative

1y
(12.4) =Wy = eX
Ly
where 1; is the identity matrix in M;(A). The M-admissible orbit P -z is the open P-orbit of X
and we have M, = H; x --- x H; where H; occurs m times.
(2) Let us give an explicit representative € G such that no(n)~" = z. First, fix non-zero ele-

ments «, 3 € A such that Nrd4/p(a) = —1/2 and Nrd4,¢(8) = 1/2, which is possible since the
reduced norm Nrd 4/ is surjective. If m is even, write m = 2k and set

0= (5 ),

1

If m is odd, set m = 2k + 1 and

o1y —a - [wg]
n= Tpe
B [wk]t B - gt

Such an 7 satisfies no(n)~! = z and PnH is the open (P, H)-double coset of G.
12.4. In this paragraph, F' is either C or a non-Archimedean local field of characteristic 0. Let

us recall some known properties of symplectic periods which we will use later. The next theorem
is called the multiplicity one property of symplectic periods.

Theorem 12.2. — For any irreducible representation  of G, the vector space Homp (m, C) has
dimension at most 1.
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Proof. — In the non-Archimedean case, this is proven by Heumos and Rallis [28] Theorem 2.4.2
when A = My(F') and by Verma [64] Theorem 3.8 when A is non-split. Their argument is based
on Prasad’s idea [47] and the key is to find a certain anti-automorphism of G acting trivially on
H-bi-invariant distributions on G. Here we are in the simplest case where the H-double cosets
are invariant under the anti-involution at hand. Due to [1], these arguments also apply to the
Archimedean case where A = My (C). O

12.5. In this paragraph, F is still either C or a non-Archimedean locally compact field of cha-
racteristic 0, and we assume moreover that A = My(F'). We will identify G with GLa, (F).
Given any integer k € {0,...,n}, consider the subgroup H of G defined by

a={(; )

where 7 = n — k and Uy, is the group of upper triangular unipotent matrices in GLa,(F). Note
that ,H = H = Sp,,,(F'). Define a character ;¥ of  H by

u e UQT, he Sp2k(F), a e M2r,2k(F)}

u a
kY (O h> = P(ur2 +ug3 + -+ uzr—1,2r)
We say that an irreducible representation 7 of G has a Klyachko model if there exists an integer
k€ {0,...,n} such that Hom, y (7, ;¥) is non-zero.

The following theorem is a consequence of results of Offen—Sayag ([46] Theorem 1) and Aizen-
bud-Offen-Sayag ([2] Theorem 1.1).

Theorem 12.8. — Let 7 be an irreducible representation of GLay, (F') distinguished by Sps,, (F).
Then the space Hom, g (7, ; V) is zero for all k € {0,...,n — 1}.

12.6. In this paragraph, the assumptions of §12.5 on F' and A still hold. For later use, we pre-
pare the following lemma. Let (ni,...,n,) be a composition of n and, for i = 1,...,r, let d; be
a discrete series representation of GLy,,(F'). Suppose that 7 = d; x --- X §, is a unitary generic
irreducible representation of GL,,(F'). Then

1/2 1/2

% X TV

has a unique irreducible quotient, denoted Spy(7). (Recall that v denotes the character “norma-
lized absolute value of the determinant”.) Note that the representation Sp,(7) is isomorphic to
Spa(01) X « -+ x Spy(dy). We refer the reader to [5] §4.1 (and [63]) when F' is non-Archimedean,
and when F' = C the argument there applies as well.

Lemma 12.4. — In the above situation, suppose that w is a unitary generic principal series re-

presentation of GLy,(F) and mv'/? x mv=12 is distinguished by H. Any linear form in
Homp (7% x 712, C)

factors through the quotient map from mv¥/? x 7v=1/2 to Spy (7).
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Proof. — 1Tt suffices to prove that the kernel x of this map is not distinguished by H. By assump-
tion on 7, we have n; = --- = n, = 1, that is, the representations ¢§; are characters of F'*, and
T =01 X -+ X 0, is unitary and generic. Up to semi-simplification, we have

w12 — (511/1/2 y 511/—1/2) N <5ny1/2 % 5n7/_1/2),

St x 5, Y% = Sta(8;) + Spo(6i),

/2

for all 2 = 1,...,r. The semi-simplification of  is thus equal to

@ Six-.oxsl sl= Spy(d;) ifiel,
! n (2 ep .
I¢{1,...,n} StQ((SZ) if 4 ¢ I,

where the sum ranges over the proper subsets I of {1,...,n}. By [45] Theorem 3.7 when F' = C
and [24] Theorem A when F' is non-Archimedean, each irreducible summand of s has a Klyachko
model which is not the symplectic model. By local disjointness (Theorem 12.3), we see that k is
not distinguished by H. O

13. Proof of Theorem 1.3

In all this section, F'is a non-Archimedean locally compact field of characteristic 0 and D is a
quaternion division F-algebra. Recall that G = G,, = GL,,(D) and H = H,, = Sp,,(D).
We deduce Theorem 1.3 from the key Proposition 13.5 which will be proven in Section 15.

13.1. Let 7 be a discrete series representation of G. According to §4.1, this representation is of
the form St,,(p) for a unique divisor m of n and a cuspidal representation p of GL,,/,, (D), uni-
quely determined up to isomorphism. Let r = r(p) denote the positive integer associated with p.
It is equal to either 1 or 2. We set t = n/m.

Let P = MU denote the standard parabolic subgroup of G corresponding to the composition
(t,...,t) of n. Given a complex number s € C, define the parabolically induced representation

sr(m—1)/2 sr(m—3)/2 r(l—m)/Q.

x...xpys

I(s,p) = pv X pv

In particular, the representation 7 is the unique irreducible quotient of I(—1, p). It is also iso-
morphic to the unique irreducible subrepresentation of I(1, p).

Proposition 13.1. — Let s e C.

