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1. Introduction

1.1. Let F be a non-Archimedean locally compact field of residue characteristic p ‰ 2, and D

be a non-split quaternion algebra of centre F . Fix a positive integer n ě 1 and set G “ GLnpDq.

This is an inner form of GL2npF q, which can be equipped with an involution σ whose fixed point

subgroup Gσ is equal to SpnpDq, the non-quasi-split inner form of the symplectic group Sp2npF q.

One is interested in the classification of the irreducible (smooth, complex) representations of G

which are distinguished by Gσ, that is, which admit non-zero Gσ-invariant linear forms. For dis-

crete series representations of G, Dipendra Prasad proposed the following conjecture, stated in

terms of the local Jacquet–Langlands correspondence, which is a bijection between the discrete

series of G and GL2npF q (see [33] Conjecture 7.1).

Conjecture 1.1. — (1) There is a discrete series representation of GLnpDq distinguished by

SpnpDq if and only if n is odd.

(2) Suppose that the integer n is odd. The discrete series representations of GLnpDq which are

distinguished by SpnpDq are exactly the cuspidal representations of GLnpDq whose Jacquet–Lang-

lands transfer to GL2npF q is of the formp1q St2pτq for some cuspidal representation τ of GLnpF q.

Note that, if one replaces the groupsG andGσ by their split forms GL2npF q and Sp2npF q, then

[19] Theorem 1 implies that there is no generic (in particular, no discrete series) representation of

GL2npF q distinguished by Sp2npF q, whatever the parity of n.

p1qThe notation St2pτq is defined in §2.3 below.
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1.2. In this article, we prove Conjecture 1.1 for cuspidal representations of G, that is:

Theorem 1.2. — A cuspidal representation of GLnpDq is distinguished by SpnpDq if and only

if its Jacquet–Langlands transfer to GL2npF q is non-cuspidal.

It then follows from well-known properties of the Jacquet–Langlands correspondence (see §2.3)
that

– there is a cuspidal representation of GLnpDq distinguished by SpnpDq if and only if n is odd,

– if n is odd, a cuspidal representation π of GLnpDq is distinguished by SpnpDq if and only if

its Jacquet–Langlands transfer to GL2npF q is a discrete series representation of the form St2pτq,

where τ is a cuspidal representation of GLnpF q uniquely determined by π.

1.3. Let us first consider the forward direction of the theorem: any cuspidal representation of

G distinguished by Gσ has a non-cuspidal Jacquet–Langlands transfer. This has been proved by

Verma [33] in the case when F has characteristic 0 via a globalization argument. We adapt Ver-

ma’s argument to the case when F has arbitrary characteristic (see Section 2).

1.4. Let us now concentrate on the converse: any cuspidal representation of G whose Jacquet–

Langlands transfer is non-cuspidal is distinguished by Gσ. The strategy of our proof is, given a

cuspidal representation π of G whose Jacquet–Langlands transfer is non-cuspidal, to produce a

pair pJ ,λq made of a compact mod centre, open subgroup J of G and an irreducible represen-

tation λ of J such that:

– λ is distinguished by J XGσ,

– the compact induction of λ to G is isomorphic to π.

By a simple application of Mackey’s formula, this will imply that π is distinguished by Gσ. The

construction of a suitable pair pJ ,λq is based on Bushnell–Kutzko’s theory of types, as we ex-

plain below.

1.5. Start with a cuspidal irreducible representation π of G. By [10, 27], it is compactly indu-

ced from a Bushnell–Kutzko type: this is a pair pJ ,λq with the following properties:

– the group J is open and compact mod centre, it has a unique maximal compact subgroup

J0 and a unique maximal normal pro-p-subgroup J1,

– the representation λ of J is irreducible and factors (non-canonically) as κbρ, where κ is a

representation of J whose restriction to J1 is irreducible and ρ is an irreducible representation

of J whose restriction to J1 is trivial,

– the quotient J0{J1 is isomorphic to GLmplq for some integer m dividing n and some finite

extension l of the residue field of F , and the restriction of ρ to J0 is the inflation of a cuspidal

representation ϱ of GLmplq.

Our first task is to prove that, if the Jacquet–Langlands transfer of π to GL2npF q is non-cus-

pidal, then, among all possible Bushnell–Kutzko types pJ ,λq whose compact induction to G is

isomorphic to π (they form a single G-conjugacy class), there is one such that J is stable by σ

and κ can be chosen to be distinguished by J XGσ.
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1.6. Assuming this has been done, our argument is as follows:

(1) The fact that κ is distinguished by J XGσ, together with the decomposition

(1.1) HomJXGσpκ b ρ,Cq » HomJXGσpκ,Cq b HomJXGσpρ,Cq,

implies that κ b ρ is distinguished by J XGσ if and only if ρ is distinguished by J XGσ.

(2) The representation ρ is distinguished by J XGσ if and only if the cuspidal representation

ϱ of GLmplq is distinguished by a unitary group, or equivalently, ϱ is invariant by the non-tri-

vial automorphism of l{l0, where l0 is a subfield of l over which l is quadratic.

(3) The fact that the Jacquet–Langlands transfer of π is non-cuspidal implies that ϱ is invari-

ant by Galpl{l0q.

Note that (2) is reminiscent of [33] Section 5. See Section 6 below for more details.

1.7. It remains to prove that J and κ can be chosen as in §1.5. The construction of κ relies on

the notion of simple character, which is the core of Bushnell–Kutzko’s type theory. The cuspidal

representation π of §1.5 contains a simple character, and the set of all simple characters contained

in π form a single G-conjugacy class. We first prove that, if the Jacquet–Langlands transfer of π

to GL2npF q is non-cuspidal, then, among all simple characters contained in π, there is a simple

character θ such that θ ˝ σ “ θ´1. Zou [34] proved a similar result for cuspidal representations

of GLnpF q with respect to an orthogonal involution, and we explain how to transfer it to G in an

appropriate manner. (Note that, if the Jacquet–Langlands transfer of π is cuspidal, such a θ may

not exist.)

Next, fix a simple character θ as above, and let Jθ denote its normalizer in G, which is stable

by σ. A standard construction (see for instance [26, 18]) provides us with:

– a representation κ of Jθ such that the contragredient of κ ˝ σ is isomorphic to κ,

– a quadratic character χ of Jθ XGσ such that the vector space HomJXGσpκ, χq is non-zero.

