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The objective of this course is to give a qualitative description of the asymptotic
behavior in large time of all the global solutions of the one-dimensional focusing cubic
Klein-Gordon equation with damping

{&?u + 200 — O2u +u —ud = 0, (t,z) € R x R, (1)

u(0,z) = up(z), u(0,z)=vo(x), z e R.

Here, a € (0,1) is a fixed damping constant and (ug,vo) € H'(R) x L?(R) is the
initial data. We start by a study of the local and global Cauchy problem. Then, we
introduce the key notion of solitary waves for this equation, and we study their stability
properties. By variational techniques, it is then proved that in large time, any global
solution converges strongly, at least for a subsequence, to the zero function or to a sum
of decoupled solitary waves. Lastly, we describe a more detailed convergence result,
for the whole sequence of time, with a characterization of all the possible asymptotic
configurations and a precise convergence rate.

These lecture notes contain no new material and are entirely inspired by the refer-
ences [1l, B, 4 [7, 9] 13|, 14} [16].

1 The local Cauchy problem
1.1 The linear problem
A solution u of will be seen as a solution of the first order system

ou =0
O = —2aw + 0%u — u + u?, (t,z) e R xR, (NLKG)
U(O,ZL') = UO(.I'), U(0,$) = ’UO(J;)a z €R,

and we will use the notation @ = (u, 0yu) = (u,v). We define the energy of @ by

E(i) = / (20? + 3 (0,u)? + 3u® — Lu?) d. (2)
R
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We check by integration by parts that it holds formally

d
(i) = —2a[o]?

and thus, for 0 < ¢1 < to,

E@@»—Ewm»=—m/”mWw. (3)

t1

Since o > 0, we obtain that the energy is nonincreasing for any solution for which
can be justified. This important qualitative property leads us to work for finite energy
solutions, that is solutions such that (t) € H'(R) x L?(R), for which the quantity E
is well-defined. The space H'(R) x L?(R), denoted simply by H' x L? or by X, will be
called the energy space. We also denote Y = L? x H~ 1.

The notation [ will be used for [ dz. We denote (-,-) the L? scalar product for
real-valued functions u; or vector-valued functions @; = (u;,v;) (i = 1,2)

lull = [l %wﬁ=/MW7Wmm:/mm+/wm

and we denote

lilx == \/lullZ + o], WMMWZ/@MWMM+/MW+/wm
lilly == /Tall® + [0l

Lemma 1.1 ([4, Chapter 9.5]). The linear problem

{atu =0 (4)

O = 0%u — u — 2aw,

generates a strongly continuous semigroup of contractions (Sqa(t))t>0 in X satisfying, for
some Co, > 1, v >0, for allt >0,

1Sa(®)llz(x) < Cae™, (5)

Moreover, (S4(t))t>0 extends to a strongly continuous semigroup of contraction in Y
satisfying, for some C!, > 1,~" >0, for all t > 0,

1Sa(B)llcery < Che™™.
Proof. We define the operator A, on H' x L? by

D(As) = H? x HY,
Ayt = (v,u” —u — 2aw), for any 4 € D(A,).

We claim that the operator A, is maximally dissipative in the sense that



o A, is dissipative: for all ¥ € D(A,) and all A > 0, |4 — Ayul|x > ||@]|x,
e for all A >0 and all f € X, there exists @ € D(Aq) such that @ — AAa @ = f.

Indeed, we have

(Agtl, W) x = /v’w' +ow + (u” —u — 2av)z

= /(v'w’ +ow —u'2 —uz) - 2 / vz.

In particular, (A4, @) x = —2a [ v? < 0. Moreover, for an operator on a Hilbert space,
the property (A4, @)x < 0 is known to be equivalent to the fact that A, is dissipative.
Then, we prove the surjectivity. It is enough to prove the surjectivity for A = 1. Let
f € X. We solve

u—v=7f —u"+2(1+)u=g+ (1+2a)f
v—u"+u+20v=yg v=u—f
Using the Fourier transform, or the convolution product, or the Lax-Milgram theorem,
it is easy to find u € H?, solution of —u” + 2(1 + a)u = g + (1 + 2a)f. Then, we set
v=u— f € H'. Moreover, it is clear that the domain D(4,) is dense in X. Therefore,
by the Hille-Yosida-Phillips theorem, A, generates a semigroup of contraction (S, (t))i>0
on X.
For a solution of , we set

N(t) = /(v2 + (0,u)? + u? + 20uv)
and we compute 4N = —2aN. Thus, N(t) = N(0)e 2 and since
(1-a) [+ @ + ) < N < (14 ) [ (02 + (0au)? +47)
we obtain the result for the bound in £(X).

The theory in Y = L? x H™! is done similarly. O

Remark 1.2 (The User Guide). For 4y € D(A,), the function u(t) = S,(t)tp is the
unique solution of the linear problem

i € C([0,+00), D(A)) N CH([0, +00), X)
da __ —
at = Aau
4(0) = o
For @y € X, the function @(t) = S, (t)do is unique solution of the linear problem

i € C([0,4+00), X) N C([0, +0),Y)
a = A

4(0) = o

!



1.2 The nonlinear problem

The standard theory of semilinear evolution equations (see for instance [4, Chapter 4.3]
or [19]) yields the following result.

Proposition 1.3. For any initial data tig € X, there exists a unique mazximal solution
i = (u, 0pu) € C([0, Tiax), X) N C([0, Trnax), Y)

of (NLKG) satisfying 1(0) = .
If the maximal time of existence Tiax is finite, then limyr, , ||U(t)||x = oo.
If ip € D(Ay), then

i = (u, 0pu) € C([0, Tmax), D(Aa)) N CH[0, Tinax), X).

Moreover, the map Tymax : Uy € X — (0,00) is lower semicontinuous, and for any
sequence (Up ) i X, if limy, o0 Uy, = tg in X then, for any 0 <T < Thax,

lim @, =4 in C([0,T],X),

n—oo
where iy, s the solution of corresponding to Uo,y,.

Proof. Observe that the map u — w? is Lipschitz continuous from bounded sets of H!
to L?. Indeed, in dimension one, one has supg |u| < C||lu| g and thus

[u? = *| < O(Jul® + [v*)[u— o] so that [[u® — 07| < C(|JullFp + [ollz)llu -]

Let Bjs denote the closed ball of X of center 0 and radius M > 0. It follows that there
exists C, > 0 such that for all M > 0 and for all u,v € B); it holds

lu® —v*| < CLM?|lu— . (6)

We rewrite (NLKG) under the following equivalent Duhamel formulation

(1) = Suilo + /0 Sult — $)(0,15(s)) ds. (7)

Uniqueness. Let T > 0. Then there exists at most one solution of (7) on [0,77]. Indeed,
let 7, Uy be two solutions of @ with the same initial data. Set

M = sup max{||u1(t)]|x; [Ju2(t)] x}-
te[0,7)

We have by and HS(t)Hg(X) <C,

umw—@@m<04H@@—@@wu<mWAum@—wwww

It follows from the Gronwall lemma that ||u1(¢) — uw2(t)||x = 0, for all t € [0, 7). O