(1) If p is distinguished by Hy, then I(s,p) is distinguished by H.
(2) Conversely, suppose that I(s, p) is distinguished by H and the real part of s does not belong
to the set {(kr)~' |k =1,2,...,m —1}. Then
(a) The representation p is distinguished by Hy.
(b) The dimension of Hompg (I(s, p),C) is equal to 1.
(¢) Any non-zero linear form in Hompg (I(s, p),C) does not vanish on the subspace made
of functions of 1(s, p) supported in the open (P, H)-double coset of G.
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Proof. — First assume that I(s, p) is distinguished by H. It follows from [44] Corollary 5.2 that,
with the notation and definitions of Section 12, there is an x € X such that P -z is M-admissible
and the space

(131) Homyy, <pysr(m71)/2 ® pysr(mfi’))/Q R -® pysr(lfm)/Q’ 5Pz 5};1/2)

is non-zero, where M, and P, are the stabilizers of z in M and P, and dp and dp, are the mo-
dulus characters of P and P,, respectively. We are going to prove that P -z is the open orbit of
the symmetric space X.

Thanks to the description of M, given in (12.3) for a suitable choice of representative x, and
according to [40] §3.3.5 and [57] §3.4, we have

5p, 05" %(9) = T vl9)
1<7(%)
for all g = (91,92,---,9m) € My € M = G¢ x --- x Gy, where the product is over the integers
ie{l,...,m} such that i < 7(i). Associated with P -z, there is a 7 € &,, such that 72 = 1. Let
us prove that 7 is the identity. It will follow from Example 12.1 that P - z is the open orbit.
Suppose to the contrary that i < 7(¢) for some i. Then the space

Homg, <pysr(m+1—2i)/2 ® pysr(m+1—27'(i))/2’ V& 1)

is non-zero, where Gy is identified with the subgroup {(g,0(g9)) | g € G¢} of Gy x Gy. Looking at
the central character, and thanks to the fact that o(z) = 27! for all z in the centre of G, we ob-
tain
1 1

5 Re(s)-r(m+1—2i) — (2 -Re(s) -r(m+1— 27(1))) =1
or equivalently Re(s)-r(7(i) —i) = 1, where Re(s) is the real part of s. Since r is an integer and
thanks to the assumption on Re(s), this contradicts the assumption i < 7(7).

The open P-orbit of X is thus the unique P-orbit such that (13.1) holds. Example 12.1 shows
that we thus may choose x = [w,,];. For such a choice of representative of the open P-orbit of
X, the subgroup M, is equal to Hy x --- x Hy. It thus follows from [44] Section 4 that

Homp ((I(s,p),C)

12

Homp (IndgnH(s, 0)s C)

0

Hom,y, (pysr(mfl)/Q R -® pysr(lfm)/27 (C)

0

Hompg, <V5T(m*1)/2p, C) ®---® Homp, (Vsr(lfm)/zp, (C)

~ Hompg,(p,C)®---®Homg, (p, C)

where the first isomorphism is induced by the restriction map from G to the open double coset
PnH (where n) € G satisfies no(n) ™! = ) and the last one follows from the fact that the character
v is trivial on Hy. Hence assertion (2) follows from the previous series of isomorphisms, together
with the fact that the dimension of Homp, (p, C) is at most 1 by Theorem 12.2.

Now assume that p is distinguished by Hy, and let 2 = [w,,]; be the representative of the open
P-orbit given in Example 12.1, as above. Since ,oysr(m_l)/2 R Q pus”(l_m)/Q is distinguished
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by M, and since o(P) = P and xPx~! is the parabolic subgroup of G opposite to P with res-
pect to M, it follows from [44] Proposition 7.2 that I(s, p) is distinguished by H. O

Corollary 13.2. — Let 1 = Sty,(p) as above. If w is H-distinguished, then r = 2.

Proof. — 1If 7 is distinguished by H, then so is I(—1, p), and it follows from Proposition 13.1(2.a)
that p is distinguished by H;. Theorem 5.2 thus implies that '“p is not cuspidal, that is, r # 1.
Hence we obtain r = 2. O

13.2. Assume now that the discrete series representation 7 is distinguished by H. In particular,
the induced representation I(—1, p) is distinguished by H, thus p is distinguished by H; thanks
to Proposition 13.1(2.a). Our goal is to prove that m = 1, that is, 7 is cuspidal. Suppose to the
contrary that m > 2.

We fix a non-zero linear form A, € Hompg, (p, C). Since the character v is trivial on Hy, we can
regard it as an Hi-invariant linear form on pv® for any s € C. Let x and 7 correspond to the open
orbit, as in Example 12.1. In particular, M, is equal to Hy x --- x Hy. Set

Given a flat section @s € I(s, p) (see §11.2), we consider the integral

(13.2) J (855, 1) = p1(ips(nh)) dh.

f(n‘anﬂH)\H

The following theorem follows from [12] Théoréme 2.8, Théoreme 2.16 (see [12] Remarque 2.17
and [35] Théoreme 4). At this point, and more generally in this paragraph, the choice of inva-
riant measures is not important, and we postpone the discussion of this matter to §14.2 below.

Theorem 13.3. — (1) There is an xg € R such that, for any flat section @5 € I(s, p), the in-
tegral (13.2) converges when Re(s) > xg.

(2) There exists a non-zero Laurent polynomial P(X) € C[X, X '] such that, for any flat sec-
tion s € I(s,p), the function

P(q™®) - J(s, 05, 1)

extends to a function in Clq~%, ¢°].

This defines a meromorphic family of H-invariant linear forms J(s, -, u) on I(s, p), called open
intertwining periods.

Proposition 13.4. — The open intertwining period J (s, -, i) on I(s, p) is holomorphic and non-
zero at s =1 and s = —1.