To prove that the character χ is trivial, we show that, if χ were non-trivial, one could construct

a Gσ-distinguished cuspidal representation of G with cuspidal transfer to GL2npF q, thus contra-

dicting the first part of Theorem 1.2 (see §1.3). Together with the argument of §1.6, this finishes
the proof of Theorem 1.2.

1.8. Now let us go back to §1.2, assuming that n is odd. We defined a map

(1.2) π ÞÑ τ

from cuspidal representations of GLnpDq whose Jacquet–Langlands transfer to GL2npF q is non-

cuspidal to cuspidal representations of GLnpF q, and this map is a bijection (see Remark 2.1 be-

low). As suggested by Prasad, the inverse of this map can be thought of as a ‘non-abelian’ base

change, denoted bD{F , from cuspidal representations of GLnpF q to those of GLnpDq, whose ima-

ge is made of those cuspidal representations which are distinguished by SpnpDq. For instance, if

n “ 1, the map bD{F is just χ ÞÑ χ ˝ Nrd, where Nrd is the reduced norm from Dˆ to Fˆ, and

χ ranges over the set of all characters of Fˆ.

A type theoretic, explicit description of bD{F can be extracted from [7, 28, 12], at least up to

inertia, that is: given a cuspidal representation τ of GLnpF q, described as the compact induction
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of a Bushnell–Kutzko type, one has an explicit description of the type of the inertial class of the

cuspidal representation bD{F pτq in terms of the type of τ .

The case of cuspidal representations of depth 0 has been considered in [33] Section 5. The ex-

plicit description of bD{F provided by [33] Proposition 5.1, Remark 5.2 is somewhat incomplete

(see Remarks 7.1 and 7.4 below). In Section 7, thanks to [29, 30, 8], we provide a full description

of bD{F for cuspidal representations of depth 0.

1.9. Finally, let us comment on the assumption “p ‰ 2”. The only places where we use this as-

sumption are: Proposition 4.1, Lemma 5.2 and Proposition 6.2. Proposition 4.1 is the main dif-

ficulty: this proposition might not hold when p “ 2.
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2.

2.1. Let F be a non-Archimedean locally compact field of residue characteristic p ‰ 2. We will

denote by OF its ring of integers, by pF the maximal ideal of OF , by kF its residue field and by

| ¨ |F the absolute value on F sending any uniformizer to the inverse of the cardinality of kF .

Let D be a non-split quaternion algebra with centre F . Let us denote by OD its ring of inte-

gers, by pD the maximal ideal of OD and by kD its residue field. The algebra D is equipped with

the anti-involution

(2.1) x ÞÑ x “ trdD{F pxq ´ x

where trdD{F denotes the reduced trace of D over F .

Given an a P A “ MnpDq, for an n ě 1, we write ta for the transpose of a with respect to the

antidiagonal and a for the matrix obtained by applying (2.1) to each entry of a. We define an

anti-involution

(2.2) a ÞÑ a˚ “ ta

on the F -algebra A. The group G “ GLnpDq is an inner form of GL2npF q, equipped with the

involution σ : x ÞÑ px˚q´1.

The subgroup Gσ made of all elements of G that are fixed by σ is denoted SpnpDq. This is an

inner form of the symplectic group Sp2npF q.

We also write NrdA{F for the reduced norm on A, and G1 “ SLnpDq for the kernel of the res-

triction to G of the reduced norm.
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2.2. By representation of a closed subgroup H of G, we mean a smooth, complex representation

of H. By character of H, we mean a group homomorphism from H to Cˆ with open kernel. If π

is a representation of H, we denote by π_ its contragredient and by πσ the representation π ˝ σ

of σpHq. If χ is a character of H, we denote by πχ the representation h ÞÑ χphqπphq. If K is a

subgroup of H, the representation π is said to be distinguished by K if its vector space V carries

a non-zero linear form Λ such that Λpπpxqvq “ Λpvq for all x P K and all v P V .

2.3. The Jacquet–Langlands correspondence [22, 11, 1] is a bijection between the discrete se-

ries of G and that of GL2npF q. If π is a discrete series representation of G, we will write JLπ for its

Jacquet–Langlands transfer. According to [32, 3], there are a uniquely determined integer r di-

viding 2n and a cuspidal representation τ of GL2n{rpF q, uniquely determined upto isomorphism,

such that JLπ is the unique irreducible quotient of the (normalized) parabolically induced repre-

sentation

IndGP

´

τνp1´rq{2 b τνp3´rq{2 b ¨ ¨ ¨ b τνpr´1q{2
¯

where, for any real number a, we denote by νa the character g ÞÑ |detpgq|aF and by P the para-

bolic subgroup of G generated by the standard Levi subgroup GL2n{rpF q ˆ ¨ ¨ ¨ ˆ GL2n{rpF q to-

gether with upper triangular unipotent matrices. This irreducible quotient is denoted Strpτq.

Remark 2.1. — When π is a cuspidal representation of G, the integer r associated with it (it is

denoted spπq in [26] §3.5) has the following properties:

– it divides the reduced degree of D ([26] Remark 3.15(1)),

– it is prime to n ([26] Remark 3.15(2)).

Since r divides 2 and is prime to n, we immediately deduce that, if the cuspidal representation π

has a non-cuspidal Jacquet–Langlands transfer to GL2npF q, then r “ 2 and n is odd. Conversely,

if n is odd, and if τ is any cuspidal representation of GLnpF q, the unique discrete series repre-

sentation of G whose Jacquet–Langlands transfer is St2pτq is cuspidal ([26] Remark 3.15(3)).

2.4. In this paragraph, we prove:

Theorem 2.2. — Let π be a cuspidal (irreducible) representation of G. If π is distinguished by

Gσ, then JLπ is non-cuspidal.

Proof. — In the case when F has characteristic 0, this is a consequence of a theorem of Verma

([33] Theorem 1.2). We give a proof which is valid in any characteristic.

Our argument is inspired by [33] Section 6, in particular the proof of Theorem 6.3.

Let π be a cuspidal irreducible representation of G. Assume that π is distinguished by Gσ and
JLπ is cuspidal. Let Z denote the centre of G, which is isomorphic to Fˆ, and G1 “ SLnpDq. By

[16] Theorem 4.2, the restriction of π to the normal, cocompact, closed subgroup G1 “ ZG1 is

semisimple of finite length. Let π1 be an irreducible summand of this restriction. The centre Z

acts on it through ω, the central character of π. The restriction of π1 to G1, denoted π1, is thus

irreducible.

