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ABSTRACT. Let G be a group with subgroup H, and let (w,V) be a
complex representation of G. The natural action of the normalizer N
of H in G on the space Homp (7, C) of H-invariant linear forms on V,
provides a representation y . of N trivial on H, which is a character when
Homp (7, C) is one dimensional. If moreover G is a reductive group over
a p-adic field, and 7 is smooth irreducible, it is an interesting problem
to express X in terms of the possibly conjectural Langlands parameter
¢ of 7. In this paper we consider the following situation: G = GL,, (D)
for D a central division algebra of dimension d? over a p-adic field F, H
is the centralizer of a non central element § € G such that 62 is in the
center of G, and m has generic Jacquet-Langlands transfer to the split
form GLpq(F) of G. In this setting the space Homp (7w, C) is at most
one dimensional. When Hompg (7,C) ~ C and H # N, we prove that
the value of the y on the non trivial class of % is (—1)"€(¢x) where
€(¢r) is the root number of ¢-. Along the way we extend many useful
multiplicity one results for linear and Shalika models to the case of non
split G, and we also classify standard modules with linear periods and

Shalika models, which are new results even when D = F'.

1. INTRODUCTION

Let G be a group and H be a subgroup of GG, abbreviated as H < GG. De-
note by N the normalizer of H in G and let 7w be a complex representation
of G. The group N acts naturally on Homp (7, C) by n.L = Lo n(n)™'.
When moreover Homp (m,C) is one dimensional, this action is given by a
character y, of N which factors through the quotient % Furthermore, if
G is a reductive group over a p-adic field, and 7 is smooth irreducible, it
is an interesting problem to determine x, in terms of the possibly conjec-
tural Langlands parameter ¢, of w. This paper considers this question in
the following situation: G = GL,,(D) for D a central division algebra of
dimension d? over a p-adic field F, and H is the centralizer of a non central
element ¢ € G such that 62 is in the center of G, and 7 has generic transfer

to GLy,q(F). Such a situation is indeed a multiplicity one situation, i.e.
1
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Homp (7, C) has dimension at most one, see Theorem of this paper for a
more general statement. Our main result is the following (see Theorem [6.1
and Section for the unexplained terminology used in its statement):

Theorem 1.1. Suppose that N # H so the group % = {I,n,u} has order
two. Let  be a smooth irreducible representation of GL, (D) with generic
transfer to GLy,q(F), and such that Hompg (7, C) # {0}. Then:

(a) The Langlands parameter ¢, of w is symplectic.

(b) Homp(w,C) ~ C.

(c) The character xr of & given by its natural action on Hompg (w, C) is
expressed by the formula

X=(@) = (=1)"e(¢x),
where the root number €(¢r) is independent of the choice of any non

trivial additive character of F used to define it.

This in particular extends [Pral Theorem 4] of Prasad, which is the spe-
cial case where G is an inner form of GLa. It also extends [LM, Theorem
3.2] which is the special case of split G = GL,(F) and H =~ GL,,/5(F) x
GLy,/2(F). Actually [Pra, Theorem 4] was used in [CCI] to study Heegner
points on a general class of modular curves, and it was mentioned to us by Li
Cai that our main result could have possible number theoretic applications
to more general problems of this type.

The sign of all irreducible representations seems more difficult to compute,
and will require a detailed study of intertwining periods as in [Mat7], if one
wants to apply the techniques of the present paper. We hope to come back
to it later.

When we restrict to representations with generic transfer, then there is
an explicit classification of distinguished representations in terms of their
Langlands parameters when 62 is not a square in the center Z of G and
the residual characteristic of F' is not 2: the Prasad and Takloo-Bighash
conjecture for trivial twisting character is indeed proved in the papers [Xue],
[Suzl], [Sél], and the final step [SX] which relies on the result of [Chol
as a separate case. Actually in this paper, we only need to know that
the Langlands parameter of such a representation is symplectic, and this
follows from [Xue|], [Suzl], [SX] and [Cho] without any restriction on p.
We also establish such a classification (and actually more) when 62 is a
square in Z, extending results from [Mat3] and [Mat2] for the split case,
thanks in particular to results of [BPW] on discrete series representations.
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The computation of the sign relies on a local/global argument for cuspidal
representations, relying on some global results from [X7Z]. It is then extended
to discrete series, and then to generic representations using some explicit
linear forms on induced representations called intertwining periods. The use
of such linear forms to analyze the sign of induced representations already
appears in [LM| Lemma 3.5]. In fact these linear forms also appear in the
local/global argument in the computation the sign of generic unramified
representations when 42 is not a square in Z, whereas the results of [FJ] are
used when it is.

We now briefly describe the different parts of the paper. In Section [3] for
H such that N # H, we recall the classification of H-distinguished standard
modules in terms of distinguished discrete series representations of G due to
Suzuki in the setting of twisted linear periods, i.e. when 2 is not a square in
Z (see [Suzl]), and prove it in the setting of linear periods, i.e. when 62 is a
square in Z, in Theorem (see Section [2.4] for more on the terminology).
We also obtain analogues of Theorem [3.12|in [3.21], where linear periods are
allowed to be twisted by a character, and extend the classification of generic
distinguished representations obtained in [Mat3] in Theorem Using the
Friedberg-Jacquet integrals theory, which is valid in our setting, we are also
able to classify standard modules with a Shalika model in Theorem [3.20
and prove multiplicity at most one for them in Corollary Parts of the
results described above require extending some results from [Mat2] to inner
forms, which require in particular Appendix

In Section {4 we reduce the computation of the sign of a representation
of G with generic transfer to that of cuspidal representations, using closed
and open local intertwining periods.

The sign of cuspidal representations is then computed in Section [f] by a
global argument, using local results from [EJ], global results from [XZ], and
an explicit unramified computation.

The main result of the paper is Theorem

There are three appendices. The first one, Appendix [A] extends a multi-
plicity at most one result of Chong Zhang (|Zha]) for linear periods of local
inner forms of GL,, from irreducible unitary to all irreducible representa-
tions, and proves more results of this type. The second one, Appendix
extends parts of the theory of Bernstein-Zelevinsky derivatives to represen-
tations of non-Archimedean inner forms of GL,,. It is in particular used to
compute the sign of Steinberg representations. It is also used in the third
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appendix, namely Appendix[C] to prove that generic representations cannot
have a linear model with respect to GL,(D) x GLy(D) when |[p —¢| > 2,
thus extending [Mat2, Theorem 3.2].

Acknowledgement. This paper was written under the impulse of a
question asked to the fourth named author by Erez Lapid, and we thank him
for this as well as for useful comments, especially for drawing our attention
to the paper [LM]. We also thank Dipendra Prasad. Li Cai and Miyu
Suzuki for useful remarks. H. Lu and C. Yang are supported by the by the
National Natural Science Foundation of China (No 12301031 and 12001191
respectively).

2. NOTATIONS AND PRELIMINARY RESULTS

Let F be a field of characteristic different from 2, and let D be a division
algebra with center F' and of dimension d? over F. For m a non-negative
integer, we set Gy, = GL,,. The group Go(D) is trivial by definition. For
m = 1, we denote by J a non central element in G := G, (D) such that
k := 62 is in the center of G, and set H to be the centralizer of § in G. The
group G is equal to the group consisting of invertible elements of the central
simple F-algebra A := M,,(D) =: M,,. Then H is a symmetric subgroup
obtained as the fixed points of the inner automorphism

6 := Ad(6) : g > 6gd "
of G. We identify the center Z of G with F*.

2.1. Symmetric pairs. Here we identify three different situations for the
pair (G, H). The assertions below follow from basic results in linear algebra,
extended to vector spaces over division algebras as in [Lip]|.

1) If 62 € (F*)?, then there are non negative integers p > ¢ such that
p + ¢ = m, and such that § is up to scaling in F'* conjugate of
or,, = diag(lp, —I;).
With such a choice of § we identify H to the maximal block diagonal
Levi subgroup
Ly := diag(Gp(D), G4(D))
of G. When convenient, we will prefer to take

§ =6p,, :=diag(lp¢,1,—1,...,(=1)7"")



THE SIGN OF LINEAR PERIODS 5

in the conjugacy class of 0, the centralizer of which we denote by H, ,
and can be described as in [Matl]. Finally when convenient, for p = ¢,

I
o= 5Mp,p = (Ip p) ,

with M, , = H the centralizer of dyy, .
If 62 € F* — (F*)?, then E = F[§] € A is a quadratic extension of F,

and n := md is even.

we will take

(a) There exists an F-algebra homomorphism from F to D (it is unique
up to D*-conjugacy by the Skolem-Noether theorem). When F is
a local field, this simply means that d is even. We may assume
E € D. Then H identifies with G,,(Cg), where Cg is the central
E-division algebra centralizing E in D, and § identifies with the
matrix 0.1, € G, (E).

(b) There is no F-algebra homomorphism from E to D. When F is a
local field this means d odd. Then we put Dg := D®p F, and it is a
central E-division algebra. We realize Dy inside A as the matrices

KY

Yy
make the following identifications:

s ((, %) oef, )0

H = Hy, := Gpo(Dp).

set of matrices with « and y in D. In this situation we

and

However we will also take

5 _ IiIm/Q
Im/2

when convenient, in which case

H:H;nzz{(g ”f)e(;, A B eMm(D)}.

2.2. Normalizers. In this paragraph we compute the normalizer of H in

G in the different cases singled out in the previous paragraph.

)

Take H under the form H = L, ,. If p # ¢, the normalizer N := Ng(H)

is equal to H. Indeed for n in IV, the matrix ndeyqnfl

must still belong
to the center of H, so it must be of the form diag(Alp, ul,). Reasoning

on the possible choices of eigenvalues and their multiplicity, we deduce
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that A = 1 and u = —1. Hence n centralizes 0z, , and so it belongs to
H. If p = g a similar reasoning implies that

N = H uuH,

0 Ly
U= Uy, 1= .
~Ls 0

If we choose H = H,;, /2 ,,,/2 then we take

where

U = Uy 1= 5Mm/2,m/2a

whereas if we choose H = M,;, /5 . /2 then we take

U = Uy, := diag(Ly o, —Iny2)-

2) (a) If d is even, then by [Cho], one can write D = Cg + (Cg where ¢ is

such that
0(t) = —t.

In this situation conjugation by ¢ on the central F-division algebra
CEg induces the Galois involution on E because otherwise ¢ would
centralize E, which it does not. Now take n € N. The inner
automorphism Ad(n) of M,,(D) is an F-linear automorphism of
M (CE), which stabilizes its center E. If it induces the identity
on E, then n € H by the definition of H, and if not then Ad(:~'n)
induces the identity of E, hence tn € H. The conclusion here is that

N =H uuH,

where © = Uy, := tIpy,.
(b) If d is odd, a similar reasonning, using the Skolem-Noether theorem

proves that

N =H uuH,
where this time

U = Uy, = diag(1,—1,...,(=1)™1)
it H=H,, and
U = Up, := diag(l,, — L)

if H=H],.

