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• S : surface of genus g ;

• p1, . . . , pn : n points on S

• S∗ = S \ {p1, . . . , pn}

• X : Riemann surface of genus g

• x = (x1, . . . , xn) : n-tuple of points on X

• X ∗ = X \ {x1, . . . , xn}
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Definitions :
• a marking of the π1 of (X , x) is an isomorphism

ϕ : π1(g , n) ≃ π1(X
∗)

(
modulo Inn

(
π1(g , n)

)C)

• Teichg ,n =
{(

(X , x), ϕ
) ∣∣ϕ marking of π1(X

∗)
}

• PMCG±
g ,n = Out

(
π1(g , n)

)C
= Aut

(
π1(g , n)

)C/
Inn

(
π1(g , n)

)C



Teichmüller theory

Theorems :

• Teichg ,n is isomorphic to a bounded domain in C3g−3+n

• PMCGg ,n is isomorphic to Bihol
(
Teichg ,n

)

• Teichg ,n
/
PMCGg ,n is isomorphic to Mg ,n

• PMCGg ,n is isomorphic to πorb

1

(
Mg,n

)
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Flat surfaces : definitions

• For θ > 0, Cθ = Euclidean cone of angle θ =

Def : a flat metric m on S∗ has a conical singularity at pk
if locally in the vicinity of this point :

•
(
S ,m

)
≃ Cθk for a certain conical angle θk > 0

• m = |zαkdz |2 for a certain exponent αk > −1

• θk = 2π(1 + αk) ; κ(pk) = curvature at pk = 2π − θk

Gauß-Bonnet : pk is a conical point ∀ k =⇒
∑n

k=1 αk = 2g − 2
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Flat surfaces : examples

• Flat metrics on X :

• m = |ω|2 with ω ∈ H0
(
X ,KX

)
translation surface

• m = |η|2/k with η ∈ H0
(
X ,K⊗k

X

)
(1/k)-translation surface

• m = |µ|2/k with µ ∈ H0
(
X ,K⊗k

X ⊗ Lρ
)
, ρ : π1(X )→ U

• Polygonal surface :
obtained by gluing
Euclidean polygons

:

Thm : (Delaunay decomposition)

A flat surface admits a canonical polygonal decomposition
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• α = (αk)
n
k=1 fixed such that

∑
k αk = 2g − 2

• Eαg ,n =

{
flat structures on S with a
αk -conical singularity at pk

}
/

isotopy

• (S ,m) ∈ Eαg ,n : m = |zαkdz |2 at pk ⇒ complex structure at pk

• Isomorphism Eαg ,n
∼
−→ Teichg ,n

(S ,m) 7−→
(
X , x

)
(
S ,mα

X ,x

)
←−p

(
X , x

)

Thm : (Troyanov)

For any (X , x), there exists a unique flat metric mα

X ,x on X

with mα

X ,x = |zαkdz |2 at the vicinity of xk , for every k
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For (X , x) ∈ Teichg ,n ≃ E
α
g ,n flat metric mα

X ,x on X

• ραX ,x : π1(g , n)
ϕ

// π1(X
∗)

holonomy of mα

X ,x
// U

• Kα =
{
ρ : π1(g , n) −→ U

∣∣∣ ρ(Ck) = e i θk
}
≃ U2g

• ‘Holonomy map’ Hα : Teichg ,n −→ U2g , (X , x) 7−→ ραX ,x

Thm : [Veech] Outside
(
Hα

)−1
(1) :

• Hα is a Cω-submersion

• Fα
ρ =

(
Hα

)−1
(ρ) : – complex subvariety of Teichg ,n

– dimC

(
Fα
ρ

)
= 2g − 3 + n

 Def : Fα =
{
Fα
ρ

∣∣ ρ ∈ Kα , ρ 6= 1
}

= Veech’s foliation
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• foliation Fα on Mg ,n :





− transversally modeled on E2g

− dimC

(
Fα

ρ

)
= 2g − 3 + n

− Fα
ρ locally modeled on CHp,q

•

{
ds2Euc transversally

+ Ωα
ρ on Fα

ρ

}
 volume form Ωα on Mg ,n

Questions :

• About Veech’s foliation Fα :
◮ dynamic ?
◮ geometry (∃ closed/algebraic leaves ?)

• “Veech’s volume conjecture” :

Volα
(
Mg ,n

)
:=

∫

Mg,n

Ωα < +∞ (?)
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• Ex. : g = 0 : X = P1 ∋ x1, . . . , xn, mα

X ,x =
∣∣∏

k(t − xk)
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∣∣2

ξ(γ) =

∫

γ

∏

k

(t − xk)
αkdt = hypergeometric integral
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•

{
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)
}
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• Kα = U2g = U0 =⇒ Fα has only one leaf : M0,n

•

{
0 < θk < 2π(
− 1 < αk < 0

)
}

=⇒ CHn−3-structure on M0,n = Mα

0,n

Thm : [Thurston] The metric completion Mα

0,n :