Now let k be a global field with a finite place w dividing p such that kw, the completion of k

at w, is isomorphic to F . Thus k is a finite extension of Q when F has characteristic 0, and the
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field of rational functions over a smooth irreducible projective curve defined over a finite field of

characteristic p when F has characteristic p.

Let D be a quaternion algebra over k such that D bk kw is non-split (it is thus isomorphic to

D). Let G1 be the group SLnpDq. It is an inner form of SL2n over k which contains H “ SpnpDq.

Note that the connected component of the centre of G1 is trivial and that H is a closed algebraic

k-subgroup of G1 with no non-trivial character. Let V denote the k-vector space made of all ma-

trices a P MnpDq such that a˚ “ a and consider the algebraic representation of G1 on V defined

by pg, aq ÞÑ σpgqag´1. This representation is semisimple (it is even irreducible) and the G1-sta-

bilizer of the identity matrix (on V ) is H.

We now apply either [21] Theorem 4.1 (if F has characteristic 0) or [13] Theorem 1.3 (if F has

characteristic p): there exists a cuspidal automorphic representation Π1 of G1pAq with a non-zero

HpAq-period and such that the local component of Π1 at w is isomorphic to π1. (Here A denotes

the ring of adèles of k.)

By [17] Theorem 5.2.2, the representation Π1 occurs as a subrepresentation in the restriction

to G1pAq of a cuspidal automorphic representation Π of GpAq. Since G1 contains H, the repre-

sentation Π has a non-zero HpAq-period. It follows that:

(1) for any finite place v, the local component Πv of Π at v is distinguished by Hpkvq,

(2) the restriction to Hpkwq of the local component Πw of Π at w contains π1.

More precisely, let us prove that Πw is isomorphic to πbpχ˝NrdA{F q for some character χ of the

group Fˆ. Arguing as at the beginning of the proof of the theorem, the restriction of Πw to G1

is semisimple of finite length and contains an irreducible summand π2 whose restriction to G1 is

isomorphic to π1. If µ denotes the central character of Πw, we thus have π2pzxq “ µpzqπ1pxq for

all z P Z and x P G1. Similarly, we have π1pzxq “ ωpzqπ1pxq for all z P Z and x P G1. By twist-

ing π by a character of G, we may assume that ω “ µ. The representation Πw is unitary as a

local component of the unitary representation Π. The character µ is thus unitary, which implies

that π is unitary. By [17] Proposition 2.2.2, we get the expected result.

Let Θ be a character of Aˆ{kˆ whose local component at w is χ. By twisting Π by Θ´1 com-

posed with the reduced norm from GpAq to Aˆ, we may and will assume that Πw is isomorphic

to π.

Now let JLΠ be the Jacquet–Langlands transfer of Π to GL2npAq (see [2] Theorem 5.1 and [4]

Theorem 3.2). This is an automorphic representation in the discrete spectrum of GL2npAq, with

the following properties:

(3) its local component at w is cuspidal, isomorphic to JLπ,

(4) for any finite place v such that D bk kv is split, the local components of JLΠ and Π at v

are isomorphic.

It follows from (3) that JLΠ is cuspidal, thus generic. Therefore:

(5) for any finite place v, the local component of JLΠ at v is generic.

It follows from (1), (4) and (5) that, if v is a finite place of k such that Dbk kv is split, Πv is an

irreducible representation of GL2npkvq which is generic and distinguished by Hpkvq » Sp2npkvq.

This contradicts [19] Theorem 1.
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Remark 2.3. — Verma ([33] Theorem 1.1) proves that, when F has characteristic 0, the vec-

tor space HomGσpπ,Cq has dimension ď 1 for any irreducible representation π of G, but we will

not use this fact.

The remaining sections are devoted to the proof of the converse of Theorem 2.2: any cuspi-

dal representation of G with non-cuspidal transfer to GL2npF q is distinguished by Gσ.

3.

In this section, we introduce the type theoretical material which we will need in Sections 4–8.

Let ∆ be any finite dimensional central division F -algebra (this extra generality will be useful in

§5.3.) Let A be the central simple F -algebra Mnp∆q of nˆn matrices with coefficients in ∆ for

some integer n ě 1, and G “ Aˆ “ GLnp∆q. Let us fix a character

(3.1) ψ : F Ñ Cˆ

trivial on pF but not on OF . For the definitions and main results stated in this section, we refer

the reader to [10, 9] (see also [26, 18]).

3.1. A simple stratum in A is a pair ra, βs made of a hereditary OF -order a of A and an element

β P A such that the F -algebra E “ F rβs is a field, and the multiplicative group Eˆ normalizes a

(plus an extra technical condition on β which it is not necessary to recall here). The centralizer B

of E in A is a central simple E-algebra, and b “ a XB is a hereditary OE-order in B.

Associated to a simple stratum ra, βs, there are a pro-p-subgroup H1pa, βq of G and a non-

empty finite set Cpa, βq of characters of H1pa, βq called simple characters, depending on ψ.

Remark 3.1. — This includes the case where β “ 0. The simple stratum ra, 0s is then said to

be null. One has H1pa, 0q “ 1 ` pa (where pa is the Jacobson radical of a) and the set Cpa, 0q is

reduced to the trivial character of 1 ` pa.

When the order b is maximal in B, the simple stratum ra, βs is said to be maximal, and the

simple characters in Cpa, βq are said to be maximal. If this is the case, and if ra1, β1s is another

simple stratum in A such that Cpa, βq X Cpa1, β1q is non-empty, then

(3.2) Cpa1, β1q “ Cpa, βq, a1 “ a, rF rβ1s : F s “ rF rβs : F s,

and the simple stratum ra1, β1s is maximal ([26] Proposition 3.6).

3.2. Let ∆1 be a finite dimensional central division F -algebra and ra1, β1s be a simple stratum in

Mn1p∆1q for some n1 ě 1. Assume that there is a morphism of F -algebras φ : F rβs Ñ F rβ1s such

that φpβq “ β1. Then there is a natural bijection from Cpa, βq to Cpa1, β1q called transfer.
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3.3. Let C denote the union of the sets Cpa1, β1q for all maximal simple strata ra1, β1s of Mn1p∆1q,

for all n1 ě 1 and all finite dimensional central division F -algebras ∆1. Any two maximal simple

characters θ1, θ2 P C are said to be endo-equivalent if they are transfers of each other, that is, if

there exist

– maximal simple strata ra1, β1s and ra2, β2s,

– a morphism of F -algebras φ : F rβ1s Ñ F rβ2s such that φpβ1q “ β2,

such that θi P Cpai, βiq for i “ 1, 2, and θ2 is the image of θ1 by the transfer map from Cpa1, β1q

to Cpa2, β2q. This defines an equivalence relation on C, called endo-equivalence. An equivalence

class for this equivalence relation is called an endoclass.

