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Abstract. — We prove a conjecture of Prasad predicting that a cuspidal representation of GLy, (D),
for an integer n > 1 and a non-split quaternion algebra D over a non-Archimedean locally compact
field of odd residue characteristic, has a symplectic period if and only if its Jacquet—Langlands trans-
fer to GL2,, (F') is non-cuspidal.
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1. Introduction

1.1. Let F be a non-Archimedean locally compact field of residue characteristic p # 2, and D
be a non-split quaternion algebra of centre F. Fix a positive integer n > 1 and set G = GL,,(D).
This is an inner form of GLg, (F'), which can be equipped with an involution o whose fixed point
subgroup G7 is equal to Sp,,(D), the non-quasi-split inner form of the symplectic group Sp,,, (F').
One is interested in the classification of the irreducible (smooth, complex) representations of G
which are distinguished by G7, that is, which admit non-zero G?-invariant linear forms. For dis-
crete series representations of G, Dipendra Prasad proposed the following conjecture, stated in
terms of the local Jacquet—Langlands correspondence, which is a bijection between the discrete
series of G and GLg,(F') (see [33] Conjecture 7.1).

Conjecture 1.1. — (1) There is a discrete series representation of GL, (D) distinguished by
Sp,,(D) if and only if n is odd.

(2) Suppose that the integer n is odd. The discrete series representations of GLy, (D) which are
distinguished by Sp,,(D) are exactly the cuspidal representations of GL,, (D) whose Jacquet—Lang-
lands transfer to GLy, (F) is of the form") Sty(7) for some cuspidal representation T of GLy, (F).

Note that, if one replaces the groups G and G by their split forms GLay, (F') and Sps,, (F'), then
[19] Theorem 1 implies that there is no generic (in particular, no discrete series) representation of
GLay, (F') distinguished by Spy, (F'), whatever the parity of n.

(W The notation Sto(7) is defined in §2.3 below.
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1.2. In this article, we prove Conjecture 1.1 for cuspidal representations of G, that is:

Theorem 1.2. — A cuspidal representation of GL, (D) is distinguished by Sp,,(D) if and only
if its Jacquet-Langlands transfer to GLa,(F') is non-cuspidal.

It then follows from well-known properties of the Jacquet—Langlands correspondence (see §2.3)
that

— there is a cuspidal representation of GL,, (D) distinguished by Sp,,(D) if and only if n is odd,

— if n is odd, a cuspidal representation 7 of GL,, (D) is distinguished by Sp,,(D) if and only if
its Jacquet-Langlands transfer to GLa, (F') is a discrete series representation of the form Sto(7),
where 7 is a cuspidal representation of GL,,(F') uniquely determined by 7.

1.3. Let us first consider the forward direction of the theorem: any cuspidal representation of
G distinguished by G has a non-cuspidal Jacquet—Langlands transfer. This has been proved by
Verma [33] in the case when F has characteristic 0 via a globalization argument. We adapt Ver-
ma’s argument to the case when F' has arbitrary characteristic (see Section 2).

1.4. Let us now concentrate on the converse: any cuspidal representation of G whose Jacquet—
Langlands transfer is non-cuspidal is distinguished by G?. The strategy of our proof is, given a
cuspidal representation 7 of G whose Jacquet-Langlands transfer is non-cuspidal, to produce a
pair (J,A) made of a compact mod centre, open subgroup J of G and an irreducible represen-
tation A of J such that:

— A is distinguished by J n G,

— the compact induction of A to G is isomorphic to 7.
By a simple application of Mackey’s formula, this will imply that 7 is distinguished by G?. The
construction of a suitable pair (J, A) is based on Bushnell-Kutzko’s theory of types, as we ex-
plain below.

1.5. Start with a cuspidal irreducible representation 7 of G. By [10, 27], it is compactly indu-
ced from a Bushnell-Kutzko type: this is a pair (J, A) with the following properties:

— the group J is open and compact mod centre, it has a unique maximal compact subgroup
J? and a unique maximal normal pro-p-subgroup J*,

— the representation X of J is irreducible and factors (non-canonically) as k® p, where k is a
representation of J whose restriction to J! is irreducible and p is an irreducible representation
of J whose restriction to J' is trivial,

— the quotient J°/J! is isomorphic to GL,,(l) for some integer m dividing n and some finite
extension I of the residue field of F, and the restriction of p to J is the inflation of a cuspidal
representation g of GLyy,(1).

Our first task is to prove that, if the Jacquet—Langlands transfer of m to GLg, (F) is non-cus-
pidal, then, among all possible Bushnell-Kutzko types (J, A) whose compact induction to G is
isomorphic to 7 (they form a single G-conjugacy class), there is one such that J is stable by o
and & can be chosen to be distinguished by J n G°.
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1.6. Assuming this has been done, our argument is as follows:
(1) The fact that k is distinguished by J n G, together with the decomposition

(1.1) Homj~go (k ® p,C) ~ Homj~ge (K, C) ® Homj~go (p, C),

implies that kK ® p is distinguished by J n G if and only if p is distinguished by J n G°.

(2) The representation p is distinguished by J n G if and only if the cuspidal representation
0 of GL,,(1) is distinguished by a unitary group, or equivalently, ¢ is invariant by the non-tri-
vial automorphism of 1/ly, where [j is a subfield of I over which I is quadratic.

(3) The fact that the Jacquet—Langlands transfer of 7 is non-cuspidal implies that g is invari-
ant by Gal(l/ly).

Note that (2) is reminiscent of [33] Section 5. See Section 6 below for more details.

1.7. It remains to prove that J and k can be chosen as in §1.5. The construction of k relies on
the notion of simple character, which is the core of Bushnell-Kutzko’s type theory. The cuspidal
representation 7 of §1.5 contains a simple character, and the set of all simple characters contained
in 7 form a single G-conjugacy class. We first prove that, if the Jacquet—Langlands transfer of 7
to GLg,(F') is non-cuspidal, then, among all simple characters contained in 7, there is a simple
character 6 such that § o o = =1, Zou [34] proved a similar result for cuspidal representations
of GL,,(F") with respect to an orthogonal involution, and we explain how to transfer it to G in an
appropriate manner. (Note that, if the Jacquet-Langlands transfer of 7 is cuspidal, such a 6 may
not exist.)