2.3. Local Langlands correspondence for inner forms of GL,. Here
F is a local field of characteristic zero. We denote by | |r the normalized
absolute value of . When F' is non Archimedean, we denote its residual
cardinality by ¢, and by o its uniformizer. We denote by Nrd the reduced
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norm on G, and for g € G we set

v(g) = |Nrd(g)|r-

We only consider smooth admissible complex representations, which we call
representations. When F' is Archimedean we moreover require them to be
Casselman-Wallach representations as in [FJ] for example. When F is p-adic,
we recall that thanks to [HT] and [Hen], one can associate to any irreducible
representation m of GL,,(F') a semi-simple representation ¢, of dimension n
of the Weil-Deligne group WDy of F', which we call its Langlands parameter.
When F' is Archimedean, taking the Weil-Deligne group of F' to be equal to
its Weil group, one can do the same association thanks to Langlands’ work
[Lan|, and we refer to [Kna] for more details on GLj,.

We denote by JL the Jacquet-Langlands correspondence, which is a bijec-
tion from the set of isomorphism classes of discrete series, also called essen-
tially square integrable representations of G, to that of GL,(F) (see [DKV]
and [BR] when F is archimedean). In [Badl] when F' is non Archimedean
and [BR] when F' is Archimedean, the Jacquet-Langlands correspondence
was extended to an injective map from the Grothendieck group of finite
length representations of G to that of GL,(F). These references actu-
ally define a surjective morphism LJ,, in the other direction, which has the
Jacquet-Langlands correspondence as a section.

An irreducible representation of GL,,(F') is called generic if it has a non
degenerate Whittaker model, see [JS]. Using the standard product notation
for normalized parabolic induction, it follows from from [Zel] and [Jac2]
that and irreducible representation of GL,,(F') is generic if and only if it is
a product of discrete series representations.

Definition 2.1. Let w be an irreducible representation of G. We say that

it is gemeric if it has generic transfer to GL,(F), i.e., if it is of the form

LJy(mo) for mo a generic representation of GL,(F), in which case we set
JL(7) := mp.

We moreover define the Langlands parameter ¢, by

Or = Pry-

Remark 2.2. If 7 is generic, then it can be written as a product of discrete
series representations

T =201 X+ X0
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and
JL(7w) = JL(61) % - -+ x JL(J,).

Definition 2.3. We say that a generic representation m of G is symplectic
if its Langlands parameter ¢, is a symplectic representation of WDp, i.e. if
it preserves a non degenerate alternate form.

For p-adic F', we refer to [Zel| and [Tad] for the parametrization of discrete
series representations of G in terms of cuspidal segments, as well as for the
vocabulary related to these objects. In [Tad|, a positive integer s(p)|d is
attached to any cuspidal representation p of G. It can be described as the
smallest non negative real number s such that p x *)p is reducible. For p
a cuspidal representation of G, we set

m(p) = PITDSON2 s (Ds0)/2),

Then m:(p) has a unique irreducible quotient, denoted by St:(p).
If p is a cuspidal representation of G,(D) with transfer

JL(p) = St;(p')
to GLgq(F) for some r dividing ad and p’ a cuspidal representation of
GLaa (F), then

JL(Ste(p)) = Ster (o).
In particular, when p = 1% we have r = d and p' = 15+, i.e.
JL(St¢(1px)) = Steq(1px),
Let F any local field of characteristic zero, and m be a generic represen-

tation of G. For ¢ a non trivial character of F', we denote by €(1/2, ¢, )
the Langlands root number attached to ¢, as in [Tat], and we set

e(m, ) == €(1/2, r, ).
It is known that this root number is the same as the one defined in [GJ]
via the Godement-Jacquet functional equation. If moreover 7 is symplectic,
then €(1/2, ¢, ) is independent of the choice of ¢ and we write:

e(m) := e(m, ).
When F' is p-adic, we will use the following well-known formulae concern-
ing root numbers which can be found in [GJ] and |GR].
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(a) If p is a cuspidal representation of G, with transfer JL(p) = St,.(p’)
to GLggq(F'), then

e(Sti(p), ) = e(p', )"

except when p is an unramified character y o Nrd of G; = D*, in
which case the formula is given by

(2.1) €(Ste(j1 0 Nrd), ) = (—pa(ror)) ™ (g1, ).

In particular when St;(u) is self-dual, we observe that

e(Ste(n),v) = e(n, ¥)*
when g = 71 is the unramified quadratic character of F*, which is
the same formula as that in Equation ({2.1), whereas when p = 15«

we obtain

e(Ste(L1px)¥) = (=)™ e(Lps, )™,

(b) If 7 is an irreducible representation of G with central character wy,

6(71', ’(/})6(71-\/ 3 w) = wﬂ'(_l)
(c) If m; and my are irreducible representations of G,,, and G, respec-
tively, such that w1 x o is irreducible, then

e(m x ma, ) = e(m,p)e(ma, ).

(d) If 7 is a generic unramified representation of GL,(F") and % is un-
ramified as well, then

e(m, ) = 1.

2.4. Local linear periods and their sign. Here F' is a local field of char-

acteristic zero.

Definition 2.4. Let m be an irreducible representation of G and x be a
character of H. We say that 7 is x-distinguished if Hompg (7, x) # {0}.

Moreover if 7 is distinguished:

1) if 62 € (F*)?, we call an element in Hompy (7,x) — {0} a x-linear period.
2) if 62 ¢ (F*)?%, we call an element in Hompy (m,x) — {0} a twisted x-linear
period. Furthermore for such an invariant linear form L:
(a) if d is odd we say that L is a twisted x-linear period of odd type.
(b) if d is even we say that L is a twisted x-linear period of even type.

We will mostly consider the case of the trivial character x = 1y of H, in

which case we will omit x in the terminology above.
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If 7 is distinguished, then by [JR], [Guo|, [BM], Appendix [A|and Appen-
dix[C] we have much information on the dimension of the space Homp (m, C).

Theorem 2.5. Let w be an irreducible representation and suppose that H #
H,, 4 such that |p —q| = 2. Then

dim(Hompg (7, C)) < 1.
If |p — q| = 2 this conclusion holds for irreducible unitary representations as
well as for generic representations. In fact for generic representations we
have

dim(Hompg (7, C)) =0
when |p —q| = 2.

Remark 2.6. When G is split, it is proved in [JR] that dim(Hompg, (7, C)) <

1 for any irreducible w, without any restriction on p and q.

In particular for any distinguished generic representation 7 of G, we define
the character x, of % by the equality for all n € N:
Lom(n)™ = x«(7)L.
The problem is that of computing x, in terms of its Langlands parameter
O
We recall that % is trivial in the case of linear periods when p # ¢, so
we forget about this case unless explicitly stated. Hence our three cases are

now:

1) Linear periods with respect to H conjugate to Lo j2,m/2-
2) (a) Twisted linear periods of odd type.
(b) Twisted linear periods of even type.

Distinguished generic representations of GG always have a symplectic Lang-
lands parameter as explained in Corollary As we shall see that the
solution to our problem involves the quantity e(r), it will be convenient to
define the sign of the (possibly twisted linear period on the) distinguished

representation 7 by:

sgn(rm) = () = Xx(w)e(m).

3. RESULTS ON DISTINGUISHED STANDARD MODULES

3.1. Friedberg-Jacquet integrals for inner forms and applications
to linear periods and Shalika models. Here G = G,,(D) =: G, with
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m even. In Section [5.2] allowing F' to be Archimedean, we will use the
Friedberg-Jacquet integrals in the case where G is F-split. Indeed the full
theory of such integrals is developed in [EJ] over all local fields when G is
F-gplit. In the present paragraph we consider general G, but restrict to F
non Archimedean. We explain why the Friedberg-Jacquet integrals are well
defined, and why their ged is the Godement-Jacquet L-function for G' not
necessarily F-split. The very clever computations in [EJ] easily extend to
our G, but some proofs of [FJ] are only given for Archimedean F' as this
case is more difficult. The details of their proofs were written in [Mat2] and
[Mat5] in the non Archimedean case for split G, but the situation in [Mat2] is
complicated by the fact that the Shalika functionals are with respect to the
Shalika model of the mirabolic subgroup. Hence some integrals of Shalika
functions in [Mat2] are not obviously absolutely convergent anymore, as
in the case of Shalika functionals with respect to the Shalika subgroup of
G. Here we briefly explain why [FJ] applies without modifications to our
setting, giving a simplified version of the arguments in [Mat2]. The reason
for studying Friedberg-Jacquet integrals is that following [Mat5| for split G,
one proves using such integrals that if § is a discrete series representation
of G, and if x is a character of H = Ly, /2,2 trivial on G,,/» diagonally
embedded, then § has a x-linear period if and only if it has a Shalika model.
This result is then used in Section B.4] for the classification of standard
modules of G, with a linear period when m is odd, though this classification
is not really needed in this paper. However it is used in Appendix [A]to prove
multiplicity one of linear periods for the pair (Gag+1, Gg+1 x Gy).

First we recall the definition and properties of Godement-Jacquet inte-
grals for induced representations of G. We recall that n = md. Let

T=m1 X+ X Ty

be a representation of GG with each 7; irreducible. For ® a Schwartz function
on M := M,,, and ¢ a matrix coefficient of m, we set

Z(s,®,¢) = L B(g)c(g)(g)* T dg.

We moreover say that 7 is a standard module of G if each 9; := 7; is a discrete
series such that e(d;) = e(d;4+1) fori =1,...,7 — 1, where e() is the unique
real number such that v —¢(9)§ is unitary. We recall that the Langlands
classification (see [Tad|]) says that standard modules of G have a unique
irreducible quotient, and conversely that each irreducible representation of
G is the quotient of a standard module.
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The first part of the following statement is proved in [GJ]. The second
part for Langlands quotients of standard modules is proved in [Jacll (2.3)
Proposition, (3.4) Theorem)] for split G with a proof valid for any G, follow-
ing |GJ].