Proof. — Note that r = 2 by Corollary 13.2. Let e € {—1,1}. As p is distinguished by H;, Pro-
position 13.1(1) says that Homg (I (e, p), C) has dimension 1 and Proposition 13.1(2.c) says that
any non-zero linear form in this 1-dimensional space has a non-zero restriction to the subspace of
functions in I (e, p) supported in the open double coset PnH. The assertion now follows from the
same argument as [37] Proposition 10.4. O
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Let w = wy, be the longest element in W (M) ~ &,,. Let M(s,w) : I(s,p) — I(—s, p) denote
the standard intertwining operator given by the convergent integral

M(s,w)pa(g) = fN s(wug) du

for a flat section ps € I(s, p) when Re(s) is sufficiently large. It has a meromorphic continuation
to the whole complex plane. Note that M (s, w) is holomorphic and non-zero at s = 1, as follows
for example from [41] 1.1(4) together with the aforementioned results on the location of poles of
local Rankin—Selberg L-factors of pairs of cuspidal representations.

We thus get two meromorphic families J(s, -, 1) and J(—s, M (s,w) -, u) of H-invariant linear
forms on I(s, p). It follows from Theorem 12.2 together with generic irreducibility of I(s, p) that
the space Hompg (I(s, p), C) has dimension at most 1 for s € C generic. There is thus a meromor-
phic function a(s, p) such that

(13.3) J(—=s, M(s,w)ps, 1) = (s, p)J(s, s, 1)

for any flat section @5 € I(s, p). By Theorem 13.3(2), the function a(s, p) is in C(¢™*). We will
prove in Section 15 the following property of a(s, p).

Proposition 13.5 (Proposition 15.3). — The meromorphic function a(s, p) is holomorphic
and non-zero at s = 1.

Let us show how Theorem 1.3 immediately follows from Proposition 13.5.

13.3. In this paragraph, we prove Theorem 1.3 assuming Proposition 13.5.

Write 7 as Sty,(p), where m,t are positive integers such that n = mt and p is a cuspidal re-
presentation of Gy. Since 7 is distinguished by H, the space Homg (I(—1, p), C) has dimension 1.
Asr =r(p) = 2 by Corollary 13.2, it follows from Proposition 13.1 that p is distinguished by Hj,
thus Hompg (I(1, p), C) has dimension 1.

Recall that we assume m > 2. Let M*(—1) be a non-zero element in Homg(I(—1, p), I(1, p)).
Note that such a morphism is unique up to scalar, its image is isomorphic to 7w and its kernel is
the image of M (1, w). In particular, M*(—1)M(1,w) vanishes on I(1, p).

We fix a non-zero H;-invariant linear form 4, on p, and associate to it the meromorphic family
of open intertwining periods J(s, -, ). As J(—1,-, 1) is a non-zero element of the 1-dimensional
space Hompg (I(—1, p), C) by Proposition 13.4, there is a non-zero A, € Hompg (7, C) such that

J(=1, ¢, 1) = Ax(M* (1))
for all ¢ € I(—1, p). By (13.3) applied at s = 1, we deduce that
a(L,p)J (1,0, 1) = J(=1, M(1,w)p, p) = Ax(M*(=1)M (1, w)¢p)

for all p € I(1,p). Since M*(—1)M (1,w)p = 0 for all p € I(1,p) and «a(1, p) # 0 from Proposi-
tion 13.5, it follows that J(1,p, ) = 0 for all ¢ € I(1, p). This contradicts Proposition 13.4.
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14. Global theory and computation at split places

We study the local intertwining period and the meromorphic function «(s, p) via a global ar-
gument.

14.1. Let k be a totally imaginary number field and let A = A denote its ring of adeles. Let B
be a non-split quaternion k-algebra. Given any integer n > 1, the groups GL,(B) and Sp,,(B) are
the groups of k-rational points of reductive algebraic k-groups which we denote by G,, and H,,.

Given an Archimedean place v of k, any choice of isomorphism k, ~ C of topological fields in-
duces a group isomorphism Gy, (k,) ~ GL2,(C). Note that there are only two such isomorphisms
from k, to C, which are conjugate to each other.

Given a non-Archimedean place v where B splits, any choice of isomorphism B, ~ My(k,) in-
duces a group isomorphism G, (k,) ~ GLa,(k,). By the Skolem—Noether theorem, any two iso-
morphisms from B, to Ma(k,) are GLa(k,)-conjugate to each other. It follows that any two iso-
morphisms G, (k,) ~ GLa,(k,) obtained as above are GLo, (k,)-conjugate to each other.

Given any irreducible automorphic representation II of G, (A), there is a decomposition of II
into local components II, for each place v of k. If v is non-Archimedean, II, is an irreducible re-
presentation of Gy, (k,), well defined up to isomorphism. If, in addition, the k-algebra B splits at
v, then II, defines an irreducible representation of GLg, (k,), well defined up to isomorphism. If
v is Archimedean, II, defines an irreducible Harish-Chandra module of GLa, (C), well defined up
to conjugacy.

14.2. We did not fix choices of Haar measures before since it did not matter much. In what fol-
lows, it will be helpful to do so, in order to normalize spherical vectors and invariant linear forms,
especially at unramified places of automorphic representations.

Fix an integer n > 1 and write G = G,, and H = H,, for simplicity. For any place v of k, we
will write G, = G(k,) and H, = H(k,), and similarly for any group defined over k.

At any place v where B, is split, we fix once and for all an isomorphism B, ~ Ms(k,) of k,-al-
gebras. It induces a group isomorphism G, ~ GLa, (k,). We will identify these groups through
this isomorphism, without any further discussion, whenever convenient.

Fix integers m,t = 1 such that mt = n and let P = MN be the standard parabolic subgroup
of G associated with the composition (t,...,t). We will write P, = P(k,), etc.

As in §11.2, we set K, = G(O,) when v is finite, whereas we set K, = Usa,(C/R) when it is
Archimedean. This fixes a good maximal compact subgroup K of G(A), defined as the product
of the K, for all v.