Ezistence of a local solution by contraction. Let M > 0 and fix

1
~ 2002~

We claim that for any @y € X such that ||td||x < M/2, there exists a solution @ of
on [0,T]. Define

Tor 0. (8)

E={deC(0,Tm],X) : |d(t)|lx < M, for all t € [0,Tr]}.
We equip F with the distance generated by norm of C([0, Tas], X), i.e., for any 4y, us € E,

d(u,v) = sup |[a1(t) — d2(t)||x-
tE[O,TNI]

Since C([0, Tas], X) is a Banach space and FE'is closed in C([0, Ts], X ), (F,d) is a complete
metric space. For all @ € E, we define ®(u@) € C([0,Tn], X) by

O (a)(t) = S(t)up + /0 S(t — s)u’(s) ds,

for all t € [0, T).
First, we prove that ® : E — E. Indeed, for any s € [0, 7], by (6]

[’ < CMPlul| < CMP,

It follows from ||S, ()] < C and the definition of T/ in (8] that for any ¢ € [0, T],

3
—M.
2

t
1@@)(0)1x < lidollx + / (s ds < M + CTa M <
0

Second we prove that ® is a contraction on (E,d). Indeed, for any #, v € E, and for
any t € [0, ),

(@) (t) — (@) ()] < /0 lu(s) = v (s)ll ds < CLTa M?d(u,v) < %d(u, v).

By the Banach Fixed-Point Theorem, ¢ has a unique fixed-point « € E, which is a
solution of .

Mazimal solution. We claim that there exists a function Thax : X — (0, 00] with the
following properties. For any @y € X, there exists u € C([0, Tmax(tp)), X ), such that for
all T € (0, Tax(to)), u is the unique solution of (7). Moreover, the following alternative
holds:

(i) Either Tiax(tp) = oo;

(ii) Or Tmax(ﬁo) < 00 and then limtTTmax(ﬁo) Hﬁ(t)”x = 00.



When property (i) holds, one says that the solution is globally defined, or global.
When property (ii) holds, one says that the solution blows up in finite time.

Proof. Let iy € X and M = 2||ipl||x. We define
Tmax(to) = sup{T > 0 : there exists a solution u of (7)) on [0, T]}.

We have just proved that Ty, is well-defined and Tinax > Thy > 0. Now, we define a func-
tion 4 € C([0, Tmax (o)), X) which is solution of (7)) on [0, 7] for any T € (0, Tiax(t0))-
Let t € [0, Timax(tp)). Let T € [t, Timax(@o)). By the definition of Tinax(tip) as a supre-
mum, there exists a solution @y of (7) on [0,T]. Then, we set @(t) = @r(t) on [0,T]. By
the uniqueness result, this definition does not depend on the choice of T' € [t, Tiax (o).
Thus, it provides a function @ € C([0, Tax(t0)), X') which is indeed a solution of (7)) on
[0,T] for any T € (0, Tmax(to)). Last, note that by the definition of Tiax(tp), this solu-
tion cannot be extended beyond Tiax(tp). This solution is called the mazimal solution
of (7).

Now, we prove the blowup alternative. Fix any 7 € [0, Tiax(tp)), set M = 2|lu(7)||
and consider Ty; > 0 given by . There exists a solution w of

w € C([0,Th], X),
t
w(t) = S(t)u(r) + / S(t — s)w?(s)ds.
0
We extend the function @ € C([0, 7 + T, X) by setting

() = {ﬁﬂ(t) %fte [0, 7],
w(t—7) iftelr,7+ Tyl

(9)

We observe that @ is now a solution of the problem (7)) on the interval [0, 7], for T' =
T 4 Thy. By the definition of Tiyax (i), this shows that

T+Ty < Tmax(ﬁo).
Assume Tiax(tig) < 0o. By the general definition of Th in and the value of M =

2||u(7)]| in the present context, we obtain

1 L,
W < Tmax(uo) - T
This is equivalent to
1
TmaX(QZO) - 7-’
which proves that if Thax (o) < 0o, then limyr, . (a) [1U(t) | x = oo.

2CL[Ju(r)]* =

(10)

Persistence of regularity. In the above framework, since u? € C([0, Tyax (o), H'), one
has (0,u?) € C([0, Timax (i), D(As)). Assume now in addition that iy € D(A,). Using
the Duhamel formulation (7)) and the properties of Sy, we obtain u € C([0, Tax), D(Aq))
and then dyu € C([0, Tinax), X).

Continuous dependence on the initial data. Now, we claim that



(i) The function Thax : X — (0, 00] is lower semi-continuous;

(ii) If @y — o as n — oo in X, then for any T' € (0, Tyax (%)), @y, — @ in C([0,T7], X)
as n — oo, where u,, and o are the solutions of corresponding respectively to
Uo,n, and .
Let T' € (0, Tmax(to)). To prove (1)-(2), it suffices to show that if @, — iy then for
n large enough Tinax(to,) > T and @, — @ in C([0, 7], X).
Set M =1+ 2sup,c(o 1 ||U(t)]|x and define

Tn, = sup{t € [0, Timax (1)) : ||tn(s)||x < M for all s € [0,t]}.

Since ||dp,n|| < M/2 for n large enough, 7, > 0 is well-defined. Moreover, by the well-
posedness theory 7, > Ths. For any t € [0, min(7’;7,,)], we have

t
[a(t) — @ (@)l x < [ldo — tdonlx + CLM2/0 [d(s) = tn(s)|| ds,

and thus by the Gronwall Lemma, for any ¢ € [0, min(7’; 7,,)],
Hﬁ(t) - ﬁn(t)HX S Hﬁo — ﬁ07n“x exXp (CLMQT) . (11)
This proves that for any ¢ € [0, min(7T; 7,)],
~ . . . M L. 3M
()l x < llA(0)1x + () = ()| x < 5 + llio = do.nllx exp (CLM?T) < ==,

for n large enough. Therefore, 7, > T', which also justifies that Tiax(@o,n) > T
Lastly, estimate implies that @, — @ in C([0, 7], X). O

In this course, we systematically work in the framework of such maximal finite energy
solutions.

Corollary 1.4. In the context of Proposition the function t — E(i(t)) is C1 on
[0, Timax (o)) and for all t € [0, Tax(to)), it holds
d
3 P0) = —2afv(@®)]*.
Proof. Let @y € X and for all n > 0, let @, € D(A,) be such that g, — iy as n — oo
in X. It is known that for any 7" € (0, Timax(t0)), @n — 4 in C([0,7], X) as n — oo.
For (t), it is rigorously checked by using (NLKG) that
d .
2 P@(#) = —2a]va()]*.
In particular, for all ¢ € [0, Tiax(@p)), and all n large,

B (1) = i) = =20 [ (9] ds.

Passing to the limit n — +oo E(i,(t)) — E(u(t)) and ||v,(s)||> — ||v(s)|>. Thus, for
all t € [0, Tinax(0)),

t
Bt) = Bli) = —2a [ o(s) s

This proves the result. ]



2 The global Cauchy problem

2.1 On blowup in finite time

The negative sign in front of u? in equation means that the equation is focusing. In
particular, the sign of the quartic term in the definition of the energy prevents us to
use the decay of energy to prove global wellposedness. On the contrary, we are going to
prove that there exist blow up solutions for the equation.