Theorem 3.1 (Jacquet). (a) For m = m x -+ X m, a representation
of G with each w; irreducible, the integral Z(s,®,c) converges for
s of real part large enough, and extends to a rational function of
qr°. Moreover the vector space spanned by the integrals Z(s,®,c)
s a fractional ideal of (C[q%s] and the normalized ged L(s, ) of this
fractional ideal is equal to the following the product of Godement-

Jacquet L-factors
s
L(s,m) = HL(S,ﬂ'Z‘).
i=1

(b) If moreover m is a standard module with Langlands quotient LQ(r),
then

L(s,m) = L(s,LQ(m)).
We now denote by S, the Shalika subgroup of G,,,. By definition it is the
set of matrices

S, 1= {S(gvx) = dlag(gjg) (Im/2

x
I ) ) QEGm/Qa'fCEMm/Z}’
m/2
We fix 1) a non trivial character of F', and denote by © the character of S,,

defined by the formula
O(s(g, z)) = (Trd(z)),

where Trd is the reduced trace of M, ». If 7 is a smooth representation of
G, and L € Homg,, (7, ©) — {0}, we call the space
Sp(m,0) :={Sy, : g — L(n(g)v), ven}

the Shalika model of 7 attached to L (and ). When G is split it is
known thanks to [JR] (and [AGJ] when F' is Archimedean) that the space
Homg,, (7,0) is at most one dimensional for any irreducible 7. For G as
in this paragraph and 7 a discrete series representation, the multiplicity of
Shalika functionals is again known to be at most one by [BPW]. We will
extend their result to all irreducible representations in Corollary and
thus remove the dependence to L in the notation for the Shalika model of
irreducible representations. The following generalizes the p-adic part of [E.J,
Proposition 3.1], and follows from its proof.



THE SIGN OF LINEAR PERIODS 13

Proposition 3.2. Let m be a representation of G as in Theorem @,
and suppose that
Homg,, (7, ©) # {0}.
Take L € Homg,, (7,0) — {0} and S € Si(7,©), and o a character of F*.
Then the integral
Vo(s.5) = | S(dinglo. L))a(Ned(g))w(o) g
m/2

is absolutely convergent for s of real part large enough and extends to a
rational function of q}s. Moreover the vector space spanned by the inte-
grals W, (s, S) is a fractional ideal of (C[q%s] and the normalized gcd of this
fractional ideal is the Godement-Jacquet L-factor L(s, am).

Proof. We can suppose « trivial as in the proof of [FJ, Proposition 3.1] and
set U(s,S) := ¥u(s,S). We denote by K,, the maximal compact subgroup
GL,,(Op) of Gy, where Op is the ring of integers of D. For S € Si(m, ©)
and ¢ € CX(M,, R CP RS K,,) a smooth function with compact support
in Mo, 2 X Gy % Ky, we define

-1 u
Se(g) = Lb,ks <g (b 1) (1 1) (1 b) k)) é(u, b, k)v(b)"2dbdudk,

with variable

(u,0,k) € Mypy X Grpjo X Koy
Clearly Sy € Sp(m,©) and one can write S = Sy for some well chosen ¢
by [Mat2, Lemma 4.2]. For such a ¢, we denote by Ky its support in the
variable b € Gy, /2, and by ¢' the characteristic function of K(;l. We then
attach to ¢ a map

, ((a Z) ,k:) = » d(u, b, k)¢ (v)O(ua — vr)dudv

with compact support in the variable (a, z,b, k) € M, 0 X M.y, 10X Gy o % Koy,
by properties of the Fourier transform.

Let €2 be the open set of matrices <a
c

Z) of M, with (c d) of rank m/2

b
in M, /2.m, and Qg its subset of matrices (g d) with d invertible. The
map

r:(p, k) — pk
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from g x K, to {1 is proper and surjective. We then define ®4* on €2, by
Dy« (pk) = J Dy (pk'™L K k)dK,
K'€KmnPimy2,m/2)

for (p, k) € Qo x K. The map ®,* is well defined and has compact support
in Q as r is proper, it is moreover fixed by some open compact subgroup
of K, which stabilizes {2 by right translation, hence it is smooth. We thus
extend ®4* by zero outside {2 to obtain a smooth function on M,,,. We now
define the integrals

I(S,<I>¢,a,b)=J SUY VYo, ([ 7). k| dedk
TEM /2, kEKm b b

and

J(S’ ¢7 a? b) =

J s{(® Lz w N (T2 Y 1) o b, ) dud,
UEM 2, KEKm Im/2 Im/2 b

It is proved in [Mat2l Lemma 4.3] that they both converge absolutely and
are equal, and have compact support with respect to the variables a € M, s,
and b € G, /2, and k € Kp,. Now we claim that the integral

(n=1)

J I(S, @4, a,b)v(a)* "v(b)* 2 dadb
(a,b)eGZm/2
converges absolutely for s of real part large enough, and is of the form
P(q %)L(s,n) for P € C[X*!] in its realm of convergence. Indeed:

f (S, @4, a, b)u(a)* " v(b)* 7" |dadb
(aJJ)EG’fn/2

(n=1)

<| 1S, 4], a, by(a) ™ (b 5 dadh
(a,b)ern/2

(n=1)

- | 1(S), 1941, a, Bw(@)™ @ 67O+ dadb
(a,b)eG

m/2

(n—1)
:f 1S (9)]| D (9) ()12 dg
geG

$p (=)
- f 15V (9) @ (9) () U5 dg
geG

where the penultimate equality follows from Iwasawa decomposition, and in
the last one U < K, is a compact open subgroup of G fixing ®4, under right
translation and SU is the right average of S by U. Because SU is a genuine
matrix coefficient of w, we recognize the absolute value of an integrand of
a Godement-Jacquet integral for 7 in the last equation hence the absolute
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convergence. This also implies the equality

J( e 1(S, @, a, b)r(a) v (b)** T dadb = Z(s,® 4, SU)
a,b)eG?,

/2
hence the existence of the Laurent polynomial P. On the other hand

J< e 1S By, a,b)(a) "u(b) T dadb
a,b)eG2,

/2

- f J(S, ¢, a, b)v(a)* " (b)*+ 7 dadb
(a.b)eC?, ,

= U(s,Sp).
So far we have proved every part of the statement we want to obtain, except
the assertion on the normalized ged of the integrals W(s, S). This assertion is

easier and follows word for word from [EJ, beginning of p.111 and Lemmas
3.2 and 3.3]. Q.E.D.

For a and b two non negative integers, we define the character x, of Ly
by
Xa(diag(g1, g2)) = a(Nrd(g1)Nrd(g2) ).
Let Vi be the space of m as in Theorem (d). For L € Homg,, (m, ©),
and v € 7, we define S, 1, € Sp(m, ©) by the formula
Sv,L(g) = L(m(g)v)-
We then define the linear map
\Ila Y v
Apqo v lim M

s>l L(s,am)

which makes sense thanks to Proposition As explained in [JR] p.117],

we deduce the following from Proposition [3.2

Corollary 3.3. Let m be a representation of G as in Theorem @, and
suppose moreover that it has a Shalika model, then it is xo-distinguished.
More precisely we have an exact sequence

0 — Homg,, (7,0) —» Homy, , (7, Xa)-

In particular

dim(Homg, (7,0)) <1

whenever m 1s irreducible.

Proof. The linear map

Le Homsm (71’, @) — AL,ofl € HOHle/Q’m/2 (7T, Xac)
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is injective as Ay, is nonzero as soon as L is thanks to Proposition The
second statement follows from Appendix [A] which uses the classification of
standard modules with a linear period (i.e. @ = 1px) given in Theorem

B2 Q.E.D.

Corollary 3.4. Let § a discrete series representation of G. Then § has a Xq-
linear period if and only if it has a Shalika model, and if so it is symplectic,

hence selfdual, and Hom(d, xo) has dimension one.

Proof. All arguments in [Math, Section 2], in particular Proposition 2.2
there, are valid for G. We mention in particular that thanks to Proposi-
tion the statement of [Math, Proposition 2.3] is valid for the standard
module 7 of G, hence the proof of [Mat5, Theorem 2.1] works without any
modification. We highlight that the most delicate part there is the exten-
sion of linear form argument at the end of the proof of [Mat5l, Theorem 2.1],
which works equally well here thanks to Theorem (]ED Q.E.D.

Remark 3.5. In the split case it is proved in [Yan, Corollary 3.6] that
Corollary [3.4 holds more generally for generic representations, using Gan’s
technique of relating periods via Theta correspondence. However this uses
the realization of contragredient of a representation using transpose inverse,
hence it seems to not extend directly to the case of inner forms. As well the
unfolding principle of [SV] does not seem to extend easily to linear periods
twisted by a non unitary character, as was already observed in [Mat5h, Remak
2.1] in the split case. In Theorem[3.21] below we extend [Yan, Corollary 3.6]
to standard modules for a wide family of characters x..

Remark 3.6. For F-split G, the sign of generic representations is given
at once by the functional equation of the Friedberg-Jacquet integrals. Again
this functional equation is established using the realization of contragredient
using transpose inverse, so this is one reason why the theory above does not
include this functional equation. Note that our sign computation will prove
the Friedberg-Jacquet functional equation of generic unitary representations
of G at least at the value s = 1/2.

3.2. Preliminaries for the geometric lemma applied to linear peri-
ods. Here we provide the necessary material to apply the geometric lemma
of [Off2, Corollary 5.2] in the context of linear periods. Let P = Py, m,)
be a standard upper block triangular parabolic subgroup of G attached to
the composition (myq, ..., m,) of m, and suppose p = ¢ are two non negative
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integers such that p + ¢ = m. We recall that from an immediate generaliza-
tion of the arguments at the beginning of [Mat3l Section 3] (see also [Yan]
for a different approach), the double cosets P\G/H), , are parametrized by
sequences of non negative integers of the form

S =

+ o= + = + -
(MY 1, MY 1M1 2, T M2 1, MG 5, Mg 9, T2 o M2y e s MLy e ey M1, M M)

such that if one puts

et -
Mg 2= My, +m;;,

)

then the matrix (m; ;)i j—1,..r is symmetric, and for all i one has

T
2 mij = My,
j=1
and
T T
DI IOTE S
i=1 i=1
We denote by Zp this set of parametrizing sequences. Given s € Zp, we
can associate to it a standard parabolic subgroup Ps = M U; < P with the
standard Levi M; of type
(m1,17 e, My, My p—1, mr,'r)a
where we ignore the zero’s in the above partition of m, as in [Mat3l, Section

3]. We also have an involution 65 on M, and a positive character d5 of M, fS,

that was denoted by

512

05 1= 00O,

and was computed explicitly in [Mat3, Proposition 3.6]. For « a character
of F*, and a and b two non negative integers, we denote by

€o: Hp g — C*

the character of Hy,, corresponding via the natural isomorphism between
H, 4 and Ly, described in [Mat2l, Section 2] to the character

Xa : Lpg — C*

defined in Section We observe that the computation in [Mat3l, Proposi-
tion 3.6] remains valid in our setting, under the following form:

Lemma 3.7. Set
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and
h = diag(h{y,hiy, b1, b1, hif, hy,) € M2
Then
(a)
mT .—m m . m;.—m m. .—m
J5J J5J _ 157 157 1,1 1,1 _ 7,1 1,7
6S(h) = H lu(h":rz) 2 u(hzgc) M( ;t]) lu’(hj,j)

Hfa (hf)ealhi;) ™"

3.3. Distinguished generalized Steinberg representations. We start
with a result that will be used in classifying standard modules with linear
periods in terms of their essentially square-integrable support.