Next, fix a simple character 6 as above, and let Jy denote its normalizer in G, which is stable
by o. A standard construction (see for instance [26, 18]) provides us with:

— a representation K of Jy such that the contragredient of k o ¢ is isomorphic to k,
— a quadratic character x of Jy n G such that the vector space Homj~go (K, X) is non-zero.

To prove that the character y is trivial, we show that, if x were non-trivial, one could construct
a G7-distinguished cuspidal representation of G with cuspidal transfer to GLay, (F'), thus contra-
dicting the first part of Theorem 1.2 (see §1.3). Together with the argument of §1.6, this finishes
the proof of Theorem 1.2.

1.8. Now let us go back to §1.2, assuming that n is odd. We defined a map
(1.2) T T

from cuspidal representations of GL,, (D) whose Jacquet-Langlands transfer to GLa, (F) is non-
cuspidal to cuspidal representations of GL,,(F"), and this map is a bijection (see Remark 2.1 be-
low). As suggested by Prasad, the inverse of this map can be thought of as a ‘non-abelian’ base
change, denoted bp/, from cuspidal representations of GL,,(F’) to those of GL,,(D), whose ima-
ge is made of those cuspidal representations which are distinguished by Sp,,(D). For instance, if
n =1, the map bpp is just x — x o Nrd, where Nrd is the reduced norm from D* to F'*, and
x ranges over the set of all characters of F'*.

A type theoretic, explicit description of b/ can be extracted from [7, 28, 12], at least up to
inertia, that is: given a cuspidal representation 7 of GL,, (F"), described as the compact induction
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of a Bushnell-Kutzko type, one has an explicit description of the type of the inertial class of the
cuspidal representation bp, r(7) in terms of the type of 7.

The case of cuspidal representations of depth 0 has been considered in [33] Section 5. The ex-
plicit description of by provided by [33] Proposition 5.1, Remark 5.2 is somewhat incomplete
(see Remarks 7.1 and 7.4 below). In Section 7, thanks to [29, 30, 8], we provide a full description
of bp,p for cuspidal representations of depth 0.

1.9. Finally, let us comment on the assumption “p # 2”. The only places where we use this as-
sumption are: Proposition 4.1, Lemma 5.2 and Proposition 6.2. Proposition 4.1 is the main dif-
ficulty: this proposition might not hold when p = 2.
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2.

2.1. Let F be a non-Archimedean locally compact field of residue characteristic p # 2. We will
denote by OF its ring of integers, by pr the maximal ideal of O, by kp its residue field and by
| - | the absolute value on F' sending any uniformizer to the inverse of the cardinality of k.

Let D be a non-split quaternion algebra with centre F'. Let us denote by Op its ring of inte-
gers, by pp the maximal ideal of Op and by kp its residue field. The algebra D is equipped with
the anti-involution

(2.1) v T =trdp/p(r) —

where trdp,r denotes the reduced trace of D over F.

Given an a € A = M,,(D), for an n > 1, we write 'a for the transpose of a with respect to the
antidiagonal and a for the matrix obtained by applying (2.1) to each entry of a. We define an
anti-involution

(2.2) a—a*="'a

on the F-algebra A. The group G = GL, (D) is an inner form of GLsg,(F'), equipped with the
involution o : z + (z*)~!.

The subgroup G made of all elements of G that are fixed by o is denoted Sp,,(D). This is an
inner form of the symplectic group Sp,,, (F').

We also write Nrd 4/ for the reduced norm on A, and G’ = SL,,(D) for the kernel of the res-
triction to G of the reduced norm.
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2.2. By representation of a closed subgroup H of G, we mean a smooth, complex representation
of H. By character of H, we mean a group homomorphism from H to C* with open kernel. If 7
is a representation of H, we denote by 7 its contragredient and by 7 the representation 7o o
of o(H). If x is a character of H, we denote by 7x the representation h — x(h)r(h). If K is a
subgroup of H, the representation 7 is said to be distinguished by K if its vector space V' carries
a non-zero linear form A such that A(w(z)v) = A(v) for all z € K and allve V.

2.3. The Jacquet—Langlands correspondence [22, 11, 1] is a bijection between the discrete se-
ries of G and that of GLg, (F). If 7 is a discrete series representation of G, we will write 'V for its
Jacquet-Langlands transfer. According to [32, 3], there are a uniquely determined integer r di-
viding 2n and a cuspidal representation 7 of GLy,, /T(F ), uniquely determined upto isomorphism,
such that I is the unique irreducible quotient of the (normalized) parabolically induced repre-
sentation

Ind§ (ﬂ,u—r)/z Q32 . T,,(r—l)/z)

where, for any real number a, we denote by v* the character g — | det(g)|% and by P the para-
bolic subgroup of G generated by the standard Levi subgroup GLyy, /. (F) x -+ x GLgy,(F) to-
gether with upper triangular unipotent matrices. This irreducible quotient is denoted St, (7).

Remark 2.1. — When 7 is a cuspidal representation of G, the integer r associated with it (it is
denoted s(7) in [26] §3.5) has the following properties:

— it divides the reduced degree of D ([26] Remark 3.15(1)),
— it is prime to n ([26] Remark 3.15(2)).

Since r divides 2 and is prime to n, we immediately deduce that, if the cuspidal representation
has a non-cuspidal Jacquet—-Langlands transfer to GLa, (F'), then r = 2 and n is odd. Conversely,
if n is odd, and if 7 is any cuspidal representation of GL, (F'), the unique discrete series repre-
sentation of G whose Jacquet—Langlands transfer is Sta(7) is cuspidal ([26] Remark 3.15(3)).

2.4. In this paragraph, we prove:

Theorem 2.2. — Let 7 be a cuspidal (irreducible) representation of G. If 7 is distinguished by
G°, then "' is non-cuspidal.