Given any closed subgroup X, of G,, we define its Haar measure to give volume 1 to the in-
tersection X, N K,. This also normalizes the right invariant measures on (X, n K,)\X,, and it
also normalizes similar global right invariant measures.

14.3. Let 3\ be the centre of the universal enveloping algebra of the Lie algebra of M(k®gR).
A complex function on M(k)\M(A) is called an automorphic form for M(A) if it is smooth, of
moderate growth, right K n M(A)-finite and 3\-finite. We refer for example to [11, Section 2.7]
for a detailed discussion of automorphic forms in the smooth setting.
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An automorphic form f : M(k)\M(A) — C is called a cusp form if, for any proper parabolic
subgroup Q of M with unipotent radical V, we have

j f(vm) dv =0, meM(A).

V(E)\V(4)

Let Ap(G) be the space of right K-finite functions ¢ : N(A)M(k)\G(A) — C such that, for each
k € K, the function g — ¢(gk) on M(A) is an automorphic form.

Given a cuspidal automorphic representation I of G.(A), let AX(G) denote the subspace of
all ¢ € Ap(G) such that for any k € K, the function m — ¢(mk) is in the space of the cuspidal
automorphic representation IQ I ® --- @ IT of M(A).

We have the standard intertwining operator M (s, w) : Ap(G) — Ap(G), given by the absolu-
tely convergent integral

M (s, w)e(g) = €<SPP’HP(g)>f o(w ug)elser-Hr(w™ug) qy
N(A)

where pp = ((m—1)/2,(m—3)/2,---,(1—m)/2) € a}, and s is a complex number with sufficient-
ly large real part. It has a meromorphic continuation to C.

14.4. Let x = [wy,]¢ be the representative of the open P(k)-orbit of G(k)/H(k) given by (12.4)
and 7 € G(k) be some representative of the open (P(k), H(k))-double coset of G(k) such that x
is equal to no(n)~! (see Example 12.1). Set M, = M nnHp~! = Hy x --- x Hy.

We define the global open intertwining period by

(14.1) J(s,p) = J (J w(mnh) dm) elsep-Hp(mh)) qp
(= 'P(A)nnH(A)\H(A) \ IM (k)\M (A)

for s € C and ¢ € A(G). Before adressing its convergence and meromorphic continuation, we
already observe that the inner integral is convergent and factorizable. Namely, from [3] Propo-
sition 1, the non-zero linear form on II ® - - - ® I given by the period integral

Py, 1@ ¢(m) dm
Mg (k)\M (A)
converges absolutely and provides, for each place v, an M, (k,)-invariant linear form g, on the
local component II, ® - - - ® II,. Thanks to Theorem 12.2, there is for each place v a non-zero
linear form 4, € Homyy, , (I1,, C) such that if ¢ decomposes as ¢ = ) ¢,,, then
v

(14.2) par (¢) = | | 1o(@0)-

Note that for this to make sense, we have fixed a choice of M, (0, )-spherical vectors ¢, at all fi-
nite places v of k such that B, splits and II, is unramified, and normalized the linear forms u,, at
these places such that p,(¢,) = 1. We then naturally normalize the GLy,, (O, )-spherical function
¢y € I, x - -+ x II,, by requiring that its value at the identity element 1gy, ,, of GLay, (ky) is ¢y

Proposition 14.1. — Let 11 be a cuspidal automorphic representation of G¢(A), and let ¢ €
Ap(G).
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(1) The integral (14.1) is absolutely convergent when Re(s) is sufficiently large, and has a me-
romorphic continuation to C.
(2) We have the global functional equation

(14.3) J(s,p) = J(—s, M(s,w)p).

Proof. — First we adress convergence and meromorphic continuation. We may assume that ¢ is
decomposable into [ [, ¢, and at almost all places v of k, the function ¢, is the GLa, (O, )-sphe-
rical function normalized as above. According to (14.2), the inner integral in (14.1) can be fac-
torized as the well-defined product

[ [ 1o(pv.s(nho)).

Now we observe that for a place v at which B splits, the local factor 1, (¢y s(nhy)) identifies with
that for intertwining periods on the representation of GLa,(A) induced from I ® --- ® LI
with respect to Spy,(A). It thus follows from [67] Proposition 3.1, that if we fix Sy a finite set
of places of k, outside of which B is split, then there is a 9 € R independent of ¢ such that, for
Re(s) > rg, the quantity

[ #0005 (nho))

véSo
is integrable on the restricted product of the (n~'P(k,)n N H(k,))\H(k,) for v ¢ Sy with respect
to (n~'P(ky)n n H(k,) n K,)\H(k,) n K,. But, up to taking ry larger, the finite product

[T tolpu,s(nho))
vESH
is integrable on the product of the (n~'P(k,)n nH(k,))\H(k,) for v € S thanks to [12] and [14],
and the convergence statement is proved. The meromorphy then follows from [12], [14] and [67]
Theorem 3.5. This concludes the proof of Assertion (1).
The functional equation (14.3) follows from the same argument as that for intertwining periods
of GLay,(A) with respect to Sps, (A) proved by Offen in [42] Theorem 7.7, and we observe that
this also gives another proof of the meromorphy of the global intertwining period. O

Lemma 14.2. — Let II be a cuspidal automorphic representation of G¢(A) having a non-zero
H;(A)-period. There exists a cuspidal automorphic representation ¥ of GL(A) such that V11 is
equal to MWq(X).

Proof. — According to §4.3, there are a positive integer ¢ dividing 2 and a cuspidal representa-
tion X of GLgg/(A) such that JLTT = MW (X). From [64] Theorem 1.3, we know that '*II is
distinguished by Spy,,(A), hence [3] Theorem implies that '“II is not cuspidal. Thus t = 2. [

14.5. From now on and until the end of Section 14, we assume that II is a cuspidal automor-
phic representation of G;(A) having a non-zero H;(A)-period.