Theorem 3.8. Let w be a discrete series representation of Gy, for m = 2
and let p and q be two non-negative integers such that p+q = m. If w is
(Hp,q, pt)-distinguished for p a character of Hp 4, then p = q.

Proof. We write m = St;(p) for p a cuspidal representation of G,. We can
suppose that both ¢ and r» > 2 thanks to Propositions and [B.5] Then
by an explicitation of [Off2] Corollary 5.2], we deduce thanks to the case
t =1and r = 2 that m;rz =my; whenever m;; is nonzero so p = q. We
refer to the proof of Theorem below for more details on such type of
computation in a more difficult case. Q.E.D.

We will also use the following fact, which follows from the results in [SX]
and [Xue| in the case of twisted linear periods, and is a special case of

Corollary [3.4] for linear periods.

Proposition 3.9. If 7 is a discrete series representation of G which is
distinguished, then m is symplectic, and hence it is selfdual.

Remark 3.10. In the proof of [Mat2, Theorem 5.1], there is an order mis-
take: p.16 the third equality should read

f 6(g)Pdg = j (1625 (2)dz
Mom\Gom M,

Observing that SMm(|¢>|2)K($)dm is also equal to SK(SMM |p(xk)|>dx)dk, the
Parseval identity should then be applied to each ¢ := ¢( . k) restricted to
M, i.e. equality number four should start as

fK<me (k) Pdz) dk = fK<me B (o) Pl =
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The rest of the equalities should then be corrected accordingly, and we refer
to the proof given in [Duhl, Lemme 5.7] for the correct full proof.

The following result is enough for our purpose, and in the case of linear
periods it follows from the proof of Theorem except when r = 1.

Proposition 3.11. Let p # 1px be a cuspidal representation of G,, and
suppose that St¢(p) is H-distinguished. Then there is up to scaling at most
one H-invariant linear form on m(p), so that the H-invariant linear form
on St(p) descends from that on m(p). Moreover if t is odd, then p is dis-
tinguished.

Proof. In the case of twisted linear periods, this is part of the proof of [BM|
Proposition 5.6]. In the case of linear periods, when r > 2, it follows again
from the geometric lemma [Off2, Corollary 5.2] and [Mat3, Section 3] that
necessarily m;¢+1—; = r for all ¢ smaller than |(¢t + 1)/2|, and moreover
that ma+1)/2,(t+1)/2 = M 1)/2,(t41)/2
statement in the case r # 1. When r = 1 the assertions for twisted linear

= r/2 when t is odd. This implies our

periods are proved in [Cho|, and we explain why they also hold for linear
periods. By Proposition we can suppose that p # 1px is quadratic
character n of D*. If some non open orbit contributed to the distinction of
m¢(p), because 7 takes negative value, applying the geometric lemma would
lead to a sign issue as in [Mat4l, Proof of Proposition 3.6]. Finally note that in
this case the integer t cannot be odd for central character reasons. Q.E.D.

3.4. Classification of distinguished standard modules. Here F' is a
p-adic field. The results that we state here are known for twisted linear
periods when F' is Archimedean by [ST], but have to be checked for linear
periods (which should be possible following [ST]). In any case, we do not
need such results in the Archimedean setting for our purpose.

The Langlands parameter of an irreducible representation of G is under-
stood in terms of its essentially square-integrable support once it is real-
ized as the quotient of the unique standard module lying above it. Now,
it is clear that if the Langlands quotient of a standard module is distin-
guished, then the standard module is itself distinguished so this observation
could be a starting point for computing the sign of all distinguished ir-
reducible representations of G. However in this paper we only compute
the sign of generic representations. We feel that the computation of the
sign for all irreducible representations would involve much finer properties
of admissible intertwining periods on standard modules. Nevertheless, we
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state the classification of distinguished standard modules in terms of their
essentially square-integrable support, from which the classification of distin-
guished generic representations follows.

For twisted linear periods, this classification is due to Suzuki [Suzll The-
orem 1.3], and we recall it in (a]) of Theorem below. Here we provide
the proof in the case of linear periods. We also consider the case p = g + 1
in order to obtain the full statement of Theorem later in Appendix [A]
We follow the main steps of the proof of [Mat3l Theorems 3.13 and 3.14],
but we in fact correct the proof in question as one part of Claim (2) in the
proof of [Mat3, Theorems 3.14] is incorrect.

Theorem 3.12. Let m1 = 61 x --- X 0, be a standard module of G where
each 0; is an essentially square integrable representation of G,,, and for
any 1 < k < r set m to be the standard module

T i= 01 X +»* X 01 X 01 X <+ X Op.

(a) The representation m has a twisted linear period if and only if there
exists an involution T € S, such that for all 1 < i < r one has
dr(i) = 0;', and moreover each 0; has a twisted linear period when
T(i) = 1.

(b) Suppose that G = Gy, for m even, and that H = H,y, 5 /2. The rep-
resentation 7 is distinguished if and only if there exists an involution

T € Sy such that for all 1 < i < 1 one has 0,3y = 0,

., and moreover

m; is even and 0; i Hy,, o m, j2-distinguished when 7(i) = i.
(c) Suppose that G = Gy, for m odd, and that H = Hy, 1 1y/2,(m—1)/2-
Then m is distinguished if and only if there exists an index 1 < ig < r

such that 6, = 1px, and miy is H = H(pp_1)/2,(m—1)/2-distinguished.

Proof. We only deal with linear periods. We refer for Section [3.2] for the
definitions of p and &, : Hp 4 — C*, and we set
d
Mo = ga'
Since the right to left implications of (@ and are easier, we start with

them. When m is even we can suppose that
T =01 X o+ X0g XT] Xoro XTp X0y X0 %0
where the 7; are distinguished discrete series. The middle product

TL X+ X Tp
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is distinguished by [Mat3l Proposition 3.8] so that the full product is distin-
guished by [Off2 Proposition 7.2]. When m is odd we can suppose that

T =01 X "X XTL X X7 X Lpx x5 X0 x.

Note that the representations 7; are £,-distinguished for any choice of «
thanks to Corollary in particular they are ,u| B -distinguished. Then the
representation 7y x --+ x 7, X 1p« is Hyq p-distinguished for the relevant
k by [Mat3l, Proposition 3.8], so that the full product is distinguished by
[Off2] Proposition 7.2] again.

Now we move on to the direct implications. We set P = MU to be the
standard parabolic subgroup of type (mi,ms, -+ ,m,). Each ¢; is attached
to a cuspidal segment A; and we use the notation §; = 6(4;). Given s € Zp,
we associate to s the standard parabolic subgroup Ps = M,Us; < P, 05 and
ds as in Section [3.2] The geometric lemma says that if 7 is distinguished,
then there is an s € Zp such that the normalized Jacquet module 77, rs(0)
is (MY, 6,)-distinguished. If we write for each 1 < i < 7, with obvious

intuitive notations,
AV FAVESA VS TR VEY
so that
T (0) = 6(A11) @ 6(A1,) @(A21) @+ ®(Ar),
then putting J; j := d(A; ;) we have
0ij =07, 1#]
{(52-,1- is (H,,+ . ,;)-distinguished,

mgmy

(3.1)

where the character p; above could be described explicitly, but we only state
their needed properties. We start with the following useful observations.

(a) All characters p; are of the form &,, for some character a; of F'*.

(b) If m;; > 1 for some ¢, then both m; and m; ; are nonzero otherwise
0; would be a character by (3.1)), and mjl = m;; by Theorem In
particular, we don’t care about the value of «; thanks to Corollary
[3-4] hence we can suppose that all u; are trivial, and moreover 0; is
selfdual by the same corollary.

(c) Denoting by u; < --- < u; the indices such that m,, ,, = 1, and
setting

+

€k = Mg e — Mg uy

e {1,—1}.
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(3.2)

Then t is even and .
Z €, =0
k=1

when m is even whereas ¢ is odd and
t

26k21

k=1
when m is odd. Moreover it follows from Lemma that the char-
acters [, are given by the formula

(= 2ick € +25>k €5)

Huy, = [ 2 )
which after some rewriting gives

(a)

Moy, = M%—Hk(zpk €)

when m is even,

(b) 1 1
My, = M§+6k(_§+2j>k €5)
when m is odd.
It then follows from the above formulae that the u;’s satisfy the
following inductive relations which are the correct version of [Mat3),

Theorems 3.14, (2)]:

Hup 1 = N_lruuk O Hupyy = 'u;kl’
depending on €51 = € or not. Moreover,
e when m is even: p,, = w12 and My = pl/2,
e when m is odd:
= My = MO =1if mi1 = mil’
— oy = p i my g = my .
— fhy, = ud =1 if Myt = m:t,
— oy, = ,u’l it my; = my
In particular setting iy, := ,ugt1+ ._;» we see that the characters
py,, satisfy the same relations and have the same initial values.
This implies that the multiset {fty,,. .., ty, } is stable under the
map x — x . However because it contains only positive char-
acters, hence only the trivial character as a quadratic character,
it can be partitioned by pairs {x, x~'} when t is even, whereas it
can be partitioned by such pairs together with one time 1 when
t is odd.
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We move on to the application of the geometric lemma. We can and will
assume that 7 is right-ordered, i.e. that the right ends r(4;) of its cuspidal
segments satisfy e(r(4A;)) = e(r(A;+1)). We now start to prove by induction
on n the following statement: If 7y, ar(0) is (MPs, 55)-distinguished, then
s is a monomial matrix, which will finish our proof thanks to the above
observations. We have three cases.

Case (I) If my,; > 1, then by the observation (b)) above §(A1 1) is selfdual.
By the right orderning of 7, we have Ay = A; ;. We then can finish the
proof by induction.

Case (II) If m;; = 1 we use observation above. When ¢ is even, we
have (A1) = p~'/2. This is absurd as the central character of = will not be
trivial. When ¢ is odd the only possible case is m;; = mil sor(A) =1,
which implies that Ay = Aj ; thanks to the right ordering, and we conclude
by induction.