Together with the energy functional E(t) := E(u(t)) defined in and satisfying
(3)), we will use the following quantities

MO = gl +o [ Juts)as,
W) = 5 (190 + 00> + Ju(t)])
Lemma 2.1. It holds

M(t) = / w(t)pu(t) d + o fu(t) 2 (12)

¢
= /u(t)@tu(t) dx+2a/ /u(s)@tu(s) dz ds + af|u(0)|?, (13)
0
M" () = 3[|0cu(®) || + [Bzu(®)]* + [lu()|* — 4E(t), (14)
W' (t) = —2a||0pu(t)||* + /u?’(t)&gu(t) dx. (15)
Proof. Direct computations using and . Density arguments are used as in the
proof of Corollary O

Theorem 2.2. Let 0 < a < %. If E(0) < 0, then the corresponding solution of
blows up in finite time.

Proof. Assume that E(0) < 0. For the sake of contradiction, assume that the solution
is global. Then, by (), E(t) < E(0) < 0. In particular, by (14), we have M"(t) >
—4FE(t) > —4E(0) > 0. It follows that lim;_, 4o M(t) = +00. Moreover, since M"(t) >
3[|0cu(t)||? + |Ju(t)]|?, we also have

2
MOM'0) > SOOI + 1) > 3 (o) + 5l

Using the inequality (a + b)? < %aQ + 5b%, and then a < i, we have
2 _ 9 ? 2, 14 O
(M'())* < 1 </u8tu> + 5a ||lul|* < 8M(t)M”(t).

This implies that for all ¢t >
1
(M~5)"(t) <.



Since lim; 400 M_%(t) = 0, there exists ¢t; > 0 such that (M_é)’(tl) < 0. Using the
concavity, we obtain for ¢ > tq,

0< M75(t) < M75(0) + (t— 1) (M75) ().

This is contradictory for ¢ large. O

2.2 Global solutions are bounded

Using arguments of [3] and [2, Proof of Lemma 2.7] for the undamped Klein-Gordon
equation, we prove a bound on global solutions of .

Theorem 2.3 ([2,3]). Any global solution of is bounded in X .
Proof. Let i be a global solution of . From and the Cauchy-Schwarz inequality,
|IM'(t)] < (14 2a)W(t). (16)
Moreover, by and ,
M"(t) > 2W (t) — 4E(0). (17)

The proof of the global bound now proceeds in three steps.
Step 1. We prove that
ligninfM’(t) < 0. (18)
— 00

Proof of . We argue by contradiction, proving that lims,, M’ = oo implies the
following inequality, for all ¢ large enough,

(14 €)[M'(t)]* < M"(t)M(t) where € > 0 is to be chosen. (19)

Then, we reach a contradiction by a standard argument. Indeed, remark that
implies Ci‘l—tQQ[M_E(t)] < 0, and lims M" = oo also implies lims, M€ = 0. Thus, there
exists ¢; > 0 such that -L[M~¢(t;)] < 0, and for all ¢ > #,
—€ —€ d —€
0 M™(t) < M™(t1) + (£ = ta) 1 [M™*(t1)),

which is absurd for ¢ > ¢; large enough.
Thus, we only need to prove assuming limy, M’ = co. On the one hand, by
and the Cauchy-Schwarz inequality, it holds

M) < ol + 20 ( | t Hu(s)ll2d8>% (/ t ||atu<s>u2ds>é + allu(O)]

Let € > 0 to be chosen later, we estimate

+ <1 - 1) o?|lu(0)||*.

M’ < (1+¢)




Thus, using the inequality (AB + CD)? < (A% + C?)(B? + D?), we obtain
1 t t
AP < 9 Gl 4o [ )P as| [2000P + o [ o)1 as]
0 0
1
+ <1 + €> o?[|u(0)*
t 1
<(1+eM [2”8tu\|2 + 404/ H(‘)tu(s)szs} + <1 + 6) o?||lu(0)||*.
0
On the other hand, by and ,
t
M” = 2)|Qgul|2 + 2W + Sa/ |9su(s)|2 ds — 4E(0)
0

t
> (1+ 6)3 [2”8tu||2 + 4a/ H@tu(s)HQ ds} + W —4E(0),
0

1
5\ 3

0 -] =1
<< ()

In particular, since lim,, W = oo by and the assumption lims, M’ = oo, we have
for t large enough,

by fixing any € such that

t
M">(1+¢)? [2\\8tu\|2 +4a/ H@tu(s)Hst} :
0

Thus,
1
U+ PP < araa” + (14 1) 2O

and using again lims, M’ = co we obtain for any t large enough.
Step 2. We prove that

sup |M'(t)] < . (20)
t€[0,00)
Proof of . Combining and , we obtain
2
M () > =5 M (8)] ~ 4E(0).
Let
2 /
2
_(t) = “TToa "(t) — 4E(0)

10



Then, H! (t) = H%M,/(t) > % + (t). If there exists t > 0 such that H(t) > 0, then

limy, Hy = 00, contradicting . It follows that for all £ > 0,

M'(t) <2(1 + 2a)E(0).

Similarly, H' () = — 5= M"(t) < —1-2=H_(t). Tt follows that H_(t) < e Tz H_(0),
for all ¢ > 0. Thus,
14 2«
M'(t) = ——5— (4E(0) + [H-(0)]).

and is proved.
Step 3. Last, we prove the global bound

sup |W(t)| < oo. (21)
t€[0,00)

Proof of (21). We rewrite (17) as
1
Wi(t) < §M”(t) + 2E(0).

Integrating on (f,t + 1) and using (20]), we observe that
t+1

sup W(s)ds < oc. (22)
>0 Jt

Moreover, by ,
' 2 3 1 2 1 6 1 6
W' < =2a|0ul]” + [ [ul’|0cu] < S0l + 5 [ Jul> < W5 [ ful”.

For t > 1 and 7 € (0, 1), integrating on (¢ — 7,t), we find

t

WO Wi+ [ W(s)ds—ir;/t /|u(s)\6dxds

t 1 t
<W(t—1)+ W(s)ds+ - / / lu(s)|® dz ds.
t—1 2 Ji—1

Using the Sobolev inequality (in space-time) for the last term, we obtain, for some
constants C' > 0,

t
W) <W(Et—7)+ [ W(s)ds+ Cllullf 1w

t—1
t t 3
<W({t—-71)+ W(s)ds+C ( W (s) ds) .
t—1 t—1
Integrating in 7 € (0,1) and using (22)), we find (21)). O

11



3 The solitary waves

It is also well-known that up to sign and translation, the only stationary solution of
is the solitary wave (Q,0), where @ is the explicit ground state

V2

= = v/2sech 2
Q) = iy = V2sech(a) (23)
which solves the equation
Q"-Q+Q@*=0 onR. (24)
We see from the explicit expression of @) in that, as x — oo,
Q(z) =cge ™+ 0(e™), Q'(z) = —cge ™ + O(e™ ) (25)

where cg = 21/2. Note that by , it holds [(80,Q)* + Q? — Q% =0 and so

1
E@0) = [Q'>0 (26)
Let
L=-0?4+1-3Q%*=-0%>+1— 6sech?

(Le,e) = / {(8,6)* + &% — 3Q%c*} du.