Fix a finite set S of places of k£ containing the set Sy of Archimedean places and such that,
for all v ¢ .S, one has

(1) the k,-algebra B, is split,
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(2) the character 1, has conductor O, if v is finite,
(3) the local component II, is unramified.

Fixapell x --- x I € AY(G) and assume that it decomposes as a tensor product
(14.4) ¢ = Qv
v

We further assume that, for any place v ¢ S, the vector ¢, is GLa, (0, )-spherical in II,, x - - - x I,
and normalized by requiring that its value at 1g,, is ¢, as in the discussion before Proposition
14.1 above.

By its very definition, and up to potentially modifying one of the linear forms u, at one pla-
ce by a non-zero scalar, the global intertwining period factorises into the product of local inter-
twining periods as

J(87 90) = H Jv(37 Sov,&uv)

where ¢, s is the flat section in Hvys(m_l) X oo X Hvys(l_m) such that ¢, 0 = ¢,. (As usual, v
denotes the character “normalized absolute value of the reduced norm”.)
We set

JS(SﬂO) = H Jv(&@v,svﬂv% JS(Sa (P) = H Jv(sv()ov,s,,uv)~
veES vgS

As in (13.3), for each place v, there exists a meromorphic function ay,(s) satisfying

(145) JU(_S7 MU<S7 w)gov,sa /’LU) = CKU(S)JU(S, ()0’0,87 M’U)

where w = w,, is the longest element of W (M,) ~ &, and M, (s, w) is the standard intertwin-
ing operator from Hq,ys(mfl) X oo X Hvus(lfm) to Hvus(lfm) X oo X Hvys(mfl). From the global
functional equation Proposition 14.1(2), we obtain

_ Js(=s, M(s,w)p)
l;[g%(s) - Js(s, ¢)
J(_S7M(57w)90)‘]5(5790)
J(s,tp)JS(—s,M(s,w)(p)

I (s, ¢)
JS(—s, M (s,w)p)

(14.6)

Hence, the functional equations of Js(s,¢) and J¥(s, ) are related by inversion.

14.6. Recall that, according to Lemma 14.2, there is a cuspidal automorphic representation >
of GL¢(A) such that LTI = MWy (3). Fix a place v ¢ S — Sy, and write 0 = 3,. By our choice
of S made at the beginning of §14.5, the representation o is a generic irreducible principal series
representation of GL¢(k,), which is moreover unramified when v is finite.

Since B, is split, the local components of II and "I at v are isomorphic. We thus have

(14.7) I, ~ MW5(X), ~ Spy(0)
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where the notation Spy(o) has been defined earlier in §12.6 and the last isomorphism comes from
[41] I.11. We fix such an isomorphism, and identify II,, and Sp,y(c) with no further notice, when
convenient.

Let 2 denote the diagonal matrix of GL;(k,) with diagonal entries (1,—1,1,...,(=1)"1). It
has already been defined by (2.3) when ¢ is even, and we have

2= (" Liya):

Given any representation 7 of GL¢(k,), let 7° be the representation g — 7(g°) of GL;(k,), where
g° = -tg71. 0 for any g € GLy(k,). If 7 is irreducible, then 7° is isomorphic to 7V (thanks
to [10] Theorem 7.3 if v is non-Archimedean and [1] Theorem 8.2.1 if v is Archimedean). We
observe that the intersection of Spy,(k,) with the standard Levi subgroup GL;(k,) x GL¢(k,) of
GLat(ky) is equal to the group C = {diag(g, ¢°) | g € GL¢(ky)}.

The representation ov/2 —1/2 affords a closed intertwining period, given by a compact in-
tegration which we now describe. We first need to describe the inducing linear form. For this, we
fix an isomorphism between ¢ and the parabolically induced representation Indth(k“) () for so-
me character x of (kX)!, where B is the upper triangular Borel subgroup of GL;(k,). We identify

X ov

these two representations with no further notice, when convenient.
By irreducibility of o, there exists a unique up to scalar isomorphism

(14.8) M Ind S E) () ~ Ind Gl k) (e
where we recall that w; is the longest element of G;. We then set, for f; and fo in o:
WheR) = oMb
B\GL¢(kv)

The map ~ is a non-zero C-invariant linear form on the space of o ® 0. Note that, for any com-
plex numbers a, b € C, the representations o ® o and ov® ® o1’ have the same underlying space.

Then, for f € ov/2 x ov~Y2, one can consider the well-defined integral

i - | A7)
(RnH¢(kv))\He (ko)

where R is the standard parabolic subgroup of G¢(k,) ~ GLg(k,) associated with the composi-
tion (t,t). The map A is a non-zero Hy(k,)-invariant linear form on ov'/? x ov~2_ which is the
closed intertwining period we were referring to above. We now fix a quotient map

p:ov'’? x oY% = Spy(o) = I,
It follows from Lemma 12.4 that there is a linear form A on II, such that 4 = Ao p. For s € C,
we set
5 = (O’V1/2 % O_Vfl/2)ys(m71) R ® (O_VI/Q « O_Vfl/Q)Vs(lfm)’
e = A V.. @Iy 0,
The map p induces a quotient map from 75 to 75 for all s, inducing the surjection

s Indg: (7s) — Indgj (75) = Hvl/s(m_l) X +e X Hvys(l_m)
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where we recall that P, = M, N, is the standard parabolic subgroup of G, corresponding to the
composition (2¢,...,2t). Note that if @, is a flat section of Indg: (Ts), then @5 = q,(Ps) is a flat
section of IndIG): (75). Finally, write 7 = 7y and 7 = 79 and set

o= A1 - ®Ae Homyy, (1,)(7,C), p=A®:- - ® A€ Homy, x,)(7,C).