Case (III) If my,; = 0, then by the right ordering of 7, we have Ay = Ay
for some [ > 1. We need to show that A; = A; 1, and the rest follows from
induction. If not so, then the only possibility is m;; = 1 and A; = [Ag1, Ayy].
We write Ay = [p2, u°] with b > 0. So Ay = [p=%,p7%] and Ay = p=o~ L
By the observation we know that there is a uy, such that p,, = p with
¢ > b+ 1. This means that A, ,, = p¢. This is absurd as the segments are
right-ordered. Q.E.D.

3.5. Classification of standard modules with a Shalika model and
x-distinction. In this paragraph we prove Theorem below, which is
the classification of standard modules with a Shalika model. Denoting by

R(«) the unique real number such that if a: F* — C* is a character, then

R
laf = | 2,

we moreover extend the classification of distinguished standard modules to
the case of y-distinguished ones, for x of the form x, with a such that
4 <R(a) < L

We start by proving that certain type of induced representations admit
a Shalika model with meromorphic families of Shalika functionals. Let m;
be representations of G,,, for i = 1,...,l and s = (s1,...,5) € C'. Then if

m =17 X --+- X 7 18 a representation of G, we set

m[s] = v e x vy = St x - xSl
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Iwasawa decomposition allows one to realize all these representations on the
same vector space, and we thus refer to [MO, 2.5] for the definition of a

meromorphic family in the variable s of linear forms on 7[s].

Proposition 3.13. Let § be a discrete representations of G, then there is
a nonzero meromorphic family (Xs)sec with

As € Homg, (d[s] x 6V[—s],O).
In particular 0[s] x 6¥[—s] admits a Shalika model for all s € C.

Proof. The proof is exactly the same as the one given in the proof of [Mat3),
Lemma 3.11] together with its correction in [Mat5, Proposition 5.3], and
relies on the Bernstein principle of meromorphic continuation of equivariant
linear forms in a generic multiplicity one situation, and the multiplicity at
most one of Shalika models for irreducible representations proved in Corol-

lary Q.E.D.

Remark 3.14. In general, the fact that any representation of the form
m x ¥ has a Shalika model follows immediately from the computation of
twisted Jacquet modules in [PRl, Theorem 2.1].

Remark 3.15. The representation § could be replaced by any irreducible

unitary representation as follows from its proof.
Here is another result of the same flavor.

Proposition 3.16. Let w;, resp. 7734, be representations of G, resp. Gm;;
fori=1,...,1, resp. 5 =1,...,1', and set
T =T X -+ X T

and

/ / !/
™ :7Tl><--->(7Tl/

to be the corresponding induced representations of Gy, and G, respectively.

Suppose that m and m' are even, and that there are two nonzero meromor-
phic families (As)sect and (Ny) gecv respectively in

As € Homg, (7[s], ©)
and
Ay € Homg ('[s'], ©).
Then there is a nonzero meromorphic family Ag ¢ in

Homg . , (n[s] x 7'[¢'], ©).
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Proof. The proof follows from the explicit construction of the Shalika func-
tional on 7[s] x 7’[s’] given in [Mat6] which is valid for inner forms, with the
following observations. First there is a quantifier ordering problem in [Mat6l,
Lemma 3.2]: the compact set C' depends on the function f there. However
in our situation, this compact set will be independent of (s,s’) € CHY for
a given holomorphic section f; ¢ as follows from the proof of Propositions
4.1 and 4.2 there. In particular with the notations of [Mat6l Lemma 3.2
the map ¢ ¢ (fs ) is meromorphic in the variable (s, s’) as follows from the
first equality in the proof of the lemma. More precisely it follows from the

assumption on As and Ay, there exists a nonzero rational map R(s, s’) in the
’

variables ¢,”" and q;Sj such that R(s,s")As ¢ is holomorphic and nonzero,
where we set

As,s = As @ Ay
as in the lemma. In particular according to the aforementioned equality, we
deduce

R(s, §/)¢§,i’(f§,i’)

is holomorphic for any choice of f. Later in the proof of the lemma, the
map R(s, s )P g (fss) will thus be holomorphic as well, by compactness of
the quotient P\G’ there. Finally it will be nonzero for some choice of f by
the end of the proof of the same lemma. Q.E.D.

We are now in position to prove the first part of the theorem of interest

to us.

Proposition 3.17. Let 7 be an irreducible representation with a Shalika
model, and 01 x --- X §; be discrete series representations. Then the induced
representation

s = 01]s1] X -+ x §s1] x T x 8 [=s1] x -+ x 0} [—s1]

admits a Shalika model for all values of s € C.

Proof. By Propositions and the representation
my =T X 01s1] x 6y [=s1] x -+ x §[si] x &) [—s1]

admits a nonzero meromorphic family of Shalika functionals on its space. It
then follows from the meromorphy and generic invertibility of the standard
intertwining operator from , to 7 that so does the representation 7s. The
result now follows from a usual leading term argument (see Section for
more details on such arguments). Q.E.D.
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Remark 3.18. It also follows from the proof above that the order of the
representations in the product of the statement of the proposition could be

permuted as one likes, but the same conclusion would still hold.

Remark 3.19. One could also only suppose the representations 0; to be
unitary in the above statement according to Remark [3.15]

As a corollary, we obtain the following theorem:

Theorem 3.20. A standard module of G = Gy, has a Shalika model if and
only if it is H,, o jo-distinguished (see Theorem .

Proof. The right to left implication follows from Theorem [3.12] and Propo-
sition [3.17] The other direction follows from Corollary Q.E.D.

Finally we end with a word on x-distinction for standard modules. As
observed in [Suz2, Proposition 3.4], the proof of Theorem holds with no
modification in the case of twisted linear periods when one adds a twisting
character x (the reason being that the so called modulus assumption stated
in [MOY] holds in this situation), and we refer to it for the statement of
the classification of y-distinguished standard modules in this case. Here

we give similar statements in the case of linear models for H,, s,/ and

H i1y 2, (m—1)/2-

Theorem 3.21. Let w, §; and w; be as in the statement of Theorem
and « be a character of F'*.

(a) Ifm is even and 7 is Hyy, o o -distinguished, then it is (Hy, 2 m/2: o) -
distinguished, and if moreover —% < R(a) < % the converse impli-
cation holds.

(b) Ifm is odd, —g < R(a) < % and 7 is (H(y41)/2,(m—1)/2> §a) -distinguished,
then there exists an index ig such that d;, = o ov, and m;, is

H = Hn—1)/2,(m—1)/2-distinguished.

Proof. The first implication of @ follows from Theorem The proof of
the converse implications of @ and @) are completely similar to the proofs
for trivial « given in Theorem [3.12] and we briefly explain the modifications
to be done. In equation the character u; must be replaced by p;xa
with the same definition of u;. Let us set

Vg i= QO Vpx.

The proofs of Cases (I) and (III) are the same as when o = 1.



THE SIGN OF LINEAR PERIODS 27

In the proof of Case (II) when m is even, the character r(A;) must be
1

replaced by v, =1/2 = pF1y

—4/2 where the sign +1 is positive if mi = mf’l
and negative if mi; = my . According to the case the argument when
R(a) < d/2 or —R(a) < d/2is the same. When my; = mfl and R(a) = d/2
or myy = mi; and R(a) = —d/2, then the argument is different. In this
situation, because the central character is trivial and the standard module
is right ordered, all m;’s are equal to 1, and all y,, must be unitary. The
my,’s either come in pairs (m; j,m;;) for i < j, and for the remaining m.,, .,
from k = 1,...,t, the first case of Equation can never happen, hence
the sign of €; changes at each step. We deduce that 7 is of the form
(m—t)/2
T = (Vg |2 X l/;‘l‘—d/z)t/g X H (x; % Xj_l)
j=1
for some unitary characters x; of D* when my; = mfl, whereas it is of the

form
_ -1 ;
= (Va| |4/2 x Va‘ ‘d/2 H x X]

when mp 1 = my .

We now discuss the proof of Case (II) when m is odd . The character
r(A;) must be replaced by v, when my; = mil and by v,-1| |-« when
mi1 = myq, but this second case cannot happen for right-ordering and
central character reasons. When m;; = mfl and R(«) < d/2 the argument
is the same as in the case of trivial a.

Q.E.D.

We take the opportunity to extend [Mat3, Theorems 3.13] in the split case
to the case of inner forms. When m is even we obtain the same statement
as in the case @ of standard modules in Theorem as a special case of
it. When m is odd we obtain the following statement.

Theorem 3.22. Let 7, §; and m; be as in in the statement of Theorem[3.13,
and o be a character of F* with —% < RA(a) < g. Suppose moreover that ™
is generic and that m is odd. Then 7 is (H(yq1y/2,(m—1)/2> Xa)-distinguished
if and only if there exists a generic H(y_1y/2 (m—1)/2-distinguished generic

representation 7' of Gp,_1 such thate m = 7’ x v,.
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Proof. By Theorem if ' is H(pm—1)/2,(m—1)/2-distinguished, it is also
,ul/Qxa—distinguished thanks to Theorem hence m = 7' X v4 IS Xa-
distinguished by [Mat3, Proposition 3.8]. The converse implication follows
from Theorem [3.21 Q.E.D.

Remark 3.23. When G is split, one can allow R(a) = § in the statement

of Theorem above because m is x-distinguished if and only if ™ is
X -distinguished by the realization of the contragredient of an irreducible

representation using transpose inverse.
Together with Proposition [3.9| we obtain:

Corollary 3.24. Suppose that 7w is an irreducible representation of G with
either a twisted linear period, or a linear period with respect to H,, for
|[p—q| < 1. Then it is selfdual. If moreover w is generic, and ™ has a twisted
linear period or a linear period with respect to Hp, ,,, then it is symplectic.
In the latter case the converse also holds.

Proof. Only the first statement requires a proof, but it is an immediate con-
sequence of Theorem and Proposition together with the Langlands
quotient theorem. Q.E.D.

4. SIGN AND PARABOLIC INDUCTION

By convention Gy is the trivial group, and the sign of any representation of
Gy is equal to 1. We study the sign of parabolically induced representations,
using closed and open intertwining periods. This natural strategy is not new
as it was already used in [LM) Lemma 3.5] in the case of linear periods for
split G, as was pointed to us by Lapid.