Proof. — In the case when F' has characteristic 0, this is a consequence of a theorem of Verma
([33] Theorem 1.2). We give a proof which is valid in any characteristic.

Our argument is inspired by [33] Section 6, in particular the proof of Theorem 6.3.

Let 7 be a cuspidal irreducible representation of G. Assume that 7 is distinguished by G? and
JL7 is cuspidal. Let Z denote the centre of G, which is isomorphic to F*, and G = SL,(D). By
[16] Theorem 4.2, the restriction of 7 to the normal, cocompact, closed subgroup G; = ZG" is
semisimple of finite length. Let 7; be an irreducible summand of this restriction. The centre Z
acts on it through w, the central character of 7. The restriction of m; to G, denoted 7/, is thus
irreducible.

Now let k be a global field with a finite place w dividing p such that k,,, the completion of k
at w, is isomorphic to F'. Thus k is a finite extension of ) when F' has characteristic 0, and the
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field of rational functions over a smooth irreducible projective curve defined over a finite field of
characteristic p when F' has characteristic p.

Let D be a quaternion algebra over k such that D ®, ky, is non-split (it is thus isomorphic to
D). Let G’ be the group SL, (D). It is an inner form of SLa, over k which contains H = Sp,,(D).
Note that the connected component of the centre of G’ is trivial and that H is a closed algebraic
k-subgroup of G’ with no non-trivial character. Let V' denote the k-vector space made of all ma-
trices a € M, (D) such that a* = a and consider the algebraic representation of G’ on V' defined
by (g,a) — o(g)ag™!. This representation is semisimple (it is even irreducible) and the G'-sta-
bilizer of the identity matrix (on V') is H.

We now apply either [21] Theorem 4.1 (if F' has characteristic 0) or [13] Theorem 1.3 (if F' has
characteristic p): there exists a cuspidal automorphic representation IT" of G’(A) with a non-zero
H(A)-period and such that the local component of IT" at w is isomorphic to 7. (Here A denotes
the ring of adeles of k.)

By [17] Theorem 5.2.2, the representation II' occurs as a subrepresentation in the restriction
to G'(A) of a cuspidal automorphic representation II of G(A). Since G’ contains H, the repre-
sentation IT has a non-zero H(A)-period. It follows that:

(1) for any finite place v, the local component I, of IT at v is distinguished by H(k,),
(2) the restriction to H(k,,) of the local component II,, of IT at w contains 7.

More precisely, let us prove that II,, is isomorphic to 7® (xoNrd4,r) for some character x of the
group F*. Arguing as at the beginning of the proof of the theorem, the restriction of IT,, to G
is semisimple of finite length and contains an irreducible summand 7 whose restriction to G’ is
isomorphic to «’. If 1 denotes the central character of II,,, we thus have mo(zx) = p(z)n’'(x) for
all z€ Z and z € G'. Similarly, we have 7 (zz) = w(z)n’(z) for all z € Z and z € G'. By twist-
ing m by a character of G, we may assume that w = u. The representation II,, is unitary as a
local component of the unitary representation II. The character u is thus unitary, which implies
that 7 is unitary. By [17] Proposition 2.2.2, we get the expected result.

Let © be a character of AX/k* whose local component at w is x. By twisting II by ©~! com-
posed with the reduced norm from G(A) to A*, we may and will assume that II,, is isomorphic
to .

Now let /FTI be the Jacquet-Langlands transfer of IT to GLa,(A) (see [2] Theorem 5.1 and [4]
Theorem 3.2). This is an automorphic representation in the discrete spectrum of GLa, (A), with
the following properties:

(3) its local component at w is cuspidal, isomorphic to I,
(4) for any finite place v such that D ®, k, is split, the local components of "“IT and II at v
are isomorphic.

It follows from (3) that '“II is cuspidal, thus generic. Therefore:
(5) for any finite place v, the local component of VII at v is generic.

It follows from (1), (4) and (5) that, if v is a finite place of k such that D®y, &, is split, II, is an
irreducible representation of GLay,(k,) which is generic and distinguished by H(k,) ~ Spy,, (kv).
This contradicts [19] Theorem 1. O
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Remark 2.3. — Verma ([33] Theorem 1.1) proves that, when F' has characteristic 0, the vec-
tor space Homge (7, C) has dimension < 1 for any irreducible representation 7 of G, but we will
not use this fact.

The remaining sections are devoted to the proof of the converse of Theorem 2.2: any cuspi-
dal representation of G with non-cuspidal transfer to GLa, (F') is distinguished by G°.

3.

In this section, we introduce the type theoretical material which we will need in Sections 4-8.
Let A be any finite dimensional central division F-algebra (this extra generality will be useful in
§5.3.) Let A be the central simple F-algebra M,,(A) of n x n matrices with coefficients in A for
some integer n > 1, and G = A* = GL,(A). Let us fix a character

(3.1) Y: F—C*

trivial on pr but not on Op. For the definitions and main results stated in this section, we refer
the reader to [10, 9] (see also [26, 18]).

3.1. A simple stratum in A is a pair [a, 8] made of a hereditary Op-order a of A and an element
B € A such that the F-algebra E = F[f] is a field, and the multiplicative group E* normalizes a
(plus an extra technical condition on 8 which it is not necessary to recall here). The centralizer B
of F in A is a central simple E-algebra, and b = a n B is a hereditary Og-order in B.
Associated to a simple stratum [a, 3], there are a pro-p-subgroup H'(a,3) of G and a non-
empty finite set C(a, 3) of characters of H'(a,3) called simple characters, depending on ).

Remark 3.1. — This includes the case where = 0. The simple stratum [a, 0] is then said to
be null. One has H'(a,0) = 1 + p, (where p, is the Jacobson radical of a) and the set C(a,0) is
reduced to the trivial character of 1 + py.