The degree of an endoclass Θ is the degree of F rβ1s over F , for any choice of ra1, β1s such that

Cpa1, β1q X Θ is non-empty. (It is well defined thanks to (3.2).)

3.4. Let CpGq be the union of the sets Cpa, βq for all maximal simple strata ra, βs of A. Any two

maximal simple characters θ1, θ2 P CpGq are endo-equivalent if and only if they are G-conjugate.

Given a cuspidal representation π of G, there exists a maximal simple character θ P CpGq con-

tained in π, and any two maximal simple characters contained in π are G-conjugate. The max-

imal simple characters contained in π thus all belong to the same endoclass Θ, called the endo-

class of π. Conversely, any maximal simple character θ P CpGq of endoclass Θ is contained in π

([26] Corollaire 3.23).

3.5. Let θ P Cpa, βq be a simple character with respect to a maximal simple stratum ra, βs in A

as in §3.1. There are a divisor m of n and a finite dimensional central division E-algebra Γ such

that B is isomorphic to MmpΓ q. Let Jθ be the normalizer of θ in G. Then

(1) the group Jθ has a unique maximal compact subgroup J0 “ J0
θ and a unique maximal nor-

mal pro-p-subgroup J1 “ J1
θ,

(2) the group Jθ XBˆ is the normalizer of b in Bˆ and J0 XBˆ “ bˆ, J1 XBˆ “ 1 ` pb,

(3) one has Jθ “ pJθ XBˆqJ0 and J0 “ pJ0 XBˆqJ1.

Since b is a maximal order in B, it follows from (2) and (3) that there is a group isomorphism

(3.3) J0{J1 » GLmplq

where l is the residue field of Γ , and an element ϖ P Bˆ normalizing b such that Jθ is generated

by J0 and ϖ.

There is an irreducible representation η “ ηθ of J
1 whose restriction to H1pa, βq contains θ. It

is unique up to isomorphism, and it is called the Heisenberg representation associated with θ. It

extends to the group Jθ (thus its normalizer in G is equal to Jθ).

If κ is a representation of Jθ extending η, any other extension of η to Jθ has the form κξ for

a unique character ξ of Jθ trivial on J1. More generally, the map

(3.4) τ ÞÑ κ b τ

is a bijection between isomorphism classes of irreducible representations of Jθ trivial on J1 and

isomorphism classes of irreducible representations of Jθ whose restriction to J1 contains η.
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4.

In this section, we go back to the group G “ GLnpDq of §2.1 and fix a cuspidal representation

π of G with non-cuspidal transfer to GL2npF q. In particular, as explained in Remark 2.1, the in-

teger n is odd. The main result of this section is the following proposition.

Proposition 4.1. — There are a maximal simple stratum ra, βs in A and a maximal simple cha-

racter θ P Cpa, βq contained in π such that

(1) the group H1pa, βq is stable by σ and θ ˝ σ “ θ´1,

(2) the order a is stable by ˚ and β is invariant by ˚.

4.1. Let Θ denote the endoclass of π. Since π contains any maximal simple character of CpGq

of endoclass Θ, it suffices to prove the existence of a maximal simple stratum ra, βs in A and a

character θ P Cpa, βq of endoclass Θ satisfying Conditions (1) and (2) of Proposition 4.1.

Since the Jacquet–Langlands transfer of π is non-cuspidal, it follows from §2.3 that this trans-

fer is of the form St2pτq for a cuspidal irreducible representation τ of GLnpF q. By Dotto [12],

the representations π and τ have the same endoclass. It follows that the degree of Θ divides n.

4.2. Let d denote the degree of Θ. Thanks to §4.1, it is an odd integer dividing n.

Let σ0 be the involution x ÞÑ 6x´1 on GLdpF q where 6 denotes the transpose with respect to

the antidiagonal. The fixed points of GLdpF q by σ0 is a split orthogonal group.

By [34] Theorem 4.1, there are a maximal simple stratum ra0, βs inMdpF q and a maximal sim-

ple character θ0 P Cpa0, βq of endoclass Θ such that

– the group H1pa0, βq is stable by σ0 and θ0 ˝ σ0 “ θ´1
0 ,

– the order a0 is stable by 6 and β is invariant by 6.

Write E for the sub-F -algebra F rβs Ď MdpF q. It is made of 6-invariant matrices. Its centralizer

in MdpF q is equal to E itself. The intersection a0 X E is OE , the ring of integers of E.

4.3. Let us write n “ md. We identify MnpF q with MmpMdpF qq and E with its diagonal image

in MnpF q. The centralizer of E in MnpF q is thus MmpEq.

Now consider MnpF q as a sub-F -algebra of A. The centralizer B of E in A is equal to MmpCq

where C is an E-algebra isomorphic to E bF D. Since the degree d of E over F is odd, C is a

non-split quaternion E-algebra. Denote by ˚B the anti-involution on B analogous to (2.2).

Proposition 4.2. — The restriction of ˚ to B is equal to ˚B.

Proof. — It suffices to treat the case where m “ 1. We will thus assume that m “ 1, in which

case we have B “ C. We thus have to prove that

(4.1) c˚ “ trdC{Epcq ´ c

for all c P C Ď MdpDq. Let us identify MdpDq with MdpF q bF D. Then pa b xq˚ “ ta b x for

all a P MnpF q and x P D, and C identifies with E bF D. Thus (4.1) is equivalent to

(4.2) eb x “ trdC{Epeb xq ´ eb x
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for all e P E and x P D. Thanks to (2.1), we are thus reduced to proving that

(4.3) trdC{Epxq “ trdD{F pxq

for all x P D, where the F -algebra D is embedded in C via x ÞÑ 1 bF x.

Let L be a quadratic unramified extension of F . Since the degree of E over F is odd, EbF L

is a field, denoted EL. The reduced trace is invariant by extension of scalars (see [5] §17.3, Pro-
position 4). Thus trdD{F pxq is the trace of x in D bF EL » M2pELq. (By the Skolem-Noether

theorem, the computation of this trace does not depend on the choice of the isomorphism.) Si-

milarly, trdC{Epxq is the trace of x in C bE EL » M2pELq. The proposition is proven.