We recall some standard properties of the operator £ (see e.g. [9, Lemma 1]).
Lemma 3.1. The following properties hold.

(i) Spectral properties. The unbounded operator L on L? with domain H? is self-
adjoint, its continuous spectrum is [1,00), its kernel is span{Q'} and —3 is its
unique negative eigenvalue with corresponding smooth normalized eigenfunction
Y = § sech?(z).

(ii) Coercivity property. There exist c¢1,ca > 0 such that, for all e € H*,

(Le,e) > erllellip —e2 ((,Y)* + (e, Q)?) -

Proof. The continuous spectrum of £ is the same as the one of the operator —92 +1, i.e.
the interval [1, +00), since the potential —6 sech? is a compact perturbation of —02 + 1.

We check by direct computations that LY = —3Y and £Q' = 0. Since Y > 0, it is a
standard observation that —3 is the lowest eigenvalue of £. Moreover, since @)’ only has
one zero, 0 is the second eigenvalue. Lastly, we check R =1 — %sech2 satisfies LR = R.
Since R € L™ and R’ € L?, but R ¢ L? the bottom of the continuous spectrum 1 is called
a resonance. Since R only vanishes twice on R, there is no other discrete eigenvalue. In
particular, by the spectral theorem, if (¢,Y) =0 and (¢,Q’) = 0, then

(Le,e) > [lel®.

12



See also the Appendix.

For a general ¢ € H!, we decompose ¢ = aY + bQ' + 71, where (n,Y) = 0 and
(n,Q") = 0. In particular, a = (Y,¢) and b||Q’'||* = (Q', ). We also have (Ln,n) > |n|*.
Thus,

(Le,e) = =3a® = 02| Q|1 + (Ln, m)
~3a” ~ QI +
> —4a® — 20% + ||||?
> _4<€7Y>2 - 2<€7 Q/>2 + H€H2

v

Moreover, it is easy to see from the definition of £ that
(Le,e) > [|0uel® — 5lle]”.

By taking a linear combinaison with coefficients 6/7 and 1/7 of the above inequalities,

we find ) 04 19
(l0well® + llell?) — = (e, Y)? - =

>
(Le,e) > -

(e, Q)%

=~/

O

The unique negative eigenvalue of £ is related to an instability of the solitary wave
for the equation , described by the following functions:

v = —at a1 3, ?*=<£}), (27)
. +
(F=a+tVa2+3, 7%= <<YY> : (28)
Indeed, it follows from explicit computations that the function
EE(t, x) = exp(vTt)Y* ()
is solution of the linearized problem
O =
t n (29)
on = —Le — 2an.

Since v+ > 0, the solution €7 illustrates the exponential instability of the solitary wave
in positive time. This means that the presence of the damping « > 0 does not remove
the exponential instability of the Klein-Gordon solitary wave. An equivalent formulation
of instability is obtained by saying that the functions Z% are the eigenfunctions of the
adjoint linearized operator in :

0 =L\ z+ 44
(1 —2a)Z =vZT,

and as a consequence, for any solution & of ([29)),

= d
at = (2,ZF) satisfies ¢t (30)

13



Remark 3.2. The existence of the solutions £ is called linear exponential instability.
More arguments are needed to prove that the solitary wave solution (Q,0) is actually
nonlinearly unstable, in the following sense

360 > 0,0 > 0,30 € X, [0 — (Q.0)]lx < .37 > 0+ inf [4(T) — (Q( — a),0)]lx = &

where 1 is the solution of (NLKG) with initial data @y. We will not address this question
here, but it is an interesting exercise to prove this statement.

4 First decomposition result of any global solution

4.1 The Brezis-Lieb Lemma

The following is a particular case of the Brezis-Lieb lemma.

Lemma 4.1. Let (f,) be a sequence of functions in L* that converges a.e. to a function
f and such that sup,, || fullps < +00. Then

tiw [ |£= 1= (7 = £ =0

n—oo

([ [o-nt)= [
Proof. Let r, = ‘fﬁ — A= (f - fn)4|. We have

ro=|(fo—F+ )= = (F = f)Y
= 4(fn — [P F +6(fa— 22+ 4(f — 1) F)
< 6(fn - f)4 + C€f4-

In particular,

for any € > 0. Thus, the nonnegative functiorEI Sne = (tn—€(fn—f)*)+ converges a.e. to
zero and is dominated by the integrable function C.f*. By the dominated convergence
theorem, this proves that lim,,_, o [ $pe = 0. Now, 0 <1y, < sp e+ €(fn — f)* and so

limsup/rn < elimsup/(fn - HL

n—-4o0o n—-+4o0o

In particular,

limsup/rn < Ce lilfnsup/(fn4 + 1 < Ce,

n—-+o0o n—-+o0o

and e being arbitrary, we obtain lim,, 1 [ 7, = 0. ]

!The notation x4 means x4 = max(z,0)
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4.2 A compactness result

Theorem 4.2. Let (u,) be a sequence of functions in H*(R) such that
(i) sup [Jun] g < +o0,
n

(i) lm ! —u, +ud =0in H L
n—-+o0o

Then, there exist a strictly increasing map ¢ : N — N, & € R, o1 € {—1,0,+1}, an

integer J > 1 and if J > 2, J — 1 values 0 € {—1;+1} and J — 1 sequences of points
(&m)ns §=2,...,J such that

()l |G — Gl = |Gl = 400, forj Ak, j# 1 kA1

n—-+o0o

H'(R)

J
(i) lim|up) —01Q( =€) = D Q@ — &)
j=2

n—-+o0o

Remark 4.3. As usual, the sum Z}]:2 is simply zero if J = 1.
Proof. The proof is taken from [I] (see also [14]).

Let
I(u) = ;/ () +u? — 2ut)
and
Qu) = —u" +u —u?

We extract subsequences of (uy,), but we will always denote them simply by (u,,). Firstly,
by assumption (i), extracting a subsequence, we assume

. 2
nEI—iI—loo ||UnHH1 -

If ¢ = 0, the conclusion of the theorem is true for o1 =0 and J = 1.
Now, we assume ¢ > 0. By assumption (ii), we also have

. . 2 2 4
nEI_'I_IOO<Q(un)7un>H—1,H1 = ngr—s{loo ((u'ln) tu, —u ) = 0.