When the order b is maximal in B, the simple stratum [a, 5] is said to be mazimal, and the
simple characters in C(a, 3) are said to be mazimal. If this is the case, and if [a/, #'] is another
simple stratum in A such that C(a,8) n C(a’, 8’) is non-empty, then

(3.2) e(d,f) = C(a,8), o =a, [F[F]:F]=[F[8]: F],
and the simple stratum [a’, ] is maximal ([26] Proposition 3.6).
3.2. Let A’ be a finite dimensional central division F-algebra and [a’, 3'] be a simple stratum in

M, (4A") for some n’ > 1. Assume that there is a morphism of F-algebras ¢ : F[3] — F[3'] such
that ¢(8) = B’. Then there is a natural bijection from C(a, 3) to C(a’, 8') called transfer.
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3.3. Let C denote the union of the sets C(a’, 8’) for all maximal simple strata [a’, 5] of M,/ (A7),
for all n > 1 and all finite dimensional central division F-algebras A’. Any two maximal simple
characters 61,0, € C are said to be endo-equivalent if they are transfers of each other, that is, if
there exist

— maximal simple strata [a;, 51] and [ag, 2],
— a morphism of F-algebras ¢ : F[1] — F[52] such that ¢(51) = P,

such that 6; € C(a;, ;) for i = 1,2, and 65 is the image of 6; by the transfer map from C(ay, 1)
to C(ag, B2). This defines an equivalence relation on €, called endo-equivalence. An equivalence
class for this equivalence relation is called an endoclass.

The degree of an endoclass © is the degree of F[3'] over F, for any choice of [d’, 3] such that
C(d’, 8') n O is non-empty. (It is well defined thanks to (3.2).)

3.4. Let C(G) be the union of the sets C(a, 8) for all maximal simple strata [a, 5] of A. Any two
maximal simple characters 61,02 € €(G) are endo-equivalent if and only if they are G-conjugate.

Given a cuspidal representation m of G, there exists a maximal simple character 6 € C(G) con-
tained in 7, and any two maximal simple characters contained in 7 are G-conjugate. The max-
imal simple characters contained in 7 thus all belong to the same endoclass ®, called the endo-
class of . Conversely, any maximal simple character 6 € C(G) of endoclass © is contained in 7
([26] Corollaire 3.23).

3.5. Let 6 € C(a, 3) be a simple character with respect to a maximal simple stratum [a, 3] in A
as in §3.1. There are a divisor m of n and a finite dimensional central division E-algebra I' such
that B is isomorphic to M,,(I"). Let Jy be the normalizer of § in G. Then

(1) the group Jy has a unique maximal compact subgroup J 0O—Jg g and a unique maximal nor-
mal pro-p-subgroup J! = J é,
the group Jy N 1s the normalizer of b in an N =b", N = 1+ py,
2) th Jg n B* is th lizer of b in BX and J° n B* =b*, J' n BX =1
(3) one has Jg = (Jg n B*)JY and J° = (J° ~n BX)J".

Since b is a maximal order in B, it follows from (2) and (3) that there is a group isomorphism
(3.3) JO/JY ~ GL, (1)

where [ is the residue field of I', and an element w € B> normalizing b such that Jy is generated
by J? and w.

There is an irreducible representation 17 = 79 of J* whose restriction to H'(a, 3) contains 6. It
is unique up to isomorphism, and it is called the Heisenberg representation associated with 6. It
extends to the group Jy (thus its normalizer in G is equal to Jy).

If k is a representation of Jy extending 7, any other extension of n to Jy has the form x€ for
a unique character & of Jy trivial on J'. More generally, the map

(3.4) T K®T

is a bijection between isomorphism classes of irreducible representations of Jy trivial on J* and
isomorphism classes of irreducible representations of Jy whose restriction to J! contains 1.
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4.

In this section, we go back to the group G = GL, (D) of §2.1 and fix a cuspidal representation
7 of G with non-cuspidal transfer to GLg, (F). In particular, as explained in Remark 2.1, the in-
teger n is odd. The main result of this section is the following proposition.

Proposition 4.1. — There are a mazimal simple stratum [a, 5] in A and a mazimal simple cha-
racter 0 € C(a, B) contained in m such that

(1) the group H'(a, B) is stable by o and Qoo = 671,

(2) the order a is stable by = and B is invariant by *.

4.1. Let © denote the endoclass of 7. Since 7 contains any maximal simple character of C(G)
of endoclass O, it suffices to prove the existence of a maximal simple stratum [a, 5] in A and a
character 6 € C(a, ) of endoclass © satisfying Conditions (1) and (2) of Proposition 4.1.

Since the Jacquet—Langlands transfer of 7 is non-cuspidal, it follows from §2.3 that this trans-
fer is of the form Sta(7) for a cuspidal irreducible representation 7 of GL,(F'). By Dotto [12],
the representations m and 7 have the same endoclass. It follows that the degree of ® divides n.

4.2. Let d denote the degree of ®. Thanks to §4.1, it is an odd integer dividing n.

Let o¢ be the involution z — %z~ on GL4(F') where § denotes the transpose with respect to
the antidiagonal. The fixed points of GL4(F') by ¢ is a split orthogonal group.

By [34] Theorem 4.1, there are a maximal simple stratum [ag, 5] in My(F') and a maximal sim-
ple character 6 € C(ag, 3) of endoclass ® such that

~ the group H'(ay, () is stable by o, and 6, 0 oy = 05",

— the order aq is stable by § and § is invariant by .
Write E for the sub-F-algebra F[3] € My(F). It is made of g-invariant matrices. Its centralizer
in My(F) is equal to E itself. The intersection ag N E is O, the ring of integers of E.

4.3. Let us write n = md. We identify M,,(F') with M,,,(My(F)) and E with its diagonal image
in M,,(F). The centralizer of E in M,,(F') is thus M,,,(E).

Now consider M,,(F') as a sub-F-algebra of A. The centralizer B of E in A is equal to M,,(C)
where C is an E-algebra isomorphic to F ®r D. Since the degree d of E over F'is odd, C is a
non-split quaternion E-algebra. Denote by #p the anti-involution on B analogous to (2.2).

Proposition 4.2. — The restriction of * to B is equal to =p.