Let b denote the standard maximal order MmpOCq in B. Then bˆ is a maximal open compact

subgroup of Bˆ which is stable by σ. Let a denote the unique OF -order in A normalized by Eˆ

such that a X B “ b (see [24] Lemme 1.6). We thus obtain a maximal simple stratum ra, βs in

A where a is stable by ˚ and β˚ “ β, and E is made of ˚-invariant matrices.

Let θ P Cpa, βq be the transfer of θ0. We are going to prove that the group H1pa, βq is stable

by σ and θ ˝ σ “ θ´1, which will finish the proof of Proposition 4.1. For this, set θ˚ “ θ´1 ˝ σ.

This is a character of σpH1pa, βqq. We thus have to prove that θ˚ “ θ.

Let ϑ0 be an arbitrary character of Cpa0, βq and let ϑ be its transfer to Cpa, βq. Let us define

the characters 6ϑ0 “ ϑ´1
0 ˝σ0 and ϑ˚ “ ϑ´1 ˝σ. By Lemma 8.1 (which we will prove in a separa-

te section since its proof requires techniques which are not used anywhere else in the paper), we

have

ϑ˚ P Cpa˚, β˚q, 6ϑ0 P Cp6a0,
6βq.

On the one hand, by [31] Proposition 6.3, the transfer of 6ϑ0 P Cp6a0,
6βq to Cpa˚, β˚q is equal to

ϑ˚. On the other hand, we have Cpa˚, β˚q “ Cpa, βq since a is stable by ˚ and β˚ “ β, and like-

wise Cp6a0,
6βq “ Cpa0, βq. Now choose ϑ0 “ θ0. Since

6θ0 “ θ0, we deduce that θ˚ “ θ.

5.

In this section, we focus on the maximal simple stratum ra, βs and the maximal simple cha-

racter θ P Cpa, βq constructed in Section 4, forgetting temporarily the cuspidal representation π.

We thus have a˚ “ a, β˚ “ β and θ´1 ˝ σ “ θ. Recall that the centralizer B of E in A is equal

to MmpCq where mrE : F s “ n and C is a quaternion E-algebra isomorphic to E bF D, and b

is the standard maximal order MmpOCq in B. Let Θ denote the endoclass of θ.

5.1. Let Jθ be the normalizer of θ in G. According to §3.5, it has a unique maximal compact

subgroup J0 “ J0
θ and a unique maximal normal pro-p-subgroup J1 “ J1

θ. One has the identity

Jθ “ CˆJ0, where Cˆ is diagonally embedded in GLmpCq “ Bˆ Ď G, and a group isomorphism

(5.1) J0{J1 » GLmplq

where l is the residue field of C, coming from the identities J0 “ pJ0 XBˆqJ1, J0 XBˆ “ bˆ

and J1 XBˆ “ 1 ` pb.
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5.2. Let η denote the Heisenberg representation associated with θ and κ be a representation of

Jθ extending η. Let ϱ be a cuspidal irreducible representation of J0{J1. Its inflation to J0 will

still be denoted by ϱ. The normalizer J of ϱ in Jθ satisfies

EˆJ0 Ď J Ď Jθ.

Since EˆJ0 has index 2 in Jθ “ CˆJ0, there are only two possible values for J , namely EˆJ0

and Jθ. More precisely, Jθ is generated by J0 and a uniformizer ϖ of C, and the action of ϖ on

J0 by conjugacy identifies through (5.1) with the action on GLmplq of the generator of Galpl{l0q,

where l0 is the residue field of E. It follows that J “ Jθ if and only if ϱ is Galpl{l0q-stable. For

the following three assertions, see for instance [26] 3.5.

Let ρ be a representation of J extending ϱ. Then the representation of G compactly induced

from κ b ρ is irreducible and cuspidal, of endoclass Θ.

Conversely, any cuspidal representation of G of endoclass Θ is obtained this way, for a suita-

ble choice of ϱ and of an extension ρ to J .

Two pairs pJ ,κ b ρq and pJ 1,κ b ρ1q constructed as above give rise to the same cuspidal re-

presentation of G if and only if they are Jθ-conjugate, that is, if and only if J 1 “ J and ρ1 is

Jθ-conjugate to ρ.

The following theorem will be crucial in our proof of Theorem 1.2.

Theorem 5.1. — The Jacquet–Langlands transfer to GL2npF q of the cuspidal representation of

G compactly induced from pJ ,κ b ρq is cuspidal if and only if J “ EˆJ0.

Proof. — The Jacquet–Langlands transfer to GL2npF q of the cuspidal representation compactly

induced from pJ ,κbρq is cuspidal if and only if the integer r associated to it (in §2.3) is 1. By
[26] Remarque 3.15(1) (which is based on [7]), this integer is equal to the order of the stabilizer

of ϱ in Galpl{l0q, that is, to the index of EˆJ0 in J .

5.3. Let us prove that there exists a representation κ of Jθ extending η such that κσ_ is iso-

morphic to κ. As in [26] Lemme 3.28, we prove it in a more general context (see Section 3).

Lemma 5.2. — Let ∆ be a finite dimensional central division F -algebra, let τ be a continuous

automorphism of GLrp∆q for some integer r ě 1, let ϑ be a maximal simple character of GLrp∆q

such that ϑ ˝ τ “ ϑ´1, let Jϑ its normalizer in GLrp∆q and η be its Heisenberg representation.

(1) The representation ητ_ is isomorphic to η.

(2) For any representation κ of Jϑ extending η, there exists a unique character ξ of Jϑ trivial

on J1 such that κτ_ is isomorphic to κξ.

(3) Assume that the order of τ is finite and prime to p. There exists a representation κ of Jϑ
extending η such that κτ_ is isomorphic to κ.

Proof. — The first two assertions are given by [26] Lemme 3.28. For the third one, note that

valF ˝ Nrd ˝ τ “ ϵpτq ¨ valF ˝ Nrd

where valF is any valuation on F , Nrd is the reduced norm on Mrp∆q and ϵpτq is a sign uniquely

determined by τ . Indeed, the left hand side is a morphism from GLrp∆q to Z. As τ is continuous,

it stabilizes the kernel of valF ˝ Nrd, which is generated by compact subgroups. The left hand
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side thus factors through valF ˝Nrd, and the surjective morphisms from Z to Z are the identity

and x ÞÑ ´x.