We observe that, up to modifying the isomorphism M of (14.8) above by a non-zero scalar, the li-
near form p agrees with p, in (14.2). We now consider the open intertwining periods

JPU,?(Sa ¢S7ﬁ) = ﬁ(&s(nh)) dh,

J;nlpvanv)\Hv

and

Jp, (5,05, 1t) = p(ps(nh)) dh.

J("IlpvﬁﬁHv)\Hv
The convergence and meromorphic continuation of these integral are proved in [12] and [14], and
we refer to [38] for further generalization and properties. By definition, it is immediate that

(149) J]%,?’(&&S?ﬁ) = JH,,T(S,SDs,M)

whenever the flat sections @5 and ¢y are related by ps = q,(Ps).
Recall that w = wy, is the longest element of W (M,) ~ &,,, that is, we have w(i) = m+1—1
fori=1,2,...,m. Let w(7s) be the representation of M, defined as

w(Ts) = (01/1/2 X aufl/Q)l/s(lfm) ®-® (01/1/2 X 0'1/71/2)Vs(m71)
= (01/1/2 X O'l/_l/2)l/_s(m_1) R ® (O’V1/2 X O'V_1/2)I/_s(1_m)
= T_s.
Let Mp, »(s,w) denote the standard intertwining operator
Ind (%) — Ind§* (w(F)) = Indf (7).
In this notation, (14.5) becomes

(14'10) JPU,?(_Sv MPUJN'(‘S) w)&s, /j) = av(s)me;(s, Ps. /7)

Similarly, let Q = LV be the standard parabolic subgroup of GLy,, associated with (¢,...,t). We
observe that the Q,-orbit of x is L,-admissible, although it is not open anymore. Let A denote
the linear form

A=7® - ®7 e Homp ;1) (0 ®0)® - ® (¢ ®0),C)

where L, denotes the stabilizer of z in L. Note that L, (k,) is equal to the subgroup C' x --- x C

s(m—2i+1)

(where C' occurs m times). For se C and i = 1,...,m, write 0,3 = ov and

1/2 —1/2 1/2 —1/2
ws=01781// ®0178V /®~-®am75y/ ®am75y /

and w = wy. Given a flat section

1/2 ~1/2 1/2 ~1/2 _ 1,46
fs€oyv/" xo v X oo X O VT X O U = Ind;’ (ws)
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we consider the local intertwining period, in the sense of [38], given by the meromorphic conti-
nuation of the integral

JQu(s, s \) = f A(fs(nh))e = HHeu ) dp,
(n~1QunnHy)\Hy

where p = (1/2,-1/2,...,1/2,-1/2) € af; . We observe that this is not an open intertwining pe-

riod anymore, however it is well defined, since the modulus assumption of [38], namely dq, (x,) =

(%/f on L, (ky), is satisfied. Suppose that fs and @4 correspond to each other under the natural

isomorphism between the induced representations Indgz (ws) and Ind% (7s). Then we have

(14.11) JQuw (s, f5, N) = Jp, 7(s, §s, i)

by [36] Proposition 3.7, or rather its proof, which requires only the unimodularity of the vertices
involved.
Let w denote the element of W (L,) ~ &y, given by

Bk 2(m+1—1) if k = 2¢ is even,
w =
2m+1—14)—1 ifk=2i—1isodd
for k =1,2,...,2m. Let W(ws) be the representation of L defined as
W(ws) = O'm7SV1/2 ® 0m7su_1/2 ® @0y V2@ oy s y12

_ ‘71,757/1/2 ® 01,757/71/2 ® - ® Um,—s’/l/2 ® Um,—szlﬂ
= w_s.
Let Mg, (s, W) denote the standard intertwining operator
Indg? (ws) = Indg (W(ws)) = Indg? (w—s).
Then the functional equation (14.10) can be rewritten as
(14.12) JQu (=8 M@, w(8, W) fs, A) = aw(8)JQ,w(s, fs: A)

for any flat section fs as above.

14.7. Let w’ and w” be the elements of W (L) ~ Sy, defined by
i) = {2m +1—14/2 ifiis even, (i) = {m +1/2 if 7 is even,
(i+1)/2 if 4 is odd, m+1—(i+1)/2 ifiisodd,
fori=1,2,...,2m, so that we have w”w = w’. We define a linear form ) on the representation
w'(ws) = (01,2 @+ @0, ) @ (0,0 2@ @0y 7).
of L by

N1 ® .o 2 QYym @ Q1) = HM(%@%)
i=1

—-1/2

for x; € aiysyl/Q and y; € 05 sV . Given a flat section

fie Indgz(w’(ws)) = (094 V2o x am7syl/2) X (am’syfl/2 X oo X alsufl/Q)

)
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we have the closed intertwining period
Tl £ = | N(f(h))dh.
(vaHv)\Hv

Let Mg, . (s,w") denote the standard intertwining operator from Indgz (ws) to Indgz (w'(ws)). As
before, suppose that the flat sections fs; and ¢, correspond to each other under the natural iso-
morphism Indgz (ws) =~ Indg: (7s). Then we have

‘]Puﬁ'(sv 9557 /7) = JQv,w('S) fSa )\)
= T4, (8 Mg, w(s,w) fs, X).

The first equality is (14.11) and the second equality is verified by repeated use of [38] Proposi-
tion 5.1 along an appropriate reduced expression of w’ € Gay,,. Consider flat sections f;, @5 in

(14.13)

Indgz (w—g) and Indgj (T_s) respectively, corresponding to each other under the natural isomor-
phism Indgz (w_s) ~ IndIst (T-s). Let Mg, g(w)(s,w") be the standard intertwining operator
Indg? (w-s) = IndG? (#(ws)) — Indg* (w"d(ws)) = Ind? (w' (ws)).

From Equation (14.11), and applying [38] Proposition 5.1 repeatedly along an appropriate re-

duced expression of w” € Gy, we obtain
Ip, 7 (=8, 65, 0) = Jo,w(=s, fs, A
(14.14) #(=5 s 1) : w(=5, 15 N) -
= Jg, w(8: Mq i) (s, w") [, N).