Proof. — It suffices to treat the case where m = 1. We will thus assume that m = 1, in which
case we have B = C. We thus have to prove that

(4.1) c* =trdg/g(c) —c

for all c € C < My(D). Let us identify My(D) with My(F) ®p D. Then (e ® z)* = 'a® T for
all a € M,,(F) and x € D, and C identifies with £ @ D. Thus (4.1) is equivalent to

(4.2) e®7 =trdo/p(e®r) —e®x
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for all e € E and x € D. Thanks to (2.1), we are thus reduced to proving that

(4.3) trde/p(r) = trdp/p()

for all x € D, where the F-algebra D is embedded in C' via x — 1 ®F x.

Let L be a quadratic unramified extension of F'. Since the degree of E over F'is odd, E®F L
is a field, denoted E'L. The reduced trace is invariant by extension of scalars (see [5] §17.3, Pro-
position 4). Thus trdp/p(z) is the trace of  in D ®r EL ~ My(EL). (By the Skolem-Noether
theorem, the computation of this trace does not depend on the choice of the isomorphism.) Si-
milarly, trdo/g(z) is the trace of 2 in C ®g EL ~ M2(EL). The proposition is proven. O

Let b denote the standard maximal order M,,(O¢) in B. Then b* is a maximal open compact
subgroup of B* which is stable by o. Let a denote the unique Og-order in A normalized by E*
such that a n B = b (see [24] Lemme 1.6). We thus obtain a maximal simple stratum [a, 5] in
A where a is stable by * and f* = 3, and E is made of *-invariant matrices.

Let 6 € C(a, B) be the transfer of . We are going to prove that the group H'(a, 3) is stable
by o and § o 0 = #~!, which will finish the proof of Proposition 4.1. For this, set 0* = 6~ o 0.
This is a character of o(H!(a,3)). We thus have to prove that 6* = 0.

Let 99 be an arbitrary character of C(ag, 3) and let ¥ be its transfer to C(a, 3). Let us define
the characters ', = 95 0oy and ¥* = 9! oo. By Lemma 8.1 (which we will prove in a separa-
te section since its proof requires techniques which are not used anywhere else in the paper), we
have

9% e C(a*, 8%), %y e C(%ap, B).

On the one hand, by [31] Proposition 6.3, the transfer of #9 € C(%ag, !8) to €(a*, 3*) is equal to
¥*. On the other hand, we have C(a*, 5*) = C(a, 5) since a is stable by = and 5* = (3, and like-
wise C(%ag, 8) = C(ap, B). Now choose g = 6. Since 0y = 0y, we deduce that 6* = 6.

5.

In this section, we focus on the maximal simple stratum [a, 3] and the maximal simple cha-
racter 6 € C(a, 8) constructed in Section 4, forgetting temporarily the cuspidal representation 7.
We thus have a* = a, * = 8 and 87! 0 0 = . Recall that the centralizer B of F in A is equal
to M,,,(C) where m[E : F] = n and C is a quaternion F-algebra isomorphic to £ ®r D, and b
is the standard maximal order M,,,(O¢) in B. Let © denote the endoclass of 6.

5.1. Let Jy be the normalizer of 6 in G. According to §3.5, it has a unique maximal compact
subgroup J° = J 2 and a unique maximal normal pro-p-subgroup J' = J é. One has the identity
Jg = C*J°, where C* is diagonally embedded in GL,,(C) = B* < G, and a group isomorphism

(5.1) JO/JY ~ GL,, (1)

where 1 is the residue field of C, coming from the identities J° = (J° n B*)J!, J° A BX = b*
and J' A B*X =1+ py.
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5.2. Let n denote the Heisenberg representation associated with 6 and & be a representation of
Jg extending n. Let o be a cuspidal irreducible representation of J° /J ! Its inflation to J° will
still be denoted by o. The normalizer J of p in Jy satisfies

EXJ'c Jc J,.

Since E*J° has index 2 in Jy = C*JY, there are only two possible values for J, namely E*J°
and Jg. More precisely, Jy is generated by J° and a uniformizer @ of C, and the action of w on
JY by conjugacy identifies through (5.1) with the action on GL,,(l) of the generator of Gal(l/l),
where [ is the residue field of E. It follows that J = Jy if and only if ¢ is Gal(l/ly)-stable. For
the following three assertions, see for instance [26] 3.5.

Let p be a representation of J extending ¢. Then the representation of G compactly induced
from kK ® p is irreducible and cuspidal, of endoclass ©.

Conversely, any cuspidal representation of G of endoclass ® is obtained this way, for a suita-
ble choice of g and of an extension p to J.

Two pairs (J,k® p) and (J', k ® p’) constructed as above give rise to the same cuspidal re-
presentation of G if and only if they are Jy-conjugate, that is, if and only if J' = J and p’ is
Jg-conjugate to p.

The following theorem will be crucial in our proof of Theorem 1.2.

Theorem 5.1. — The Jacquet—Langlands transfer to GLoy, (F') of the cuspidal representation of
G compactly induced from (J,k ® p) is cuspidal if and only if J = EXJ°.

Proof. — The Jacquet—Langlands transfer to GLa, (F) of the cuspidal representation compactly
induced from (J,k ® p) is cuspidal if and only if the integer r associated to it (in §2.3) is 1. By
[26] Remarque 3.15(1) (which is based on [7]), this integer is equal to the order of the stabilizer
of ¢ in Gal(l/ly), that is, to the index of E*J° in J. O

5.3. Let us prove that there exists a representation « of Jy extending n such that KV is iso-

morphic to k. As in [26] Lemme 3.28, we prove it in a more general context (see Section 3).

Lemma 5.2. — Let A be a finite dimensional central division F-algebra, let T be a continuous
automorphism of GL,.(A) for some integer r = 1, let ¥ be a maximal simple character of GL,(A)
such that ¥ o1 =971, let Jy its normalizer in GL,(A) and n be its Heisenberg representation.

(1) The representation 0™ is isomorphic to 7.