As a consequence,
lim ut =c lim I(u,)=%.
n——+0oo n ’ n—-+o0o ( n) 4

Secondly, we extract a subsequence of (u,) such that for some function ¢; € H'(R),

up — q1 weakly in H'(R) and L*(R) as n — +o0,

Up — q1 a.e. in R as n — 400.
By passing to the limit in D’, ¢; satisfies on R

d—qa+¢=o0.
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In particular, either g = 0 or there exists o7 € {—1,4+1} and & € R such that ¢; =
01Q(z — &1). We summarize saying that ¢ = 01Q(z — &) for o7 € {—1,0,+1}.
Third, we set
Uin = Un —q1, C = ”%H?ql,

so that

v1, — 0 as n — +oo weakly in H!(R)

)

v1n — 0 as n — +oo in L?([-K, K)), for any K > 0.
Moreover, by weak convergence

: 2 2
i ol = T unld = lal3 =c—a

and by a.e. convergence and the Brezis-Lieb lemma

lim vl = lim =c—c
n—-+4o0o 1n n—-+o0o ql L

Thus, limy, 40 I(v1,n) = 1(c — ¢1). Then

Qv1,n) = Qun) — Aaq1) — ((un — @1)* — uj) + q7)
= Qun) — Aq1) + 3unq1v1,n.

We have by hypothesis Q(u,) — 0 in H~! and by the definition of ¢1, Q(q1) = 0. We
now claim that u,q1v1,, — 0 in L2, This follows from ||uy,||ze + ||[v1nLe < C, v1n — 0
as n — +oo in L?([-K, K]), for any K > 0, and the fact that limis g1 = 0. As a
consequence

Qv1,) = 0in H1 as n — +oo.

If ¢ = ¢; then oy = 41, the sequence (vy,) converges to 0 strongly in H' and the
result is proved.

Now, we assume ¢; < ¢ and we want to prove that there exist a sequence (§2,,)y of
R and 09 = —1 or +1 such that |, = +00 and v1 (- — &a.) — 02Q in H! weak. To
begin with, we introduce J[k] = [k, k + 1] for any k € Z and we set

Pn = (Jr)*

We estimate

/ Z/[k]vln_ 22(/7[k] ’>1/2

kEZ keZ
<CEY [ + oka) < Cullonali
ez’ k]
Since limn_)+oofv‘in = limy, 100 HanH%{l =c—c; > 0, for n large, u, > v where

¥ = /1/2C > 0. We denote by kj an integer such that p, = [lvinlla(k,))- The
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sequence (ky), cannot be bounded in Z. Indeed, otherwise, up to the extraction of a
subsequence, the sequence (ky), would be constant, say k, = ko for all n € N. Thus,
|v1nllLa(spke)) = v for all n large. By the H'! bound and Ascoli (or Rellich) theorem,
(v1,n)n converges strongly in L* on J[ko] to a function v # 0, up to a subsequence. But
this is a contradiction with vy, — 0 weakly in H*(R).

We denote by ¢o the weak limit of a subsequence of (v1 (- +kp))n. Arguing as before,
g2 #Z 0 and ¢o is a solution of ¢ — g2 + ¢35 = 0 on R. Therefore, there exists &2, and
oy € {—1,1} such that |£, — &1| = 400 and vy (- +&2.,) — 02Q weakly in H'. We set
Vo = V1, — 02Q(- — &2.50) so that, again by weak convergence

. 2 . 2 2 2
i ol = B ol 1Q = ¢ - e — QI3

Iterating this argument a finite number of times, we find that there exists J > 2 such
that

c—a =JIQln
(in particular, we deduce that ¢/||Q||%, is an integer), J — 1 values o; € {—1;+1}, and
J — 1 sequences of points (j,)n such that for j =2,...,J, it holds

tl}eroo |&jn — Ekn| = +o00,  for j #k,
Vjn(- 4+ &jn) = 0;Q In H(R) weak, where Vin = Vj_1n — 0j-1Q,

wy, — 0 in HY(R) strong where wy, = v, (- + &jn) — 0sQ(- — &)
In particular, we have obtained the decomposition
J
un = 01Q(- — &) Fvin = =01Q(— &)+ > 0;Q( — &) + wn
j=2

with the requested properties on (), and oj. O

4.3 First decomposition result on a subsequence of time
Theorem 4.4. Any global solution i of
o cither converges to 0, i.e. limy_oo ||0(¢)||g1xr2 =0;

e or is asymptotically a single or multi-solitary wave along a subsequence of time
in the following sense: there exist K > 1, a sequence t, — 00, a Sequence
(Ekn)peqr,. xy € R and signs o, = 1, for any k € {1,..., K}, such that

Lt H('?tu(tn)HLQ} = 0. (31)

n—o0

K
lim {Hu(tn) — ZakQ(- —&kn)
k=1

Moreover, if K > 2 then

lim g1 —Epn =00 foranyl <k <K -—1.
n—o0
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Remark 4.5. It is clear that if a global solution # satisfies for two different se-
quences (t,)n and (¢),)n, then the number K > 1 of solitary waves is the same for both
sequences. Indeed, by monotonicity of the energy and , it holds

lim E(i(t)) = K E(Q,0) > 0. (32)

t—o00

Remark 4.6. The following stronger result holds in the framework of Theorem for
any sequence (tp), with ¢, — oo, the multi-solitary wave behavior is satisfied for a
subsequence of (t,),. This result, valid on any global solution of , is quite remarkable.
However, it does not fully describe the asymptotic behavior of global solutions as ¢ — oo,
which is the objective of Theorem

Proof. Let u be a global solution of ; in particular, by Theorem it is bounded in
X. The proof proceeds in two steps.
Step 1. We prove that

Tim {[9gu(t)| + 02u(t) [ 51 } = 0. (33)

The function @(t) = (v(t), dv(t)) = (du(t), O?u(t)) satisfies
B(t) = S (1)7(0) + /O Sult — $)(0, 3u2(s)v(s)) ds.

By the bound in X and (3)), it follows that v € L?((0,00) x R). Moreover, using
estimate (B), [| - |-1 < [| - [ and [ - [[ze S || g1, we have, for all £ > 0,

t
IO 21 S € O + ilmoy iy [ €7 (o) s
Splitting the integral fg = Ot/ 24 ftt/z in the last term and using the Cauchy-Schwarz
inequality

t
/0 e 7 u(s) | ds < e 20|l 20,00y xR) T VI L2((1/2.00)xR)

which implies limy o0 [|U(¢) | 2% g-1 = 0 and thus (33).
Step 2. Let (t,)n be any sequence such that t,, — oo and let uy,(z) = u(ty, x). Then,
by and equation , it follows that

lim (|02, — ty 4 12 || g-1 = 0.
n—oo

Moreover, the sequence (uy), is bounded in H'. Then, the alternative stated in the
Theorem follows directly from Theorem

In the case where limy,_,« ||@(Sn) || g1x 12 = 0, for some sequence of time (sy,)n, Sn —
00, then it follows from that limy_, o, E(u(t)) = 0. Thus, by and the previous
arguments applied to any sequence (t, ), with ¢, — oo, there exists a subsequence (%),
such that lim,/ o ||@(tw)|| g1z = 0. This implies that limy_, o ||@(¢)]| g1xz2 = 0 for
the whole sequence of time, as stated in the first part of the alternative. O
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In the next sections, we will go deeper into the analysis of global solutions of .
However, because of limited time, most arguments will be formal and restricted to the
soliton behavior. In particular, the perturbation term will not be rigorously estimated
and only the interactions between the solitons will be studied. For rigorous proofs, we
refer to the original articles [7, [§].

5 Refined convergence theorem

The objective of the rest of the course is to give a sketch of the proof of the following
more refined convergence result.