4.1. Sign and irreducible parabolic induction.

Proposition 4.1. If w1, m are distinguished representations of Gy, and
G, for positive integers m;, and w1 x mwy is irreducible, then

sgn(my x me) = sgn(my)sgn(ms).
Proof. We set m = mj + msg, and let L; a nonzero H;-invariant linear form
on m;, where H; is the relevant subgroup of G, i.e. either Hy, s, /2 if
we consider linear periods, or the centralizer of § in G,,, with square in
the non-square elements of Gy,, in the case of twisted linear periods. The
H-invariant linear form on m; x 7 is given by the closed intertwining period

fe Ly ® La(f(h))dh.
Prny,my nH\H
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In both the non twisted and twisted case, we set u; as in Section [2.2]such that
the normalizer N; of H; is equal to H; Liu; H;. In particular u := diag(uq, ug)
is such that N = H uuH, and we observe that dp,, . (u) =1. The result
now follows from the change of variable

L1 ® Ly(f(hu~t))dh :J L1 ® Ly(f(u™th))dh

Pml ,mo ﬁH\H

L1 ® Ly(my(uy ') @ ma(uy ) f(h))dh

JPmLm?‘ ~H\H

mel,QOH\H
= o (W) () | L1 ® La(f ()dh,
Prnymo nH\H
and the identity
e(m1 x ma) = e(m)e(ma).

Q.E.D.

4.2. Sign and open intertwining periods. Before stating the next re-
sults, we need to extend somehow the definition of the character . So far
we have only considered irreducible representations for which multiplicity
one of H-invariant linear form is guaranteed. In particular it made sense
to talk about x, rather than y for L the (possibly twisted) linear period
on it. Here, though we are only interested in irreducible representations,
we need to consider some which are not, though of finite length. On such a
finite length representation 7w of G one might loose multiplicity one, so we
prefer to talk about the character of % attached to an H-invariant linear
form on 7 when it exists. Hence if L € Homp (7w, C) — {0} is such that there
exists z in C* satisfying Lo m(u 1) = 2.L, we define x, to be the character
of % such that
xo(@h) = 2.

In particular x; = x, if 7 is irreducible.

Now we recall the Blanc-Delorme theory of open intertwining periods (see
[BD]). For 7 a finite length representation of G and s € C, we recall our
notation

m[s] := pir.
Let g, 71, ..., 7 be finite length representations of Gy, Gy, ..., G, Te-
spectively and suppose that my possesses an H-invariant linear form £y3. Then
the representation

Ts = Tp|Sp] X -+ X m[s1] x mo x M [—=s1] % -+ x W [—=5r],
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is distinguished for any s; € C and there is an explicit enough description of
it which we now recall.

We first make specific choices of the element d, hence of the element u
and the group H, well adapted to describe situation in a simple manner,

and which we will also use in the next section:

1) In the case of linear periods we take

I,
Iy,
0:= Lo
_Imo/Z
I,
I,
and
u = diag(]mr, e 7Im1?Im0/27 _I’mo/Q? —Iml, ey —ImT)
2) (a) In the case of odd twisted linear periods we take
Klm,

Klm,
0= 6D><Im0

T

and

w=diag(Im,, - Iy tImgs —Imys - -, —Im.).
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(b) In the case of even twisted linear periods we take

Klm,
Klm,
5 _ K]Imo/g
Im0/2
Iy,
I,

and

u = diag(Ip,., ... ,Iml,ImO/Q, —Imo/g, —Lyseooy—1Im,).
Now put

G:= Gm0+222:1 m;»
P = P(mr,~~~,m17m0,m1,~~~,mr)

M := M,.....;mq moma,.my)>
and observe that with the choices above, the parabolic subgroup P is #-split,
in particular P? = M?.
We denote by ¢ the linear form on

R - QMAmMAOT ®---@m)
defined by

-
L, @ QUi ®u®vy ®---®v,) = Llo(vo) | | v (vi).
i=1
Then if f, is a holomorphic section of 7y, the integral

L) = |, s

converges for s;11 — s; of real part large enough, and extends meromorphi-
cally. For a generic choice of nonzero vector a = (aq,...,a,) € C" and an
integer [ such that for any f := fy € 7 := 7, the limit

Lo(f) = lir% Sllsg(fsg)
is well defined and nonzero for some f. In short we will say that L, is a

leading term of I, at s = 0.

Proposition 4.2. Let my be a finite length representation of G, where

mo 1S a non negative integer, which admits a nonzero H-invariant linear
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form Ly which admits a sign xg,. Let m; be a finite length representation of
Gm,, for m; = 1, with a central character for i = 1,...,r. Then the open

intertwining period L on

Ti=Tp X o+ X T X T X W) X+ Xm)

associated to g as above has a sign character xr, moreover
o,
[lisgwr(=1) 77

In particular when 7 is irreducible:

sgn(m) = sgn(m).

Proof. By induction, up to the replacements

O 1= Mp—1 X =+ » X T X W X 71y X -+ X 7w
and
r—1
Co(vo) == Lo(vo) [ [ v (va),
i=1

we are reduced to the r = 1 case, which we assume for the rest of this proof.
Let fs be a holomorphic section of
s i= m[s] x mo x m'[—s].
The H-invariant linear form in this case is given by the leading term at s = 0

of the following open intertwining period:

L) = [ tman
PO\H
Now we observe that
Uy (I;y))o @ (0(—Ipny ) )0V ) = wry (D) l(v @ 0vY).
Hence by a change of variable in the integral defining I for PR(s) large
enough we obtain:
X1, = wm (=1)Xep-
The first part of statement then follows by a meromorphic continuity argu-
ment. For the second part, if 7 is irreducible then so is 7. Hence
e(my x ) = wry (—1).

Q.E.D.

4.3. Sign of discrete series. In this section it turns out that for linear
periods, the Steinberg representation St,,(1px), where m has to be even,
exhibits an exceptional behaviour. First its root number is not given by
the same formula as the other generalized Steinberg representations with a
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linear period, and moreover its H-invariant linear form does not come from
the open intertwining period on the induced representation lying above it.
Hence we first prove our general result for discrete series representations in
the special case of linear periods for the Steinberg representation.

Proposition 4.3. Let m be an even integer. Then the Steinberg represen-
tation 7 := Sty (1px) has no twisted linear period. On the other hand it has

a linear period, and moreover its sign for linear period is

sgn(m) = 1.

Proof. The first assertion follows from [Cho, Theorem 0.1]. We prove the
second in two steps. We start with m = 2. Then the H-invariant linear
form ¢y on m comes from the descent of the difference of the two closed
intertwining periods on the induced representation mo(1p« ). Namely

lo(f) = f(I2) = f(u)

()

Indeed this linear form clearly vanishes on the spherical vector. Hence
XSta(1,) (@) = —1 as u? = I. On the other hand ¢(St2(1p+)) = —1 and
the result for m = 2 follows.

where

So we suppose that m > 4. Now for k between 1 and m — 1, set
Tk = ]_D>< XI"'X,]_DX XI 1G2 X/]_Dx XI"'X,]_DX
—
position k
and
g = 1D>< XI s XI 1D>< XI StQ(le) XllDX XI s XI 1D><
—
middle
where x’ stands for non-normalized parabolic induction. We denote by 75
the image of 7% in the quotient o, and we recall that
Stm(1p) >0/ > T
k#m/2
Arguing as in [Mat7, Lemma 10.12], one checks that no i for k # m/2 is
distinguished. By multiplicity one on St,,,(1px ), this proves on the one hand
that o has a unique H-invariant linear form, and on the other hand that the
H-invariant linear form on St,,(1px) is its descent. Now the H-invariant
linear form L on oy is a leading term of the open period attached to ¢y as
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in the proof of Proposition and it follows from this proposition that

XL = X¢p-
Hence
XStm(1px) = XSta(1px):
On the other hand, by the formula for the root number of the Steinberg

representation, we have

€(Stm(1px)) = €(St2(1px))
and the result follows. Q.E.D.

The sign of cuspidal representations is computed by a global method in
Theorem Its proof uses the results above and a globalization argument.
Propositions and Theorem [.3] allow to reduce the proof for discrete
series to the cuspidal case, and we explain this now.

Theorem 4.4. Let m be a distinguished discrete series representation of
GL (D). Then

sgn(m) = (=1)™.

Proof. Thanks to Proposition we can assume that m = St.(p) for p #
1px. In particular if we write JL(p) = St,.(p’), we have

e(m) = e(p)" = e(p)',
On the other hand the H-invariant linear form on 7¢(p) is the descent of the
unique open period on 7m(p) according to Proposition (in fact this open
intertwining period has to be holomorphic at the parameter giving m(p) by
a reasoning similar to those done in [Mat7]). By Proposition when ¢ is
odd we have

™ = Sti(p) = Xsu(p) = €0 ¥,

and the result follows from Theorem When t is even, fix any non-trivial
character ¢ of F'. By Proposition we obtain

Xst(p) (@) = wp(=1)"* = [e(p, D)e(p, )] = e(p, )" = e(Sti(p)),
and the sign is 1 as expected in this case. Q.E.D.

5. THE SIGN OF CUSPIDAL REPRESENTATIONS

5.1. The sign of distinguished generic unramified representations
for split G. Here we assume that G = GL,,(F') is F-split (hence n is even)
and we set K := GL,,(Op) where Op is the ring of integers of F. In the
case of linear models, the result below follows from [Mat6, Theorem 5.1] and
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[EJ, Proposition 3.2] and its proof, hence we only prove it for twisted linear
periods.

Proposition 5.1. Suppose that 7w is generic unramified and distinguished
representation of G. Let vy be a K-spherical vector inm, and A € Homp (m,C)—
{0}. Then A(vg) # 0, hence sgn(m) = 1.

Proof. By Theorem and because 7 is irreducible, the representation
can be written under the form m = x; x -+ X x9r with n = 2k for un-
ramified characters x; of F'* such that xo(;41) = X27z'1+1‘ In this situation
each representation m; : X2i+1 X Xa(i+1) of GLa(F) is E*-distinguished with
distinguishing linear form L;. Then by the proof of Proposition setting

L:= ®f:1Li M ®- - Qm — C,
the H-invariant linear form on m = Hle m; is given by

A:f— L(f(h))dh ~ J L(f(h))dh.
By\H Ky
Here the symbol “~” means equality up to a positive constant and By is
the intersection of the upper triangular Borel of G with H, i.e. the upper
triangular Borel of H, and Ky is GLi(Op).
The (unique up to scalar in C*) spherical vector fy € 7 is given by

fo(pk) = dpy, ., )01 @ ®uy
where each v; is the spherical vector of 7;. Hence up to appropriate normal-
izations:

A(fo) = H Li(vi).

This reduces our problem to the n = 2 case, and we write 7 = x x Y.

Now we consider separately the case where E/F is unramified and the case
where E/F is ramified.

If E/F is unramified, then one can take § € Ug, so that with our choice
of embedding Ur < GL2(OF) and the well defined E*-invariant linear form
A:f f(h)dh

FrX\EX
on 7 is nonzero on the spherical vector fj as

A(fo) = L . foh)dh = vol(Up\UE) > 0.
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0
If E/F is ramified, then 0 can be chosen as the uniformizer (1 g) of

E, and

1 0

1
Because the Iwasawa decomposition of 0 n is w0 0 , we ob-
1 0 0 1 10

tain

EX = F*Up u F* <0 “) Ug.