(2) For any representation k of Jy extending n, there exists a unique character & of Jy trivial
on J! such that KTV is isomorphic to KE.

(3) Assume that the order of T is finite and prime to p. There exists a representation k of Jy
extending n such that K™V is isomorphic to k.

Proof. — The first two assertions are given by [26] Lemme 3.28. For the third one, note that
valp o Nrd o 7 = ¢(7) - valp o Nrd

where valp is any valuation on F', Nrd is the reduced norm on M,.(A) and €(7) is a sign uniquely
determined by 7. Indeed, the left hand side is a morphism from GL,(A) to Z. As 7 is continuous,
it stabilizes the kernel of valg o Nrd, which is generated by compact subgroups. The left hand
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side thus factors through valp o Nrd, and the surjective morphisms from Z to Z are the identity
and x — —x.

If €(7) = 1, the result is given by [26] Lemme 3.28. (Note that, it this case, the assumption on
the order of 7 is unnecessary.) We thus assume that €(7) = —1. Let k be such that det(x) has
p-power order on Jy (whose existence is granted by [26] Lemme 3.12). The representation k™" is
then isomorphic to k€ for some character & of Jy trivial on J1. As in the proof of [26] Lemma
3.28, since p is odd, this £ is trivial on J° and it has p-power order.

The group Jy is generated by J° and an element w whose reduced norm has non-zero valua-
tion (see §3.5). Since e(7) = —1 and Jy is stable by 7, we have 7(w) € w~'J°. And since £ is
trivial on JY, we deduce that £ o7 = £ 1.

Now write a for the order of 7, which we assume to be prime to p. Then the identity K™V ~ k&
applied 2a times shows that k€2* ~ k so that £€2* = 1. But since £ has p-power order, and 2a is
prime to p, we deduce that £ is trivial. ]

Remark 5.3. — In the case when €(7) = —1 and the order of 7 is finite and prime to p, we even
proved that any & such that det(k) has p-power order satisfies K™V ~ k. We also have

(5.2) Jy nGL.(A) = J° A GL.(A)".

Indeed, if x € Jy is T-invariant, its valuation has to be equal to its opposite: it is thus 0.

5.4. Now let us go back to the situation of §5.2 with the group G' = GL, (D) equipped with the
involution o. Note that ¢(o) = —1 (in the notation of the proof of Lemma 5.2) and the order of

o is prime to p, so Lemma 5.2 and Remark 5.3 apply. We will need the following lemma, which
is [26] Lemme 3.30.

Lemma 5.4. — Let k be a representation of Jg extending n such that KV ~ K.

(1) There is a unique character x of Jo 0 G” = J° ~ G trivial on J* n G such that
Hom ,~go (r,x) # {0}

and this x is quadratic (that is, x> = 1).
(2) Let p be an irreducible representation of Jg trivial on JY. The canonical linear map:

Hom j1 40 (9, C) ® Homy,~ge (p, X) — Homj,~ge (k ® p,C)

18 an isomorphism.

6.

Let 7 be a cuspidal irreducible representation of G with non-cuspidal transfer to GLg, (F), as
in Section 4. By Proposition 4.1, there are a maximal simple stratum [a, 8] in A and a maximal
simple character 6 € C(a, 3) such that a* = a, 3* = 8 and = oo = §. We use the notation of
Section 5. In particular, we have groups Jg, J° and J*.
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6.1. Identify J°/J' with GL,, (1) thanks to the group isomorphism (5.1). Through this identi-
fication, and thanks to Proposition 4.2, the involution o on J° JJ !identifies with the unitary in-
volution

(6.1) z Tt

on GL,, (1), where x — T is the action of the non-trivial element of Gal(l/lp) componentwise. It
follows that (J° nG?)/(J' n G?) identifies with the unitary group U,,(I/ly). The following lem-
ma will be useful. Note that m is odd since it divides n, which is odd by Remark 2.1.

Lemma 6.1. — Let ¢ be a cuspidal irreducible representation of GLy,(1). The following asser-
tions are equivalent.

(1) The representation o is Gal(l/ly)-invariant.
(2) The representation g is distinguished by Uy, (1/1p).

Moreover, there exist Gal(l/lp)-invariant cuspidal irreducible representations of GLy,(1).

Proof. — For the equivalence between (1) and (2), see for instance [20] Theorem 2 or [14] Theo-
rem 2.4. For the last assertion, see for instance [25] Lemma 2.3. O

Let k be a representation of Jy extending 1 such that k7Y ~ k (whose existence is given by
Lemma 5.2) and x be the quadratic character of the group Jg n G (which is equal to J° n G7
by (5.2)) given by Lemma 5.4.

Proposition 6.2. — The character x is trivial.

Proof. — Assume this is not the case. Then y, considered as a character of U,,(1/ly), is trivial on
unipotent elements because these elements have p-power order and p # 2. Thus x is trivial on
the subgroup generated by all transvections. By [15] Theorem 11.15, this subgroup is SU,, (1/ly).
Thus x = « o det for some quadratic character o of 1!, where det is the determinant on GL,, (1)
and 1! is the subgroup of I* made of elements of I/lp-norm 1. Let 3 extend a to 1*, and let s
be the character of J inflated from S o det. It extends x.

Since m is odd, there is a cuspidal irreducible representation g of GL,, (1) which is invariant by
Gal(l/lp) (equivalently, which is distinguished by U,,(/lp)), thanks to Lemma 6.1.

Let ¢ be the cuspidal representation gsc. Let us prove that it is not Gal(l/ly)-invariant. Let ~y
denote the generator of Gal(l/ly). If o’ were Gal(l/ly)-invariant, 03¢” would be isomorphic to gs.
Comparing the central characters, one would get (37571)™ = 1, that is, a(z?2~1)™ =1 for all
x € 1™, or equivalently o = 1. But « is quadratic and m is odd: contradiction.

Let p’ be a representation of J' = E*J° whose restriction to J° is the inflation of ¢’. Since
o' is not Gal(l/lp)-invariant, the normalizer of K ® p’ in Jy is J’ (which has index 2 in Jy).