• is a CHn−3-conifold of finite volume

• is obtained by attaching to Mα

0,n some “C -strata” Mα
′

0,n′

• ∃ formula for the conifold angle around Mα
′

0,n′ of codim 1

• is a CHn−3-orbifold if α = (αk)
n
k=1 satisfies

(
INT

)
∀ k < ℓ : −1 < αk+αℓ =⇒

(
1+αk+αℓ

)−1
∈ Z

=⇒ construction of AR & NAR lattices in PU(1,m), m = 2, 3
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II. g = 0 : Deligne-Mostow

“Monodromy of hypergeometric functions” (1986)

• Veech’s map :

Vα : M̃0,n −→ CHn−3 ⊂ Pn−3 , x 7→
[∫

γℓ

∏
(t − xk)

αkdt
]n−3

ℓ=0

coincides with ‘Schwarz’s map’

Sα : M̃0,n −→ CHn−3 ⊂ Pn−3 , x 7→
[
Fℓ(x)

]n−3

ℓ=0

(Fℓ) = basis of the space of solo of the ‘hypergeometric system’

(
Eα

) ∂2F

∂xi∂xj
=

1

xi − xj

(
αi

∂F

∂xj
− αj

∂F

∂xi

)
, 1 ≤ i < j ≤ n−3

Thm : (Schwarz (1873) - · · · -) [Deligne-Mostow]

α satisfies (INT) =⇒ Monod
(
Sα

)
⊂ PU(1, n − 3) is a lattice
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• M1,n+1 of dimension n + 1 ; leaf Fα
ρ of dimension n

• [Veech] :




2π < θ1 < 4π

0 < θk < 2π
k=2,...,n+1


 =⇒ CHn-structure on Fα

ρ

Thm : [GP] For ρ torsion, the metric completion Fα
ρ :

• is a CHn-conifold with finite volume

• is obtained by adding to Fα

ρ – “C-strata” Fα
′

ρ′ (genus 1)

– “P-strata” Mα
′

0,n′ (genus 0)

• ∃ formulae for the conifold angles // strata of codim 1

=⇒ AR lattices in PU(1, n) for n ≤ 5
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• natural to study Fα on Torg ,n
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τ, z) ∈ H× Cn

∣∣∣ z = (z1 = 0, z2, . . . , zn)
zk − zℓ 6∈ Zτ , ∀ k < ℓ

}

• PMCG1,n/Tor1,n ≃ SL2(Z)⋉
(
Z2

)n−1
with standard action

• for (τ, z) ∈ Tor1,n : mα

τ,z =

{
flat metric on Eτ = C/Zτ

with [zk ] = αk -conical point

Prop : [GP] One has mα

τ,z =
∣∣T (u)du

∣∣2 with

• T (u) = Tα
τ,z(u) = e2iπα0u

∏
k θ

(
u − zk , τ

)αk

• α0 = α0(τ, z) = −ℑm
(∑

k αkzk
)/

ℑm(τ) ∈ R
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hα(γ0) = e2iπα0 with α0 = −ℑm
(∑

k

αkzk

)/
ℑm(τ) ∈ R

hα(γ∞) = e2iπα∞ with α∞ = α0τ +
∑

k

αkzk ∈ R

• Holonomy map writes as follows :

hα : Tor1,n −→ U2 ,
(
τ, z

)
7−→

(
e2iπα0 , e2iπα∞

)
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• the leaves of Fα are the affine subvarieties

Fα

a : a0τ +
∑

k
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Fα = foliation on M1,2

{
– canonical

– by CH1-curves



Thm : [GP]

• In Tor1,2, for any a = (a0, a∞) ∈ R2 \ α1Z
2 :

H
∼

// Fα

a

τ ✤

//

(
τ, 1

α1

(
a0τ − a∞

))

• The restriction Fα

a → Fα

a of Tor1,2 −→M1,2

is isomorphic to the quotient of H by

• Id : τ 7→ τ =⇒ Fα

a ≃ H

• T : τ 7→ τ + 1 =⇒ Fα

a ≃ infinite cylinder

• Γ1(N) =⇒ Fα

a ≃ H/Γ1(N) = Y1(N) , N ≥ 2

• Closed leaves of Fα : the Fα

(0,1/N) ≃ Y1(N) with N ≥ 2
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0 Tτ (u)du
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Prop :
(
Ellα1

N

)
Fuchsian at i∞ + formula for the projective index



Thm : [GP] For any α1 ∈]0, 1[ :

• Veech’s CH1-structure of Y1(N)α1 extends as a conifold
structure X1(N)α1 on the compactification X1(N)

• The conifold angle of X1(N)α1 at c = [a/c] ∈ P1(Q) is

θc = 2π
c(N − c)

N · gcd
(
c ,N

) · α1

• α1 =
N
ℓN∗ with ℓ ≥ 1 =⇒ X1(N)α1 is a CH1-orbifold

• p prime : Area
(
Y1(p)

α1
)
= π

6 (1− α1)(p
2 − 1)

• One has Vol
(
Mα1

1,2

)
= π

6 (1− α1) <∞