In the rest of this section, we write

Ly(s) = L(s,0,0"), ¢e5(s) =¢(s,0,0",%), 7o(s) =~(s,0,0%,1y).

Following [41] I.1, let us introduce the normalized intertwining operators N, (s, w’), N (s, w")
and N, (s, w) defined as

Ny (s,w")
Ny (8,w") = Taw (s,0") ' Mg, aw) (s, w"),
N,(s,w) = rw(s,zﬁ)*lMQv,w(s,zﬂ),

ro(s,w') T Mg, (s, w'),

where 7,(s,w’), g (s,w”) and r,(s, W) are meromorphic functions given by

N L,(2(j —i)s—1)
rolew) = 1<z1<_31<m (204 —1)s = 1)es(2( — 1)8) Lo (2( — i)s + 1)
. . w” _ LO’(Q(Z —j)S - 1)
Ta(w) (8, w") 1<i1<_g[<m eo(2(0 — 5)s — 1)eg(2(i — 5)s) Lo (2(j — i)s + 1)’
and
ro(s. @) =[] a0 - )8) en(20 — )5 + 1) Men (207 — i)s — 1) Hep (207 — 1)s) ™
I<i<yj<m

Ls(2(j —i)s — 1)Ly (2(j —9)s)
o(2(j —1)s +2)Lo(2(j —i)s + 1)

X

4 L
I<i<js<m
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From [41] 1.1 we have
Ny (s,w") 0 Ny(s,W) = Ny(s,w').
This is equivalent to
(14.15) Mg, i) (s, w") 0 Mg, (s, W) = ky(s) Mg, w(s,w'),

where we set £y (s) = ') (8, 0") - 7y (s, ) - 7o(s, w’) 7!, that is

ro(s) =[] e —0)s)"ea(2( — D)s + 1) ea(2(i = j)s — 1) eo(2(i — j)s) !

1<i<j<m

Lo (2() = i)8)Lo(2(i — j)s — 1)
Lo(2(j —i)s +2)Lo(2(i = j)s + 1)

Ii<jsm

From (14.15), (14.14) and (14.13), we obtain

JQ’va(_S7 MQu,w(S> ﬁj)fSa A) = Jé)ww(sa MQU,@(w) (57 UJ”) © MQu,w(sa w)f& )\/)
= Ku(8)Jg, w(s, Mg, w(s w') fs, X)
= Fu(8)JQ,w(s, fs: ).

Comparing with the functional equation (14.12), we deduce that au,(s) = ky(s). We state this
result as a proposition.

Proposition 14.3. — Let
Mg, (s, @) : Indgz (ws) — Indgz (w_s)

denote the standard intertwining operator. For any flat section fs € Indgz (ws), we have the func-
tional equation of local intertwining period

JQv,w(_Sv MQU,OJ(S7 {D)fsv /\) = av(S)JQv,w(S) f57 )\)

with
a(s) =[] (20 —i)9) a2 —i)s + 1) en (20 — j)s — 1) &g (2(i — 5)s)
I<i<js<m
§ Lo(2(j = i)8) Lo (2(i = j)s — 1)
(1416) 8 S o o P TR I R PRV

If o and v, are moreover unramified, which happens if v is finite, then ¢,(s) = 1 and (14.16)
simplifies to

) (20— )5 +2)
o= 1 a0

This observation also follows from the unramified computation of intertwining periods below, to-
gether with the Gindikin—Karpelevich formula.
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Proposition 14.4. — Suppose that v is finite, that o is unramified, and that p € I, x - - - x 11,
is the spherical vector such that p(o(lan.)) = 1. Then the following equality holds good:

Lo(2(j —i)s — 1
I 20 —i)s—1)

JPUyH(S’QOLg?/JJ) = LO—(Q(] _ Z')s 4 1)'

1<i<j<m
Proof. — Putting Equations (14.9) and (14.13) together, we obtain

JPu,T(Sa Ps) M) = Jé‘?mw(s? MQU,w(Sv w/)fsa )‘,)7

where @4 and fs are any flat sections related as in the above discussion. If ¢ is GLa, (O, )-spheri-
cal and normalized as in the statement, which is as in the discussion before Theorem 14.1, then @
can be chosen to be GLay, (0, )-spherical, and [i($(12,.4)) = p(p(l2ny)) = 1. In turn this implies
that the function f is GL2,(0O,)-spherical, and that one has A(f(12n,,)) = 1. The computation
for Jé?mw(s, Mg, w(s,w") fs, \') now follows from the Gindikin-Karpelevich formula in the form
recalled in [37] Lemma 9.1. O

15. Conclusion

We now deduce Proposition 13.5 from the computations in Section 14. Thanks to §13.3, this
will end the proof of Theorem 1.3.

Recall that F' is a non-Archimedean locally compact field of characteristic 0, and D is a non-
split quaternion F-algebra. We also have a discrete series representation 7 of G = GL,, (D) dis-
tinguished by H = Sp,,(D). It is of the form St,,(p) for some divisor m of n and some cuspidal
representation p of GL;(D) distinguished by Sp,(D), with ¢t = n/m.

For any unramified character x of GG, the representation 7y is a discrete series representation
of G distinguished by H, which is cuspidal if and only if 7 is cuspidal. Without loss of generality,
we thus may (and will) assume that 7, or equivalently p, is unitary.

Let us fix

— a totally imaginary number field £ with a finite place u so that k, = F and w is the only
place of k above p,
— a quaternion division algebra B over k which is non-split at u.