Theorem 5.1. For any global solution @ € C([0,00),X) of (1)), one of the following
three scenarios occurs:

Vanishing (t) converges exponentially to 0 in X ast — oo.

Single soliton There exist 0 = +£1, { € R such that u(t) converges exponentially to
(cQ(-—1),0) in X ast — oo.

Multi-soliton There exist K > 2, 0 = +1, ¢ € R and functions z, : [0,00) — R, for
all k=1,..., K such that

lim
t——o00

+ [10pu(t)[l L2 = 0 (34)

and for any k=1,..., K,

lim {zk(t) - (k - K2+1> logt} — (35)

t——4o00

where T, are given by .

6 Dynamics close to decoupled solitary waves

In this Section, we give general formal computation on solutions of close to the
sum of K > 1 decoupled solitary waves. For any k € {1,---, K}, let o, = £1 and let
t > (2(t), £1(t)) € R? be C* functions such that

K
Z|€k]<<1 and, if K > 2 forany k=1,... , K —1, 211 —2r> 1. (36)
k=1

For k € {1,--- , K}, define

Qv = Q(-— %), Qr = <_&%’; Qk) : (37)
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Set
K K K 3 K
R=>Qw R=) 0 G= (Z%) -> Qi
k=1 k=1 k=1 k=1
We will also use the following notation o_; =0 and ocx4+1 = 0.

6.1 Leading order of the nonlinear interactions
Lemma 6.1. Assume (36). For any k,j € {1,...,K}, j # k, it holds.

(i) Asymptotics.
(Qi, Qj) ~ Ukajclme_|zk_zj|

where

2v2
o 22 [@@edr>0 and o= QR
1

(ii) Leading order interactions.

o I[fK =1 then G=0;
o If K> 2 then

(G, 0:Qp) ~ 160y (que_(zk_z""l) - 0k+1€_(z’““_z’“)>
Proof. Assume that z; > 2. Then, using ,
(@4Q)) =10, [ QPla = 2)Qw — 2) da
— o0y [ Q)Qe+ 21— 5o

~ 2\/§0kajezk_zﬂ' /Q?’(:):)ex dzr = Jkajcme_‘z’“_zj )

6.2 Decomposition close to the sum of solitary waves

Lemma 6.2. Let @ = (u,du) be a solution of such that for some K > 1

K
lu(t) =Y okQ( =&l < L, 0tz < 1, &) = & (1) > 1.
k=1

(39)

(40)

(41)

(42)

Then, there exist unique C' functions t (2(t), k() keqn,. .k} € R2K | such that the

solution 4 decomposes as

K
N N T
U = <3tu> —kEIQk-i-E, € = <77>

with the following properties.

(43)



(i) Orthogonality and smallness. For any k=1,... K,

and
€N mxre <1, 0] <1, zpg1 — 2> 1

(ii) Equation of €.

Ose = 1+ Mod, (45)
o = 0% —e+ (R+¢)® — R* — 2an + Mod,, + G
where
K
Mod. =) (4, — €) 0:Qx,
k=1
K K
Mod,, = Z (fk; + QOsz)ank — kaékaiQk.
k=1 k=1
(iii) Control of the geometric parameters. For k=1,..., K,
K
|zk: - £k| N HgH%{le? + Z |£l|27 (46)
1=1
Oy + 20y, + Ko, (crk_le_(z’“_zk—l) - 0'k:+1€_(zk+l_zk)>} (47)
K K—1
S ”gHJ%leB + Z wl’2 + Z 6_2(Zl+1—zl)_ (48)
I=1 1=1
(iv) Control of the exponential directions. For k=1, --- | K, if
ai; = (€. 7;) (49)
then
d K K-1
’dta,f — v a | SIEN G + DGl + D em e, (50)
=1 1=1

Proof. Proof of (i). The existence and uniqueness of the geometric parameters (z, fx)
is proved for a fixed time ¢ and we set u := u(T}). Let 0 < v < 1. First, for any u € H'
such that

inf Hu— > UkQ('_fk)H <, (51)

— 1 H1
|€1—&2]>]log ]| h—1.2
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we consider z1(u) and z2(u) achieving the infimum

oo 5 et -], = it o 5 e,

k=1,2

5

Then, for v > 0 small enough, the minimum is attained for z;(u) and z2(u) such that
|z1(u) — z2(u)| > |log~y| — C, for some C' > 0. Let
(@) = u(@) — nQz — z1(u)) — 2Q(z — za(u)),  |ellr2 <.

By the definition of z1(u) and z9(u), we have for k = 1,2,

o [Ji= X ovat-g)

k'=1,2

=0
(€1,62)=(21(u),22(u))

and so
(€, Q'(- = 21(u))) = (£, Q'(- — 22(u))) = 0. (52)

For v and @ as in , we compare the corresponding zp, Z; and e, €. First, for (,
C e RV, setting { = C C , we observe the following estimates

QL= =-Q(—={) ==CQ( =) +0m(CP), (53)

Q= -Q'(=¢ =" = +0m(). (54)
Thus, denoting @ = u — u, 2 = 2 — 2k, € = € — €, we obtain

== > oHmQ' (- —2k) +E+ O (A + | 2[?).
k=1,2

(In the Oy, there is no dependence on @ or €). Projecting on Q'(- — zx), using and
the above estimates, we obtain

1 ~ ~ ~
2] + 2] S Ml g2 + (2] + 22D (e 2 + €] 2 + [51] + |22)
and thus, for v, Z; and Zo small,
€l S Nallans  120] + [Z2] S [lall e (55)

Therefore, for v small enough, this proves uniqueness and Lipschitz continuity of z; and
29 with respect to w in H'.
Now, let v € L? and 21, 29 be such that |Jv|| 2 <~ and |21 — 22| > 1. Set

n(z) = v(x) + 0101Q (x — 21) + 02l2Q’ (z — 22).

Then, it is easy to check that the conditions
(n,Q'(- —zk)) =0 (56)
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are equivalent to a 2 x 2 linear system in the components of £; and f5 whose matrix is a
perturbation of the identity up to a multiplicative constant. In particular, it is invertible
and the existence and uniqueness of parameters £1(v, 21, z2), f2(v, 21, 20) € RY satisfying
and 1] + |la] < ||v]|z2 is clear. Moroever, with similar notation as before, it holds

9l z2 + 01| + |l2] < 110]| g2 + 21| + |22. (57)

The decomposition is thus achieved for u(t) with any fixed ¢t € [T1,7%]. In the rest of
this proof, we formally derive the equations of ¢ and the geometric parameters from the
equation of u. This derivation is used to prove by the Cauchy-Lipschitz theorem that
the parameters are C' functions of time

The system of equations follows from direct computations.

Now, we derive from . We have

0= %@, Q1) = (915, 0,Q1) + (€, (2. Q1))

Thus gives
(n,0:Q1) + (Mod., 2,Q1) — (¢,792Q1) = 0.