If ϵpτq “ 1, the result is given by [26] Lemme 3.28. (Note that, it this case, the assumption on

the order of τ is unnecessary.) We thus assume that ϵpτq “ ´1. Let κ be such that detpκq has

p-power order on Jϑ (whose existence is granted by [26] Lemme 3.12). The representation κτ_ is

then isomorphic to κξ for some character ξ of Jϑ trivial on J1. As in the proof of [26] Lemma

3.28, since p is odd, this ξ is trivial on J0 and it has p-power order.

The group Jϑ is generated by J0 and an element ϖ whose reduced norm has non-zero valua-

tion (see §3.5). Since ϵpτq “ ´1 and Jϑ is stable by τ , we have τpϖq P ϖ´1J0. And since ξ is

trivial on J0, we deduce that ξ ˝ τ “ ξ´1.

Now write a for the order of τ , which we assume to be prime to p. Then the identity κτ_ » κξ

applied 2a times shows that κξ2a » κ so that ξ2a “ 1. But since ξ has p-power order, and 2a is

prime to p, we deduce that ξ is trivial.

Remark 5.3. — In the case when ϵpτq “ ´1 and the order of τ is finite and prime to p, we even

proved that any κ such that detpκq has p-power order satisfies κτ_ » κ. We also have

(5.2) Jϑ X GLrp∆qτ “ J0 X GLrp∆qτ .

Indeed, if x P Jϑ is τ -invariant, its valuation has to be equal to its opposite: it is thus 0.

5.4. Now let us go back to the situation of §5.2 with the group G “ GLnpDq equipped with the

involution σ. Note that ϵpσq “ ´1 (in the notation of the proof of Lemma 5.2) and the order of

σ is prime to p, so Lemma 5.2 and Remark 5.3 apply. We will need the following lemma, which

is [26] Lemme 3.30.

Lemma 5.4. — Let κ be a representation of Jθ extending η such that κσ_ » κ.

(1) There is a unique character χ of Jθ XGσ “ J0 XGσ trivial on J1 XGσ such that

HomJθXGσpκ, χq ‰ t0u

and this χ is quadratic (that is, χ2 “ 1).

(2) Let ρ be an irreducible representation of Jθ trivial on J1. The canonical linear map:

HomJ1XGσpη,Cq b HomJθXGσpρ, χq Ñ HomJθXGσpκ b ρ,Cq

is an isomorphism.

6.

Let π be a cuspidal irreducible representation of G with non-cuspidal transfer to GL2npF q, as

in Section 4. By Proposition 4.1, there are a maximal simple stratum ra, βs in A and a maximal

simple character θ P Cpa, βq such that a˚ “ a, β˚ “ β and θ´1 ˝ σ “ θ. We use the notation of

Section 5. In particular, we have groups Jθ, J
0 and J1.
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6.1. Identify J0{J1 with GLmplq thanks to the group isomorphism (5.1). Through this identi-

fication, and thanks to Proposition 4.2, the involution σ on J0{J1 identifies with the unitary in-

volution

(6.1) x ÞÑ tx´1

on GLmplq, where x ÞÑ x is the action of the non-trivial element of Galpl{l0q componentwise. It

follows that pJ0 XGσq{pJ1 XGσq identifies with the unitary group Umpl{l0q. The following lem-

ma will be useful. Note that m is odd since it divides n, which is odd by Remark 2.1.

Lemma 6.1. — Let ϱ be a cuspidal irreducible representation of GLmplq. The following asser-

tions are equivalent.

(1) The representation ϱ is Galpl{l0q-invariant.

(2) The representation ϱ is distinguished by Umpl{l0q.

Moreover, there exist Galpl{l0q-invariant cuspidal irreducible representations of GLmplq.

Proof. — For the equivalence between (1) and (2), see for instance [20] Theorem 2 or [14] Theo-

rem 2.4. For the last assertion, see for instance [25] Lemma 2.3.

Let κ be a representation of Jθ extending η such that κσ_ » κ (whose existence is given by

Lemma 5.2) and χ be the quadratic character of the group Jθ XGσ (which is equal to J0 XGσ

by (5.2)) given by Lemma 5.4.

Proposition 6.2. — The character χ is trivial.

Proof. — Assume this is not the case. Then χ, considered as a character of Umpl{l0q, is trivial on

unipotent elements because these elements have p-power order and p ‰ 2. Thus χ is trivial on

the subgroup generated by all transvections. By [15] Theorem 11.15, this subgroup is SUmpl{l0q.

Thus χ “ α ˝ det for some quadratic character α of l1, where det is the determinant on GLmplq

and l1 is the subgroup of lˆ made of elements of l{l0-norm 1. Let β extend α to lˆ, and let κ
be the character of J0 inflated from β ˝ det. It extends χ.

Sincem is odd, there is a cuspidal irreducible representation ϱ of GLmplq which is invariant by

Galpl{l0q (equivalently, which is distinguished by Umpl{l0q), thanks to Lemma 6.1.

Let ϱ1 be the cuspidal representation ϱκ. Let us prove that it is not Galpl{l0q-invariant. Let γ

denote the generator of Galpl{l0q. If ϱ1 were Galpl{l0q-invariant, ϱκγ would be isomorphic to ϱκ.
Comparing the central characters, one would get pβγβ´1qm “ 1, that is, αpxγx´1qm “ 1 for all

x P lˆ, or equivalently αm “ 1. But α is quadratic and m is odd: contradiction.

Let ρ1 be a representation of J 1 “ EˆJ0 whose restriction to J0 is the inflation of ϱ1. Since

ϱ1 is not Galpl{l0q-invariant, the normalizer of κ b ρ1 in Jθ is J 1 (which has index 2 in Jθ).

On the one hand, the representation π1 compactly induced by pJ 1,κ b ρ1q is irreducible and

cuspidal, and its Jacquet–Langlands transfer to GL2npF q is cuspidal by Theorem 5.1.

On the other hand, the map

HomJ1XGσpη,Cq b HomJ 1XGσpρ1, χq Ñ HomJ 1XGσpκ b ρ1,Cq



14 VINCENT SÉCHERRE & SHAUN STEVENS

is an isomorphism (by Lemma 5.4) and the space HomJ 1XGσpρ1, χq is non-zero by construction.

This implies that κbρ1 is J 1 XGσ-distinguished. Thus π1 is distinguished, contradicting Theo-

rem 2.2. Thus χ is trivial.