By Lemma 5.1, there exists an irreducible cuspidal automorphic representation IT of GL;(B®jA)
such that I, ~ p and II is Sp,(B ®y, A)-distinguished, that is, there is an f € II such that

J F(h) dh 0.
Sp:(B)\Spy(B&kA)

By Lemma 14.2, there is a cuspidal automorphic representation ¥ of GL;(A) such that JVII is
equal to MWy (X). Let S be the finite set of places of k consisting of u, the Archimedean places
of k and all finite places v such that ¥, is ramified. Let S, be the set of Archimedean places of
k. The next proposition is a consequence of Propositions 11.1, 14.3, 14.4 and [37] Lemma 9.1.
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Proposition 15.1. — Let p € Il x --- x I be the automorphic form fized in (14.4) where, for
any place v ¢ S, the vector @, is the unique GLay, (0, )-spherical function in I, x - - x II,, given
by Proposition 14.4. We have

L5(2(j —i)s —1,82,ZV
H (2(j —14) )

s _
T7(s,0) = I5QG —i)s+1,5,5v)

1<i<j<m

and hence

J ( S, MS w 1—[ H 7(2(]_Z)8720721\;7wv)
JSS (p 7(2(]—2)54‘272072571/1@)

veS I<i<j<m

For f and g two functions of a complex variable s, write f(s) ~ g(s) if there exists a ¢ € C*
such that g(s) = cf(s).

Theorem 15.2. — With the above notation, we have

H 7(2(j—i)5+2,2uazla¢u).

a(s, p) ~ (20 —i)s, S, , %Y, U,

1<i<j<m

Proof. — Recall from (14.6) that we have

J5 (s,
J(sMsw gav

By Proposition 15.1, we obtain

v(2( —i)s + 2,5, , 5y, )
HQU H H ’)/(2(] —Z)S,Evvzq\j7wv) ‘

vesS veS Ii<j<m

Since Archimedean root numbers are constant (see [30] 16 Appendix), it follows from Proposi-
tion 14.3 for Archimedean places that we can simplify the above identity to

-~ 7(2(j - i)S + 2721; ’Eg’wv)
[ e~ 11 I Zres s

veS\Sp veS\Sp ISi<jsm

Since u is the only place above p and a(s, p) = a,(s), the assertion now follows from [37] Lemma
9.3. O

Now we obtain the next proposition as promised in §13.2.
Proposition 15.3. — The meromorphic function a(s, p) is holomorphic and non-zero at s = 1.

Proof. — Note that %, is cuspidal and JL(p) = St2(3,,). From the properties of L factors recal-
led in Section 11.3 and central character considerations, v(s, Xy, ., ¢,,) and its inverse can only
vanish for s of real part equal to 0 or 1. It then follows from Theorem 15.2 that each quotient
of y-factors in the formula for a(s, p) is holomorphic and non-vanishing at s = 1. O
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16. Appendix

In this section, A is as in Section 5. Let [a, 5] be a simple stratum in A. Let ¥4 denote the
character x — ¢ (trdy/p(7)) of A, where trd 4 p is the reduced trace of A over F.

We prove Lemma 16.1 (which has been used in Section 7), whose proof was postponed to this
last section since it requires techniques which are not used anywhere else in the paper.

Lemma 16.1. — Let 0 € C(a, 8) be a simple character. Then

(1) [a*,5*] is a simple stratum realizing 3, and
(2) 6* is a simple character in C(a*, 5*).

Proof. — 1If [a, B] is the null stratum, there is nothing to prove. We will thus assume that [a, 5]
has positive depth.

The map ¢ : ¢ — z* is an F-linear involution of A such that ¢(zy) = ¢(y)c(z). Restricting to
the commutative F-algebra E' = F[f], it is thus an embedding of F-algebras from E to A. This
proves (1). Note that, if B is the centralizer of F in A, then the centralizer of E* in A is B*.

Lemma 16.2. — One has Nrdg/p(2*) = Nrdg«, g« (2)* for all z € B*.
Proof. — The proof is similar to [54] Lemme 5.15. O

We will prove (2) by induction on the integer ¢ = —ko(a, 3). (See [51] §2.1 for the definition
of ko(a, B).) Define r = |¢/2]| + 1. First note that ko(a*, 5*) = ko(a, 8) and 6* is normalized by
K(a*) n B** as 6 is normalized by K(a) n B*. (Here, K(a) denotes the normalizer in G of the
order a.) For any integer i > 1, let us write U’(a) = 1 + p’.

Assume first that § is minimal over F' (see [51] §2.3.3). In this case, we have

- H'(a,8) = U (6)U"(a),

— the restriction of 6 to U"(a) is the character wg (1 + x> A (Ba),

~ the restriction of 6 to U'(b) is equal to £ o Nrdgp for some character £ of 1 + pp.

The character 6* is defined on the group o(H'(a, 3)) = UL (6*)U"(a*) = H'(a*, B*). Its restric-
tion to U"(a*) is the character

Lty 9 (By*) = v (8%) = (1 +y)

since 94 is invariant by . By Lemma 16.2, its restriction to U'(b*) is £* o Nrdpgs g+ where £*
is the character z — &(x*) of 1 4+ ppx. It follows from [51] Proposition 3.47 that 6* is a simple
character in C(a*, 8%).

Now assume that £ is not minimal over F', and that « is an approximation of 5 with respect
to a (see [51] §2.1). We have

— H'(a,8) =U'(6)H"(a,7),

— the restriction of 6 to H"(a,) is equal to 1%4_79’ for some simple character 8’ € C(a,~),

— the restriction of § to U'(b) is equal to £ o Nrdp/g for some character § of 1 + pg.

The character 8* is defined on the group
o(H'(a,8)) = U'(b")o(H' (a,7)) = UN(6*)H' (a*,7*) = H'(a*, 5*)
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since 7* is an approximation of 8* with respect to a*. By induction, its restriction to H'(a*,v*)
is the character 1/15‘*77*0’* where 6% € C(a*,~*) is the transfer of ¢'. Its restriction to U!(b*) is

the character £* o Nrdpgs g« It follows from [51] Proposition 3.47 that 0* € C(a*, 8%). O
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