The first term is zero due to the orthogonality . Hence, using the expression of Mod,

Cri— 010l = = [ (2~ )0, Q) dr + (. 202Q1). (59)
From this formula, we deduce
15— 5] S 22— 6] [ 10.Qe(@]100 Q1 (0)] o+ e
Thus, we obtain
21— 0] S |22 — Lole 2 4 21 — 61| 1€ e + 1] 1€ -
Since ||€']| g1xr2 S 7, this yields
|21 — 1] S |22 — Lale ™3P [0a] I8 g1 2

Similarly, it holds
. . _1 N
|29 — o] S |21 — Lale 2V + |6o] 1€l a2,

and thus, for large |z|,

S e — 6l S (1] + 1) 18] 2,
k=1,2

which justifies .
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Now, we prove for k € {2,..., K — 1} for K > 3. First,

0. 0.Q1) = {0, 0,Q1) + (0, . Qx) = 0.

Thus, using and ,
0 =(9%e — e + 3Q3¢,0:Qx) + (R+¢)® — R* — 3R%,0,Q})
+3((R* — Q7)e, 0:Qu) + (G, 0:Qx) + (Mody, 0:Qx) — (n, 2,0, Q).

Since 0,Qy, satisfies 020,Qx, — 0,Qk + 3Q29,Q) = 0, by integration by parts, the first
term is zero. Next, by Taylor expansion, we have the pointwise estimate

K
[(R+e)’ = R® = 3R%| S el + [e* ) |Qul
=1

and
2
|R? = Q7| S 1@kl D 1Qs1 + D 1@
ik ik
Thus, using || - ||zee S| - a1,
[(R+2)? — R® = 3R%,0,Qu)| S llellin

and by the Cauchy-Schwarz inequality

K-1

(R — Qe Q)| S Nlellfp + Y em2rn=a)
k=1

By direct computation, we obtain
<M0d77’ 0: Q) = (Ek + 20‘&6) HQIH%2 + Z (EJ + 20‘@) <81Qj7 0:Qr)
J#k
- Z £j2j<8:%Qj7 0:Qk,)-
J#k
Thus, using the equation of @, and , we obtain
(Mod,), 8,Qx) = 1 (b, + 2a8y,) + O ( > 1+ 2a£j\ei|2j2k|)

7k

K
T 0(||5||%Mz S |el|2>.
=1

Note that, by and the Cauchy-Schwarz inequality, we obtain

K

(0, 202Qu)| S (2% — Ll + 1) 1€ e SNEN e + D 1l
k=1
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Gathering above estimates we obtain

‘Ek + 20y, + Koy, (Uk 1€ —(ze—2k-1) _ Ok+1€ (2h+1—2k ) ‘

- (59)
< ||5|]Hle2—I—Z|£l|2+Z|£ + 2aljle” Hzi—znl 4 Ze (z141—21)
=1 7k =1

We obtain by combining the estimates for all k € {1,..., K} and neglecting
all second order terms. O

6.3 Energy estimates

For p > 0 small to be chosen, we denote p = 2a¢ — . Consider the nonlinear energy
functional

5=/{(3x6)2+(1—pu)€2+(n+u€)2—2[F(R+€)—F(R>—f(R)€]}~

We recall the following energy estimates.

Lemma 6.3. There exists > 0 such that in the context of Lemma[6.3, the following
hold.

(i) Coercivity and bound.

K
o 1 _ 1
HlIE Nz re = 57 > (@) +(@)%) <€ < —[€]3 o (60)
K K
(ii) Time variation.
d K—1
R R I [CIS ST St N
k=1 k=1
Proof. Left as an exercise. See also [§]. O

6.4 Approximate transformed system

We introduce refined parameters and functionals to analyse the time evolution of solu-
tions in the framework of Lemma First, we set, for k=1,..., K,

e
= Z —_—
Yk k 20’
and for k=1,..., K —1 (when K > 2),

Tk = Yp+1 — Yk > L.
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Second, we define

Kiy={k=1,.... K —1:0 =011}, Fy= Z e "k,
kek4

K_o={k=1,..., K —1:0,=—0k+1}, F-= Z e "k,
kek_

Proposition 6.4. Assume K > 2. The equation for the evolution of yy is
YR _i —Tk—1 s —Tk 62
Uk 5 Tk—10kE + 5, TkOk+1E (62)

Moreover, there exists A > 0 such that

d /1
Proof. By direct computation
Yk = 2k + b ~ g0k 4 o e
2a 200 7 2« +

It follows that, for any k=1,..., K — 1,

) ) ) K . K . K .
Th = Ukl — Yk = ——OkOk41€  © + ——0Ofy10k42e 4+ —op_qope” 57t
+ « + 2c LTk 2a

On the right-hand side of the above expression, the first term is always present for
k=1,...,K — 1, while the second and third terms might be zero depending on the
value of k. For k € K4, it holds o, = o141 and one sees that

K K K
o — o Tk —Tk+1 —Tk—1
rE = e '+ —0pr10p2€ + —0ok_10K€

« 2q HITRT 200 ’

with the same observation concerning the second and third terms on the right-hand side.

Thus,
K

—Fy = e = —5 St (64)
kek4

where S; denotes

Si=), <2e_2Tk — Opq1Opppe” TR — Uk—10k€_(mfl+m)) '
kek4

We claim that there exists A > 0 such that S, satisfies

Sp=A ) e (65)
kek4
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Indeed, first, recall that the symmetric matrix of size N

2 -1 0 0
-1 2 -1
Av=10 -1 2 0

. B
0 0 -1 2

is definite positive by the Sylvester criterion since for any j € {1,... N}, the jth leading
principal minor of this matrix, i.e. the determinant of its upper-left j x j sub-matrix, is

positive (its value is j + 1).

Second, observe that in the sum defining S, for given k € K, if K —1 ¢ K4, then
op—10r =1 (if £ > 2) or 0 (if k£ = 1) and thus the corresponding term is positive or zero
and can be ignored in establishing a lower bound for S,. The same property is true
for the term corresponding to oy y10k42 if K+ 1 & K. Letting N = card(K1) > 1 (by
the contradiction assumption), and calling ¢ the strictly monotone function such that

¢p:5€{l,...,N} — ¢(j) € K4, we have

Sy > Z (26—2%@) — e (o) FTroGi+1)) — e—("<z>(j—1)+’"¢<j))) = fLANSN,

je{l,..,N}

where
e T(0(1))

In= :
)

Since Ay > 0, holds for some A > 0.

It follows from and that there exists A > 0 such that

—Fy = ige T < —AFY.
kek4

Thus,

d 1 1 .
S ) == F < -
dt(F-i-) 2t

6.5 Long-time energy asymptotics

Lemma 6.5. It holds

E(U) ~ KE(Q,0) — c1kFy + c1kF_.
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Proof. Expanding F(u, 0yu) using the decomposition , integration by parts, the equa-
tion —02Q + Q — f(Q) = 0 and the definition of G in ([38)), we find

2 (u, D) = / (Ou) + 2 (R, 0) — 2 / Ge
+ / ((0z8)* +&° — 2(R+)" + 3R" + $R%)..
Thus, using the Cauchy-Schwarz and Sobolev inequalities, it holds
2 (u, Oyui) ~ / (0u)” + 2 (R, 0).