6.2. According to §5.2, our cuspidal representation π of G contains a representation of the form

pJ ,κ b ρq, where

– the group J satisfies EˆJ0 Ď J Ď Jθ,

– the representation κ is the restriction to J of a representation of Jθ extending η,

– the representation ρ of J is trivial on J1 and its restriction to J0 is the inflation of a cus-

pidal representation ϱ of J0{J1 » GLmplq whose normalizer in Jθ is equal to J .

Thanks to Lemma 5.2 and Proposition 6.2, we may and will assume that κσ_ » κ and κ is

distinguished by Jθ XGσ.

Thanks to Theorem 5.1, the fact that the Jacquet–Langlands transfer of π is non-cuspidal im-

plies that J “ Jθ. By §5.2, this implies that ϱ is Galpl{l0q-invariant. It follows from Lemma 6.1

that ϱ is distinguished by Umpl{l0q, thus ρ is distinguished by J0 XGσ “ Jθ XGσ. By Lemma

5.4, the representation κ b ρ is distinguished by Jθ XGσ. It follows from Mackey’s formula

HomGσpπ,Cq »
ź

g

HomJθXgGσg´1pκ b ρ,Cq

(where g ranges over a set of representatives of pJθ, G
σq-double cosets of G) that π is distingui-

shed by Gσ. This finishes the proof of Theorem 1.2.

7.

In this section, we discuss in more detail the case of representations of depth 0. We assume

throughout the section that n is odd.

7.1. Let π be a cuspidal irreducible representation of G with non-cuspidal transfer to GL2npF q

as in Section 6. Assume moreover that π has depth 0. In that case, we are in the situation des-

cribed by Remark 3.1. In this situation, we have m “ n and l is the residue field of D (thus l0
is that of F ). We have J “ DˆGLnpODq and J0 “ GLnpODq, and one can choose for κ the tri-

vial character of J . The representation π is compactly induced from an irreducible representa-

tion ρ of J whose restriction to J0 is the inflation of a GalpkD{kF q-invariant, cuspidal represen-

tation ϱ of GLnpkDq.

Remark 7.1. — In [33] Proposition 5.1, the inducing subgroup should beDˆGLnpODq and not

FˆGLnpODq. Inducing from the latter subgroup gives a representation which is not irreducible.

The same comment applies to [33] Remark 5.2(1). See also Remark 7.4 below.

7.2. Let us now consider the map bD{F defined in §1.8. This is a bijection from cuspidal repre-

sentations of GLnpF q to those cuspidal representations of GLnpDq which are distinguished by the

subgroup SpnpDq. In this paragraph, given a cuspidal representation τ of level 0 of GLnpF q, we

describe explicitly the cuspidal representation π “ bD{F pτq, that is, the unique cuspidal represen-

tation of G whose Jacquet–Langlands transfer to GL2npF q is St2pτq.
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On the one hand, it follows from [29] Proposition 3.2 that the representation π has depth 0. It

can thus be described as in §7.1, that is, it is compactly induced from a representation ρ of the

group J “ DˆGLnpODq whose restriction to J0 is the inflation of ϱ.

On the other hand, the representation τ can be described in a similar way: it is compactly in-

duced from a representation of FˆGLnpOF q whose restriction to GLnpOF q is the inflation of a

cuspidal representation ϱ0 of GLnpkF q. (See for instance [6] 1.2.)

[29] Theorem 4.1 provides a simple and natural relation between ϱ and ϱ0: the representation

ϱ is the base change (that is, the Shintani lift) of ϱ0. (This relation was pointed out in [33] Re-

mark 5.2(1) without reference to [29].)

The knowledge of ϱ does not quite determine the representation π. In order to completely de-

termine it, fix a uniformizer ϖF of F and a uniformizer ϖ “ ϖD of D such that ϖ2 “ ϖF . As

the group J is generated by J0 and ϖ, it remains to compute the operator A “ ρpϖq, which in-

tertwines ϱ with ϱγ , where γ is the non-trivial element of GalpkD{kF q, that is, one has

A ˝ ϱpxq “ ϱpxγq ˝A, x P GLnpkDq.

The space of intertwining operators between ϱ and ϱγ has dimension 1. To go further, we have to

identify this space with C in a natural way.

Fix a non-trivial character ψ0 of kF , and let ψ be the character of kD obtained by composing

ψ0 with the trace of kD{kF . Let U denote the subgroup of GLnpkDq made of all unipotent upper

triangular matrices, and consider ψ as the character u ÞÑ ψpu1,2 ` u2,3 ` ¨ ¨ ¨ ` un´1,nq of U . It

is well-known that, if V is the underlying vector space of ϱ, then

ϱψ “ tv P V | ϱpuqpvq “ ψpuqv, u P Uu

has dimension 1. Since the character ψ is GalpkD{kF q-invariant, this 1-dimensional space is sta-

ble by A. There is thus a non-zero scalar α P Cˆ such that Apvq “ αv, and A is uniquely deter-

mined by α. Let ω0 denote the central character of τ . (Note that the representation τ is entirely

determined by ϱ0 and ω0.)

Proposition 7.2. — One has α “ ω0p´ϖF q.

We now have completely determined π from the knowledge of τ . The proof of this proposition,

based on [30] and [8], will be done in the next paragraph.

Remark 7.3. — The proposition thus implies that the result does not depend on the choice of

a ϖ P D such that ϖ2 “ ϖF . Replacing ϖ by ´ϖ should thus lead to the same result, that is,

one should have ρp´ϖq “ ρpϖq, or equivalently, the central character of π should be trivial at

´1. This is the case indeed, since π is distinguished by SpnpDq, which contains ´1.

Remark 7.4. — This paragraph corrects the description made in [33] Remark 5.2(1), which is

incorrect due to the error pointed out in Remark 7.1. Note that [33] Remark 5.2(2) is correct: it

follows from [29] Theorem 4.1 or [7] Theorem 6.1.
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7.3. We now proceed to the proof of Proposition 7.2, which is essentially an exercice of transla-

tion into the language of [30] and [8]. Fix a separable closure F of F . A tame admissible pair is a

pair pK{F, ξq made of an unramified finite extension K of F contained in F together with a ta-

mely ramified character ξ : Kˆ Ñ Cˆ all of whose GalpK{F q-conjugate ξγ , γ P GalpK{F q, are

pairwise distinct. The degree of such a pair is the degree of K over F .

Given any integer m ě 1 and any inner form H of GLmpF q, Silberger–Zink [30] have defined

a bijection ΠH between:

(1) the set of Galois conjugacy classes of tame admissible pairs of degree dividing m,

(2) the set of isomorphism classes of discrete series representations of depth 0 of H.