At = |

Ur\Ug

fohyan+

U 01

This proves the expected result, except when the unramified character x

. fo ((”” O) h> dh = (1+¢"x(k))vol(Up\Ug).

satisfies (k) = —q~ /2, which implies x = vpx~!. This would imply that
7 is reducible, hence this case does not occur.

Finally, we conclude that sgn(m) = 1 because on one hand we just proved
that xr is trivial, but on the other hand e(7) = 1. Q.E.D.

5.2. The sign of linear periods: generic unitary representations
for split G. Here G is F-split (i.e. m = n) and H = Ly 3 ,,/o. Moreover
I is allowed to be Archimedean as well. Because of a later globalization
process, we are at the moment only interested in local components of cusp-
idal automorphic representations with cuspidal Jacquet-Langlands transfer
which admit a global twisted linear period. However such representations
are known to admit a global Shalika model as we shall recall later. Hence
all their local components admit a local Shalika model.

So in this paragraph, we suppose that our local representation m of G
admits a Shalika model. By [JR] this implies that 7 has a linear model, and
we will recall the argument in the proof below when 7 is generic unitary.
In fact, when F' is p-adic, it is known by [Mat6] or [Gan| that a generic
irreducible representation m of G has a linear model if and only if it has a
Shalika model. This could certainly be proved in the Archimedean setting
as well due to the advanced stage of the literature in this setting, but we
don’t need this result here.

In any case, under this assumption, the computation of the sign of local
linear periods immediately follows from the results in [F]].
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Proposition 5.2. Let 7w be an irreducible generic unitary (of Casselman-
Wallach type when F' is Archimedean) representation of G with a Shalika

model. Then it has a linear period and sgn(mw) = 1.

Proof. Our result is just a re-interpretation of a result of Friedberg and
Jacquet. They prove in [FJ, Proposition 3.1] that if S is in the Shalika
model of 7, the integral

W(s,5) = JG S(diag(g, I)| det(g)[ 3 dg

initially defined for s of real part large enough in fact extends to a mero-
morphic function on C, which is a holomorphic multiple of L(s,7), and is
equal to it for some choice of S. They moreover prove in [FJ, Proposition

3.6] the functional equation
U(1—s5,5) = (s, m)¥(s, ).
where
S(g) = S(ug™).
Under our assumptions L(1/2, 7) is finite (and of course nonzero) so ¥(1/2, S)

makes sense for any S and because 7 is selfdual:

U(1/2,5) = €(1/2,7)¥(1/2, ).
Now observe that
L:Sw—V(1/2,5)
is H-invariant, and that it is moreover nonzero as L(1/2,7) # 0. Finally up
to easy changes of variable, the left hand side of the above equation exactly

expresses the action of the normalizer N on the linear form L, and our claim
follows. Q.E.D.

5.3. The global sign of twisted linear periods. Here we fix a number
field k£ with its adele ring A, and denote by P(k) the set of places of k. We
fix a central division k-algebra D, put Dy = D ®; A and set

G = Gn(Dy).

We denote by [ a quadratic extension of k. We suppose that there exists a
k-embedding of [ € M,, (D), which we fix. We denote by H the [-algebra
centralizing [ in M, (D) and set

H:=(H®:A)* <G.

The groups G and H are A-points of algebraic groups G and H defined over
k by definition. We put Hj, := H(k) and G}, := G(k). By the analysis done
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in Section there exists an element u € Gy, such that
Ng, (Hy) = H, v u.Hy,.

In this paragraph we prove that the global sign of certain distinguished
cuspidal automorphic representations of G is equal to one. We recall that
a smooth cuspidal automorphic representation II of G (see [BPCZ, Section
2.7]) is called distinguished if the convergent period integral

H\H
does not vanish on II. The following lemma follows from a simple change of
variable in the period integral.

Lemma 5.3. If 11 is a cuspidal automorphic representation of G, then the
H -period on 11 is fixed by u.

In order to compute the global sign, we also need to compute the root
number of a distinguished cuspidal automorphic representation in the fol-
lowing special case.

From now on, let JL. denote the global Jacquet-Langlands correspondence
defined in [Bad2] and [BRIJ.

Lemma 5.4. Let II be a distinguished cuspidal automorphic representation
of G with cuspidal Jacquet-Langlands transfer. We suppose that l/k splits
at every Archimedean place of k, and that there are two places vy, vy € P(k)
such that I, is cuspidal and JLy,(I1,,) = Stn(1y,). Then JL(II) has a
Shalika period hence it is selfdual, and moreover the central value of the
Godement-Jacquet L-function of JL(IT) is nonzero:

L(1/2,JL(IT)) # 0.
In particular its Godement-Jacquet root number is trivial:

c(JL(ID)) = 1.

Proof. Our local assumptions imply that the assumptions of [XZ, Theo-
rem 1.4] are satisfied, hence JL(II) has a Shalika period so it is selfdual.
Then noting that standard L functions of cuspidal automorphic represen-
tations are entire by [GJ], it follows again from [XZ, Theorem 1.4] that
L(1/2,JL(II)) # 0. Finally the functional equation of the standard L func-
tion of JL(IT) (see [GJ]) together with the fact hat JL(II) is selfdual imply
that e(JL(IT)) = 1. Q.E.D.

We obtain the sign of global linear periods as a corollary.
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Corollary 5.5. Let Il be a distinguished cuspidal automorphic representa-
tion of G as in Lemmalb.4. Then
H sgn(IL,) = 1.
veP(k)
Proof. First the product is well defined thanks to Proposition Moreover
the period integral is factorizable thanks to Theorem and Theorem

for Archimedean linear periods. The result now follows from, Lemmas

and [5.4] Q.E.D.

5.4. Application to the sign of cuspidal representations. The deter-
mination of the sign in this case follows again from a globalization argument,
and the obvious computation of the sign of the trivial representation. For
this latter part, we recall that the local root number of 1px is equal to —1
if d is even and 1 if d is odd. This immediately implies:

Lemma 5.6. Suppose that d is even. Then one has sgn(lpx) = —1.

Here we compute the sign of linear periods, using Lemma [5.4] and a glob-
alization argument of Prasad and Schulze-Pillot.

Theorem 5.7. Let 7 be a distinguished cuspidal representation of GLy, (D).
Then

sgn(m) = (—=1)™.

Proof. Let & + Z be the Hasse invariant of M,, (D) where we take x € [1,d]
and coprime to d, and define a by the equality 2 =

T

a
n = d

We start with the case of twisted linear periods. By Krasner’s lemma
and the weak approximation lemma, one can find a number field £ and a
quadratic extension [/k such that l,/k, = E/F for some finite place v of
k, l/k remains unsplit at every place of a set Sy of finite places of k of size
|So| = @ which does not contain v, but [/k splits at every Archimedean
place of k (see for instance [AKM™| Section 9.6] for the details). Then by
the Brauer-Hasse-Noether theorem, one can also find a division algebra D
with center k such that D, = M,,(D), D,, is a central division algebra ©,,
over k, of Hasse invariant %1 + Z for each w in Sy, and which is split at
every other place of k. In this situation we observe that [ automatically
embeds as a k-subalgebra of D thanks to [SYY, Theorem 1.1]. Finally fix

some finite vy outside {v} U Sy U Sy such that I, /k,, is split. Putting
Si={v}u{vi}uSyu Sy
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with So, the set of Archimedean places of k, by [PSPL Theorem 4.1], there
exists a cuspidal automorphic representation II of (D ®; A)* which is un-
ramified outside S, such that I, = 7, and II,, = 15 for w in Sy, and II,,
is cuspidal (and distinguished). Note that JL,,(m,) = St,(1,,) for all w € S
hence Lemma applies. Note also that JL,, (II,,) = II,, because D,, is
split. Now the combination of Proposition Proposition Lemma
and Corollary we obtain the formula:
sgn(Il,) = (=1)%

The result now follows from the fact that if m is even, then a = max as well,
whereas if m is odd then d must be even, a = mx is also odd because x and
d are coprime.

For linear periods, we use again Krasner’s lemma and the weak approx-
imation lemma, but this time to find a quadratic extension [/k such that
ly/ky ~ (F x F)/F for some finite place v of k, [/k remains unsplit at every
place of a set Sy of finite places of k of size |Sy| = a which does not contain
v, and again [/k is split at every Archimedean place. The rest of the proof is
the same (we can however observe that in this situation m is automatically
even, so [SYY], Theorem 1.1] applies again). Q.E.D.

Remark 5.8. When G is split (and probably also when G is split over a
quadratic extension), one can give a local proof of the above result, extending
that of Prasad for inner forms of GLa, and which applies directly to the class
of H-cuspidal representations of G (see [KT]). By [KT| a cuspidal repre-
sentation of G is automatically H-cuspidal. We very briefly sketch the idea,
and mention that the proof uses the realization of the contragredient of an
irreducible representation using transpose inverse, hence the restrictive hy-
pothesis on G. One just needs to modify an argument from the thesis [OK] of
Youngbin OFk based on the Poisson summation formula, which itself extends
to GL,, the quick proof by Deligne [Dell of a result of Frohlich and Queyrut
[FQ] for GLy. Ok uses the the Poisson summation formula together with an
extension of the Godement-Jacquet functional equation for relative matrix
coefficients to prove the triviality of local root numbers of cuspidal repre-
sentations distinguished by a Galois involution. The method of Ok in fact
proves the result for relatively cuspidal representations as has been observed
by Offen in |Offl]. In fact [Offl, Sections 2.2 and 2.3] apply with minor
modifications to our setting, using the same results from |GJ]. The only
difference is that in the Poisson summation formula |[Offl Lemma 2.2], the
orthogonal of the Lie algebra H of H is u.H instead of H itself. Following
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the proof of [Off1, Proposition 2.1], this will claim that the gamma factor of
an H-cuspidal 7 at s = 1/2 is equal to (—1)™ 4Dy (u) = (=1)"xx(u), but
this gamma factor is equal to the root number as 7 is self dual and because
L(1/2,7) # 0 because 7 is unitary.

Remark 5.9. Using Remark one can remove the assumption that
Ly, /Ky, is split in the proof of Theorem .

Remark 5.10. When F is a finite field, the sign problem makes sense as
well. Multiplicity at most one is known for linear periods, at least on cuspidal
representations ([Sé2]), and can certainly be checked for twisted linear peri-
ods following |Guo|. In this setting the computation alluded to in works
equally well and relates the sign to the Godement-Jacquet gamma factors de-
fined in [Rod|, with the extra complication that G has not total measure in
its Lie algebra anymore. Hence one has to use cuspidality to prove vanishing
of some terms, in order to use the Poisson summation formula within the
Godement-Jacquet functional equation. The details will appear elsewhere,
and will be consistent with our result for level zero cuspidal representations.