Note also that implies

K
J@wrs [ (1 + X lnoauf) ~o
k=1

Then, by direct computation, next —92Q + Q — f(Q) = 0,

E(R,0) = KE(Q,0) + Z/ [(0:Q1)(8:Q;) + QxQj — QRQ; — QFQ4]

k<j
K
S (r-Yei-Yaie)
k=1 k#j
~KE(Q,0) - > (@}, Q).
k<j

Last, by the definition of F; and F_, we observe that

Z<in Qj) ~ akFy —ckF_

k<j

Indeed, in the above double sum ), _ ;in k and j, the terms corresponding to j = k+1
contribute to £c1kFy (depending on k € K1) and the other terms (i.e. 7 > k+ 2) only
contribute to the error term. O

Combining with and , we obtain the following result.

Corollary 6.6.

2@/ |0su(s)||32 ds ~ —c1kF4 () + cikF_(t). (67)
t
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7 Description of long-time asymptotics

7.1 Alternate signs property

Proposition 7.1. Let & be a global solution of such that K > 2 in of Theo-
rem[{.4] Then,
op = —0oky1 forallke{l,..., K —1}. (68)

Proof. Assuming that K, is not empty, we reach a contradiction. Indeed, recall that

d |1
B N R
dt[F+]_ 7

By integrating the above estimate on [T',¢], we obtain

1 1

o S Em T

which is contradictory with F(¢) > 0 for large ¢. This means that £y = 0 and so
K- ={1,..., K — 1}: the signs of the solitary waves are alternate. O

7.2 No soliton case

If @(t) converges to 0 as t — oo, using the energy functional (see the proof of Lemma

1)

N(t) = /(v2 + (0pu)? + u? + 2auv — %u4)

and we compute %N = —2aN. This proves the exponential convergence to 0 of @ in X.

7.3 Multi-soliton case

In view of the alternate signs property , the system (62)) is rewritten

K

_ e (e_(yk—yk—l) _ e—(yk+1—yk)) (69)

Uk

This system of ODEs is studied in [16] and [10], where it appears in a different context
(the description of characteristic blowup points of the semilinear wave equation).
We check that an explicit solution to the ODE system is given by

K+1
gr(t) :== (k—;) logt +71, fork=1,...,K, (70)

where (7)k=1,.. Kk are constants uniquely defined by

K
2 K —

E e =0, e (Th+177Tk) = ﬂ,yk where ~;, = k(Qk‘l) (71)
K

k=1

(The first relation is choice made without loss of generality.)
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A A positivity result

Lemma A.1. Let P = sech? and Z = sech!. For any u € H', set

J(u) = /(u’)2 — 6/Pu2.

Let

v =inf {J(u):u € H' with (u,P) = (u,Z) =0, |Ju|[2 = 1} . (72)
Then v = 0.
Proof. Set R=1-— %P and Au = —u” —6Pu. Observe that P, Z, R' € H*® and R € L°.

Moreover, AP = —4P, AZ = —-Z, AR=0and (P,Z) = (P,R)=(Z,R) = 0.

We first show that v < 0. This is because J(R) =0 and (R, P) = (R, Z) = 0. Since
R ¢ L?, one needs an approximation argument. Let ¢ be a smooth cut-off function
(C(z) =0 for |z| > 2, {(z) =1 for |z| < 1), set {(z) = ((ex) and let

Re = (R~ ||PIIZ(CR, P)P — | Z|| 3 (CR, 2) Z,
for e > 0. It follows that (¢, P) = ({, Z) = 0. Moreover,
(R, P)| = |(CR, P) + (1 = C)R, P)| = (1 = C)R, P)| S e V",
and as well |((R, Z)|| < e~ /€. Using similar estimates, it is not difficult to prove that
J(R) = J(R) + O(e7 V) = O(e™V/9).

Since || Re||z2 ~ e_%, it follows that J(R./||Rel/z2) — 0 as e = 0. Thus v < 0.

Now, to how that v > 0, we assume for the sake of contradiction that v < 0.

Let (un)n>1 be a minimizing sequence for problem . Since (un)n>1 is clearly
bounded in H?, there exists u € H! such that (after extracting a subsequence) u, — u
weakly in H' and strongly in L?({|z| < k}) for all & > 0. It follows that (u, P) =
(u, Z) = 0 and that J(u) < liminf J(u,) = 7. In particular, J(u) < 0 so that u # 0. If
llullg2 < 1, then J(u/||u||z2) < 7, which is absurd. Thus we see that u is a minimizer.
It follows that there exist real constants A, u, v (the Lagrange multipliers) such that

J (y) = 2Au = \u+ uP +vZ.

Multiplying the above equation successively by P and Z and using the orthogonality
properties and the equations for P and Z, we see that u = v = 0. Moreover, multiplying
the equation by u we obtain A = 2v; and so

Au = yu.

In particular, u € H.
We next claim that v # —1. Indeed, if v = —1, then v”Z —uZ" = 0 by the equations,
so that w/'Z — uZ' is constant. Since u'Z — uZ' vanishes at 00, we see that v'Z = uZ’,
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so that u and Z are proportional. This contradicts the orthogonality of v and Z and
proves the claim.

Since 7 < 0, u does not vanish for |z| large. In particular, v has a finite number
of zeroes. Also, since (u, P) = 0 and P > 0, u has at least one zero. We claim that
v > —1. Indeed, suppose to the contrary that v < —1, and let xyp be the smallest
zero of u. Without loss of generality, we may assume that v > 0 on (—o00,zp). On
(—o0, min{0, zg}), we have u, Z > 0 and v’ Z —uZ" = (—y—1)uZ > 0. Thus v'Z —uZ" is
increasing on (—oo, min{0, zo}). Since u'Z—uZ’ vanishes at —oo, we see that v'Z—uZ’ >
0 at 2 = min{0, zo}. If zg = min{0, 2o}, then (v'Z —uZ")(xo) = v/ (20)Z(x¢) < 0, which
is a absurd. Thus z¢p > 0; and so u > 0 on (—o00,0]. One shows similarly that u < 0
on [0,00), which is a contradiction and proves the claim v > —1. Therefore —y —1 < 0
so that, arguing as above, v'Z — uZ’ < 0 on (—oo, min{0, zo}]. It easily follows that
xg < 0, i.e. u has at least one zero on (—o0,0). Similarly one shows that u has at least
one zero on (0,00), so that u has at least two zeroes.

We finally conclude. Let xy be the smallest zero of u, and let —a < 0 < a be the two
zeroes of R. Assuming 29 < —a, we have u"R — uR" = —yuR > 0 on (—o0, z9) (recall
that v < 0). Since /'R — uR’ vanishes at —oo, we conclude that (v'R — uR')(zg) > 0.
As (WR — uR')(xo) = v/ (z9)R(x¢) < 0, this is absurd. Therefore —a < x¢, i.e. R has
a zero on (—oo,xg). Similarly, if 1 > x is the largest zero of u, then R has a zero on
(x1,00). Finally, by a similar Wronskian argument, we see that between any two (finite)
zeroes of u, there is a zero of R. Thus R has at least three zeroes. Since R has exactly
two zeroes, we obtain a contradiction which completes the proof. O
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