On the one hand, the representation 7’ compactly induced by (J', & ® p’) is irreducible and
cuspidal, and its Jacquet—Langlands transfer to GLg,(F’) is cuspidal by Theorem 5.1.

On the other hand, the map

Hom ;1o (7, C) ® Hom g0 (p', X) — Homyr o (k ® p, C)
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is an isomorphism (by Lemma 5.4) and the space Hom j/ 0 (p', X) is non-zero by construction.
This implies that kK ® p’ is J' n G7-distinguished. Thus 7’ is distinguished, contradicting Theo-
rem 2.2. Thus y is trivial. O

6.2. According to §5.2, our cuspidal representation 7 of G contains a representation of the form
(J,k® p), where

— the group J satisfies EXJYc Jc J,,

— the representation k is the restriction to J of a representation of Jy extending 7,

— the representation p of J is trivial on J' and its restriction to J is the inflation of a cus-
pidal representation o of J°/J! ~ GL,,(I) whose normalizer in Jy is equal to J.

Thanks to Lemma 5.2 and Proposition 6.2, we may and will assume that kK ~ k and K is
distinguished by Jy n G°.

Thanks to Theorem 5.1, the fact that the Jacquet—Langlands transfer of 7 is non-cuspidal im-
plies that J = Jy. By §5.2, this implies that ¢ is Gal(l/lp)-invariant. It follows from Lemma 6.1
that o is distinguished by U,,(l/ly), thus p is distinguished by J° n G7 = Jg n G°. By Lemma
5.4, the representation k ® p is distinguished by Jg n G°. It follows from Mackey’s formula

Homgeo (7, C) ~ H Hom j,~gGoq4-1(k ® p, C)
g
(where g ranges over a set of representatives of (Jy, G?)-double cosets of G) that 7 is distingui-
shed by G?. This finishes the proof of Theorem 1.2.

7.

In this section, we discuss in more detail the case of representations of depth 0. We assume
throughout the section that n is odd.

7.1. Let m be a cuspidal irreducible representation of G with non-cuspidal transfer to GLa, (F')
as in Section 6. Assume moreover that 7 has depth 0. In that case, we are in the situation des-
cribed by Remark 3.1. In this situation, we have m = n and [ is the residue field of D (thus I
is that of ). We have J = D*GL,(0p) and J = GL,(Op), and one can choose for & the tri-
vial character of J. The representation 7 is compactly induced from an irreducible representa-
tion p of J whose restriction to J° is the inflation of a Gal(kp/kr)-invariant, cuspidal represen-
tation ¢ of GL,(kp).

Remark 7.1. — In [33] Proposition 5.1, the inducing subgroup should be D*GL,,(Op) and not
F*GL,(0Op). Inducing from the latter subgroup gives a representation which is not irreducible.
The same comment applies to [33] Remark 5.2(1). See also Remark 7.4 below.

7.2. Let us now consider the map bp,r defined in §1.8. This is a bijection from cuspidal repre-
sentations of GLy,(F') to those cuspidal representations of GL,, (D) which are distinguished by the
subgroup Sp,,(D). In this paragraph, given a cuspidal representation 7 of level 0 of GL,(F), we
describe explicitly the cuspidal representation T = bp (1), that is, the unique cuspidal represen-
tation of G whose Jacquet-Langlands transfer to GLa, (F') is Sta(7).
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On the one hand, it follows from [29] Proposition 3.2 that the representation 7 has depth 0. It
can thus be described as in §7.1, that is, it is compactly induced from a representation p of the
group J = D*GL,(Op) whose restriction to J is the inflation of o.

On the other hand, the representation 7 can be described in a similar way: it is compactly in-
duced from a representation of F’*GL,(Or) whose restriction to GL,(OF) is the inflation of a
cuspidal representation gy of GL,(kr). (See for instance [6] 1.2.)

[29] Theorem 4.1 provides a simple and natural relation between g and go: the representation
o0 is the base change (that is, the Shintani lift) of go. (This relation was pointed out in [33] Re-
mark 5.2(1) without reference to [29].)

The knowledge of ¢ does not quite determine the representation 7. In order to completely de-
termine it, fix a uniformizer wp of F' and a uniformizer w = wp of D such that w? = wp. As
the group J is generated by J° and w, it remains to compute the operator A = p(w), which in-
tertwines o with 7, where v is the non-trivial element of Gal(kp/kr), that is, one has

Aop(x)=0(z") oA, xeGL,(kp).

The space of intertwining operators between ¢ and p7 has dimension 1. To go further, we have to
identify this space with C in a natural way.

Fix a non-trivial character vy of kr, and let ¥ be the character of kp obtained by composing
1o with the trace of kp/kp. Let U denote the subgroup of GL,, (kp) made of all unipotent upper
triangular matrices, and consider ¢ as the character u — (u12 + ug3 + -+ + Up—1,) of U. It
is well-known that, if V' is the underlying vector space of g, then

o’ ={veV o) (v) = d(u, ueU)

has dimension 1. Since the character ¢ is Gal(kp/kr)-invariant, this 1-dimensional space is sta-
ble by A. There is thus a non-zero scalar & € C* such that A(v) = av, and A is uniquely deter-
mined by . Let wy denote the central character of 7. (Note that the representation 7 is entirely
determined by gy and wy.)

Proposition 7.2. — One has o = wo(—wp).

We now have completely determined 7 from the knowledge of 7. The proof of this proposition,
based on [30] and [8], will be done in the next paragraph.

Remark 7.3. — The proposition thus implies that the result does not depend on the choice of
a @ € D such that w? = wp. Replacing @ by —w should thus lead to the same result, that is,
one should have p(—w) = p(w), or equivalently, the central character of = should be trivial at
—1. This is the case indeed, since 7 is distinguished by Sp,,(D), which contains —1.