They have also described (in [30] Theorem 3) the behavior of this parametrization of the discrete

series of inner forms of GLmpF q with respect to the Jacquet–Langlands correspondence: if H is

isomorphic to GLrp∆q for some divisor r of m and some central division F -algebra ∆ of reduced

degree m{r, and if pK{F, ξq is a tame admissible pair of degree f dividing m, then the Jacquet–

Langlands transfer of ΠHpK{F, ξq to GLmpF q is equal to

(7.1) ΠGLmpF q
´

K{F, ξµ
m´r`pf,rq´f
K

¯

where µK is the unique unramified character ofKˆ of order 2 and pa, bq denotes the greatest com-

mon divisor of two integers a, b ě 1. (Silberger–Zink state their result by using the multiplicative

group of a central division F -algebra of reduced degree m as an inner form of reference, but it is

more convenient for us to use GLmpF q as the inner form of reference.)

Let us start with our cuspidal representation τ of depth 0 of GLnpF q. Let pK{F, ξq be a tame

admissible pair associated with it by the bijection ΠGLnpF q. It follows from [8] 5.1 that this pair

has degree n, and that the central character ω0 of τ is equal to the restriction of ξ to Fˆ.

Now form the discrete series representation St2pτq of GL2npF q. By [8] 5.2, the tame admissible

pair associated with it by the bijection ΠGL2npF q is of the form pK{F, ξ1q where ξ1 coincides with ξ

on the units of OK . By [8] 6.4, one has

ξ1pϖF q “ ´ω0pϖF q “ ´ξpϖF q.

One thus has ξ1 “ ξµK . We now claim that the representation π is parametrized, through the bi-

jection ΠG, by the tame admissible pair pK{F, ξq. Indeed, by (7.1), and since n is odd and µK
is quadratic, we have

JLΠGpK{F, ξq “ ΠGL2npF qpK{F, ξµ
2n´n`pn,nq´n
K q “ ΠGL2npF qpK{F, ξµKq

which is equal to St2pτq. It now follows from [30] (8), p. 196, that the scalar α by which A acts

on the line ϱψ is equal to ξp´ϖF q “ ω0p´ϖF q as expected.

8. Appendix

In this section, A is as in Section 2. Let ra, βs be a simple stratum in A. Let ψA denote the

character x ÞÑ ψptrdA{F pxqq of A, where trdA{F is the reduced trace of A over F .

We prove Lemma 8.1 (which has been used in Section 4), whose proof has been postponed to

this last section since it requires techniques which are not used anywhere else in the paper.
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Lemma 8.1. — Let θ P Cpa, βq be a simple character. Then

(1) ra˚, β˚s is a simple stratum realizing β, and

(2) θ˚ is a simple character in Cpa˚, β˚q.

Proof. — If ra, βs is the null stratum, there is nothing to prove. We will thus assume that ra, βs

has positive level.

The map ι : x ÞÑ x˚ is an F -linear involution of A such that ιpxyq “ ιpyqιpxq. Restricting to

the commutative F -algebra E “ F rβs, it is thus an embedding of F -algebras from E to A. This

proves (1). Note that, if B is the centralizer of E in A, then the centralizer of E˚ in A is B˚.

Lemma 8.2. — One has NrdB{Epx˚q “ NrdB˚{E˚pxq˚ for all x P B˚.

Proof. — The proof is similar to [26] Lemme 5.15.

We will prove (2) by induction on the integer q “ ´k0pa, βq. (See [23] §2.1 for the definition

of k0pa, βq.) Define r “ tq{2u ` 1. First note that k0pa˚, β˚q “ k0pa, βq and θ˚ is normalized by

Kpa˚q XB˚ˆ as θ is normalized by Kpaq XBˆ. (Here, Kpaq denotes the normalizer in G of the

order a.) For any integer i ě 1, let us write Uipaq “ 1 ` pia.

Assume first that β is minimal over F (see [23] §2.3.3). In this case, we have

– H1pa, βq “ U1pbqUrpaq,

– the restriction of θ to Urpaq is the character ψAβ : 1 ` x ÞÑ ψApβxq,

– the restriction of θ to U1pbq is equal to ξ ˝ NrdB{E for some character ξ of 1 ` pE .

The character θ˚ is defined on the group σpH1pa, βqq “ U1pb˚qUrpa˚q “ H1pa˚, β˚q. Its restric-

tion to Urpa˚q is the character

1 ` y ÞÑ ψApβy˚q “ ψApβ˚yq “ ψAβ˚p1 ` yq

since ψA is invariant by ˚. By Lemma 8.2, its restriction to U1pb˚q is ξ˚ ˝ NrdB˚{E˚ where ξ˚

is the character x ÞÑ ξpx˚q of 1 ` pE˚ . It follows from [23] Proposition 3.47 that θ˚ is a simple

character in Cpa˚, β˚q.

Now assume that β is not minimal over F , and that γ is an approximation of β with respect

to a (see [23] §2.1). We have

– H1pa, βq “ U1pbqHrpa, γq,

– the restriction of θ to Hrpa, γq is equal to ψAβ´γθ
1 for some simple character θ1 P Cpa, γq,

– the restriction of θ to U1pbq is equal to ξ ˝ NrdB{E for some character ξ of 1 ` pE .

The character θ˚ is defined on the group

σpH1pa, βqq “ U1pb˚qσpH1pa, γqq “ U1pb˚qH1pa˚, γ˚q “ H1pa˚, β˚q

since γ˚ is an approximation of β˚ with respect to a˚. By induction, its restriction to H1pa˚, γ˚q

is the character ψAβ˚´γ˚θ1˚ where θ1˚ P Cpa˚, γ˚q is the transfer of θ1. Its restriction to U1pb˚q is

the character ξ˚ ˝ NrdB˚{E˚ . It follows from [23] Proposition 3.47 that θ˚ P Cpa˚, β˚q.
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32. M. Tadić – “Induced representations of GLpn,Aq for p-adic division algebras A”, J. Reine Angew.
Math. 405 (1990), p. 48–77.

33. M. K. Verma – “On symplectic periods for inner forms of GLn”, Math. Res. Lett. 25 (2018), no. 1,
p. 309–334.

34. J. Zou – “Supercuspidal representations of GLnpF q distinguished by an orthogonal involution”, J.
Number Theory 241 (2022), p. 1–56.
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