6. THE SIGN OF GENERIC REPRESENTATIONS

As an immediate corollary of Theorem [3.12] Proposition Proposition
and Theorem [£.4] we achieve the goal of this paper:

Theorem 6.1. Let w be a distinguished generic representation of GLy, (D).
Then

sgn(m) = (=1)™.

APPENDIX A. MULTIPLICITY ONE FOR LINEAR PERIODS OF INNER FORMS

In this appendix F' is allowed to be any local field of characteristic 0. We
recall that D is a central F-division. Let p,q and m be positive integers
such that p + ¢ = m. We prove here that the symmetric pair

(G := GL,,,(D), H := GL,(D) x GL4(D))
is a Gelfand pair when |p — ¢q| < 1, i.e., that if w is an irreducible repre-
sentation of GL,,(D) (of Casselman-Wallach type when F' is Archimedean),
then
dim(Hompg (7, C)) < 1.
When D = F is non Archimedean, this result is due to Jacquet and Rallis
([JR]). Later Aizenbud and Gourevitch gave another proof, inspired by that
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of Jacquet and Rallis, which applies to all local fields of characteristic zero
in [AG, Theorem 8.2.4]. This proof was extended when p = ¢ to unitary
representations of inner forms by Chong Zhang, who obtained the following
statement as a key step in the process (see [Zha, Proposition 4.3 and Remark
4.7]), but we claim that this step is valid for any p and ¢:

Proposition A.1. Let m be an irreducible representation of G. Then

dim(Hompg (7, C)) dim(Homg (7", C)) < 1.

Proof. Following the proof of [Zhal, Proposition 4.1] and using the terminol-
ogy introduced in [BM]|, one sees that the descendants of the pair (G, H)
can only be of diagonal type, of Galois type or of the form

(Rr/pGLays(D"), Ry jpGLa(D") x Rp/pGLy(D"))

for D' an L-division algebra, where L is a finite extension of F' and Rp/r
is Weil restriction of scalars. This is enough to conclude according to the
discussion before [Zha, Proposition 4.3] and the references to [AG] given
there. Q.E.D.

In order to prove that (G, H) is a Gelfand pair when |p —¢| < 1, it is
enough to prove that H-distinguished irreducible representations of G are
selfdual. This has been proved in Corollary in the p-adic case, and
follows from a verbatim adaptation of the proof of [BM) Theorem 6.7] in the
Archimedean case. Hence we obtain:

Theorem A.2. Let m be an irreducible representation of G, and suppose
that |p —q| < 1. Then

dim(Hompg (7, C)) < 1.

When 7 is unitary, we can remove the assumption on p and ¢ by the
observation in the proof of [Zha, Corollary 4.4].

APPENDIX B. BERNSTEIN-ZELEVINSKY THEORY FOR THE MIRABOLIC
SUBGROUP OF INNER FORMS AND LINEAR PERIODS

Here we only make observations without proofs, about some results which
remain valid from the mirabolic restriction theory of Bernstein-Zelevinsky
(IBZ1] and [BZ2]) for inner forms of the generalized linear group. We define
the mirabolic subgroup P,, of G,, := GL,,(D) as the group of matrices in
G, with bottom row equal to (0,...,0,1). We denote by Uy, its unipotent
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radical, so that the mirabolic subgroup is the semi-direct product P, =
Gm—1.Un, where we identify G, 1 with a subgroup of Gy, by the embedding

g — diag(g,1).
The group G.,—1 thus acts naturally on the group (7; of characters of U,,
by
(9, 9) = ¥(g™" - g),

with exactly two orbits: the trivial character and the others. Moreover all
non degenerate characters (see [BH|) of maximal unipotent upper triangular
subgroup of GG, are conjugate under the action of the diagonal matrices in
Gy,. This makes some part of the machinery of Bernstein-Zelevinsky work
the same and we simply observe that the following results hold with exactly
the same proofs. First the functors ®* and ¥* (and &+ defined as in [BZ2,
Section 3|, satisfy the statements of [BZ2, Propositions 3.2 and 3.4] with
the same proofs (relying on [BZ1, Section 5.11]). Following the authors of
[BZ2], for 7 a smooth representation of P, and k between 1 and n we put

8 = (@) (),
and
SO
Then the Bernstein-Zelevinsky filtration still exists for smooth representa-
tions of P,:

Theorem B.1. [BZ2, Corollary 3.4] Let 7 be a smooth representation of
P, with m = 2. Then 7 admits a filtration

{0ycmc---Cn=r
with
T/ Ths1 = (@) 1wt (7 (),

Following again Bernstein and Zelevinsky, we define the derivatives of
a representation of G,, to be that of its restriction to G,,. Now let 7w
be a cuspidal representation of GG,,. Because of the filtration above, and
because 7 = {0} for all k = 1,...,m — 1 (this is by the definition of
the derivatives, which factor through some Jacquet module), we obtain the
following corollary of the Bernstein-Zelevinsky filtration above:

Corollary B.2. Let m be a cuspidal representation of Gy,. Then m =
(@Y™L (™) as a representation of Py, where 7™ is a finite di-
mensional D-vector space, the dimension of which is that of the generalized
Whittaker model of m in the sense of [BH].
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Proof. The only assertion remaining is that on the dimension of 7(™. By
definition its dual is the space of generalized Whittaker functionals on m,
and it is finite dimensional by [MW]. Q.E.D.

In turn, this is sufficient for the following result concerning cuspidal rep-
resentations of G, to hold with the same proof as in [Matl] (see also [CM]
for the version with the twisting character).

Proposition B.3. Let p and g be two non negative integers such that p+q =
m = 2. Let u be a character of Hy, and m be a cuspidal representation of
Gpm. If mis (Hp g, p)-distinguished, then p = q.

We extend this result to discrete series representations in Section [3.3
Here we treat separately the case of Steinberg representations, as its proof
is different and uses the theory of derivatives.

More precisely, a careful analysis of [BZ2] and [Zel|] shows that the full
theory developed in these papers hold for representations with cuspidal sup-
port consisting of characters of G; = D*. Let us explain the crucial point.
The result of [BZ2, Theorem 4.2] for a representation 7 := y1 X «-+ X X,
induced by characters of D* becomes in our setting that m is irreducible as
soon as Xin_l # p for any i # j. But following [BZ2], with notations and
terminology identical to that of [BZ2, Section 4.8], the natural 1-pairing
between m and 7 induces a p-pairing between m and 7 := pm, which in-
duces by restriction to the mirabolic subgroup P a A-pairing between mp,
and 7| p,. This latter assertion becomes false if one replaces p by p® for
any other real number s, but for s = 1 it implies that the proof of [BZ2,
Lemma 4.7] remains valid when the cuspidal representations p; there are
replaced here by characters x; of D*. The claim one has to check in turn
is that this lemma is the key to have a complete theory of derivatives. In
particular the following proposition holds, as one can check from its proof
in [Zell Proposition 9.5] and the formula for Jacquet modules of generalized
Steinberg representations in [Tadl, Proposition 3.1].

Proposition B.4. Let m = 1 and k be between 0 and n, and let x be a
character of G1. Then

Sta ()™ = 128tk (x)-
The the following follows immediately as in [Mat2, Theorem 3.1]

Proposition B.5. Suppose that the representation Sty (x) above is (Hy 4, j1)-
distinguished for some character i of Hy 4. Then p = q.
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APPENDIX C. A MULTIPLICITY ZERO RESULT FOR GENERIC
REPRESENTATIONS

Here F' is p-adic.

Lemma C.1. Let p = q be two non negative integers, mg and my be two
positive integers such that mg + my = p+q := m. Set G = Gy, and
set H = Hp,. Let mg be a generic representation of G, with cuspidal
support containing no character of G1, let m1 a generic representation of
G, with cuspidal support consisting of characters of G1 only, and let x be
a character of H. In such a situation, if mo x w1 is x-distinguished, then mg
is even, q = mo/2, and there exist characters xo of Hyy/2.me2 and x1 of

H

p—mo/2.q—mo/2 Such that my is xo-distinguished and 1 is x1-distinguished.

Proof. Once again this follows from the geometric lemma as in [Off2]. Set
P = MU be the standard parabolic subgroup of G of type (mg, m1). Rea-
sonning as in the beginning of the proof of Theorem and by our as-
sumption, no duality relation can occur between the subsegments of the
product my and those of the product ;. This already implies that the
double cosets PxH possibly contributing to distinction are such that the
representative x belongs to the standard Levi subgroup M. Moreover if one
writes z = diag(xo, 1), the element x( can only have even m;; = 2ml+l in
its associated subpartiation by Theorem [3.8 The result now follows from
the second equality in the proof of [Off2, Proposition 3.1]. Q.E.D.

As a consequence of the discussion in Appendix [B] about the theory of
derivatives for representations the cuspidal support of which consist of char-
acters of (G1, we also obtain the following multiplicity zero result. Its proof
is the same as that of the erratum to [Mat2, Theorem 3.2], which is available
on the author’s webpage but not published. We thus reproduce the argu-
ment here, and recall that if A is a cuspidal segment, then r(A) denotes the
cuspidal representation forming its right end.

Lemma C.2. Let Aq,..., A, be cuspidal segments with supports consist-
ing of characters of Gy, and suppose that they are right anti-ordered, i.e.
e(r(Ai11)) = e(r(A;)) fori =1,....,7r — 1. Then the representation m =
(A1) x -+ x §(Ay) of G cannot by Hp, 4 distinguished if |p — q| = 2.

Proof. We observe that for any non negative integer n;, the segments

A A
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are still right anti-ordered. Then one replaces the class of representations to
which the induction is applied in the proof of [Mat2, Theorem 3.2] (defined
by a non preceding condition which is not preserved by taking derivatives
of each segments as claimed in the proof of [Mat2, Theorem 3.2]) by that
of products as in the statement of the lemma. Then the proof of [Mat2,
Theorem 3.2] applies without any modification, except the initial steps of
the induction which are for n = 2 and 3. For these cases we see that for Gy
and G, the only product of discrete series representations having a character
as a quotient are respectively of the form & x év~ 1 and € x v~ ! x év2, and
the corresponding segments are visibly not right anti-ordered. Q.E.D.

As an immediate consequence of Lemmas and we obtain:

Theorem C.3. Let m be a generic representation of G, H = H,, with
|p —q| =2, and x be a character of H. Then m cannot be x-distinguished.
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