Remark 7.4. — This paragraph corrects the description made in [33] Remark 5.2(1), which is
incorrect due to the error pointed out in Remark 7.1. Note that [33] Remark 5.2(2) is correct: it
follows from [29] Theorem 4.1 or [7] Theorem 6.1.
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7.3. We now proceed to the proof of Proposition 7.2, which is essentially an exercice of transla-
tion into the language of [30] and [8]. Fix a separable closure F of F. A tame admissible pair is a
pair (K /F,¢) made of an unramified finite extension K of F contained in F together with a ta-
mely ramified character £ : K* — C* all of whose Gal(K/F)-conjugate &7, v € Gal(K/F), are
pairwise distinct. The degree of such a pair is the degree of K over F.

Given any integer m > 1 and any inner form H of GL,,(F'), Silberger-Zink [30] have defined
a bijection ITH between:

(1) the set of Galois conjugacy classes of tame admissible pairs of degree dividing m,
(2) the set of isomorphism classes of discrete series representations of depth 0 of H.

They have also described (in [30] Theorem 3) the behavior of this parametrization of the discrete
series of inner forms of GL,,(F') with respect to the Jacquet—Langlands correspondence: if H is
isomorphic to GL,(A) for some divisor r of m and some central division F-algebra A of reduced
degree m/r, and if (K /F, &) is a tame admissible pair of degree f dividing m, then the Jacquet—
Langlands transfer of I (K /F,€) to GLy,(F) is equal to

(7.1) J7GLm(F) ( K/F, gﬂrlré—rﬂf,r)—f)

where p g is the unique unramified character of K> of order 2 and (a, b) denotes the greatest com-
mon divisor of two integers a, b > 1. (Silberger—Zink state their result by using the multiplicative
group of a central division F-algebra of reduced degree m as an inner form of reference, but it is
more convenient for us to use GL,,(F) as the inner form of reference.)

Let us start with our cuspidal representation 7 of depth 0 of GL,(F). Let (K/F,§) be a tame
admissible pair associated with it by the bijection I7G%»() Tt follows from [8] 5.1 that this pair
has degree n, and that the central character wg of 7 is equal to the restriction of £ to F'*.

Now form the discrete series representation Sto(7) of GLay, (F'). By [8] 5.2, the tame admissible
pair associated with it by the bijection IT2n(F) is of the form (K /F, £') where ¢ coincides with &
on the units of Ox. By [8] 6.4, one has

§'(wr) = —wo(wr) = —&(wr).

One thus has & = £ug. We now claim that the representation 7 is parametrized, through the bi-
jection IT¢, by the tame admissible pair (K /F,¢). Indeed, by (7.1), and since n is odd and g
is quadratic, we have

G (K /F,€) = TGP (K )P, epr ™" =) = Glen(E) (K /B, €y )

which is equal to Sto(7). It now follows from [30] (8), p. 196, that the scalar a by which A acts
on the line g% is equal to £(—wr) = wo(—wr) as expected.

8. Appendix

In this section, A is as in Section 2. Let [a, 5] be a simple stratum in A. Let 4 denote the
character x — ¢ (trd 4/p (7)) of A, where trd 4 p is the reduced trace of A over F.

We prove Lemma 8.1 (which has been used in Section 4), whose proof has been postponed to
this last section since it requires techniques which are not used anywhere else in the paper.
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Lemma 8.1. — Let 0 € C(a,3) be a simple character. Then

(1) [a*,5*] is a simple stratum realizing 3, and
(2) 0% is a simple character in C(a*, 5*).

Proof. — 1If [a, 8] is the null stratum, there is nothing to prove. We will thus assume that [a, 5]
has positive level.

The map ¢ : ¢ — z* is an F-linear involution of A such that ¢(zy) = ¢(y)c(z). Restricting to
the commutative F-algebra E' = F[f], it is thus an embedding of F-algebras from E to A. This
proves (1). Note that, if B is the centralizer of F in A, then the centralizer of E* in A is B*.

Lemma 8.2. — One has Nrdg/p(2*) = Nrdps g« (z)* for all z € B*.
Proof. — The proof is similar to [26] Lemme 5.15. O

We will prove (2) by induction on the integer ¢ = —ko(a, 3). (See [23] §2.1 for the definition
of ko(a, B).) Define r = |¢/2]| + 1. First note that ko(a*, 5*) = ko(a, 8) and 6* is normalized by
K(a*) n B** as 6 is normalized by K(a) n B*. (Here, K(a) denotes the normalizer in G of the
order a.) For any integer i > 1, let us write U’(a) = 1 + pl.

Assume first that £ is minimal over F' (see [23] §2.3.3). In this case, we have

- H'(a,8) = U'(6)U"(a),

— the restriction of 6 to U"(a) is the character wé (142 — pA(Ba),

— the restriction of § to Ul(b) is equal to & o Nrdp/g for some character § of 1+ pg.

The character 6* is defined on the group o(H*(a, 3)) = UL(b*)U"(a*) = H'(a*, 3*). Its restric-
tion to U"(a*) is the character

1+y — 2 (By*) = 2 (B*y) = ¥ (1 + )

since ¥4 is invariant by *. By Lemma 8.2, its restriction to U'(b*) is £* o Nrdp« g+ where £*
is the character z — £(z*) of 1 + pg=. It follows from [23] Proposition 3.47 that 6* is a simple
character in C(a*, 8*).

Now assume that £ is not minimal over F', and that - is an approximation of § with respect
to a (see [23] §2.1). We have

B Hl(av /B) = Ul(b)HT(aa 7)7

— the restriction of § to H"(a,) is equal to 1/)234779’ for some simple character 6’ € C(a,~),

~ the restriction of 6 to U'(b) is equal to £ o Nrdp,p for some character £ of 1+ pg.

The character 6* is defined on the group
a(H'(a,8)) = U (6%)a(H' (a,7)) = U'(b*)H' (a*,7*) = H'(a*, §%)

since 7* is an approximation of 3* with respect to a*. By induction, its restriction to H!(a*,v*)
is the character ¢§*_7* 0% where 0" € C(a*,~*) is the transfer of §'. Its restriction to U!(b*) is
the character £* o Nrdps/g«. It follows from [23] Proposition 3.47 that 0* € C(a*, 8%). O
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