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The objective of this course is to give a qualitative description of the asymptotic
behavior in large time of all the global solutions of the one-dimensional focusing cubic
Klein-Gordon equation with damping

{&?u + 200 — O2u +u —ud = 0, (t,z) € R x R, (1)

u(0,z) = up(z), u(0,z)=vo(x), z e R.

Here, o € (0,1) is a fixed damping constant and (ug,vo) € H'(R) x L?(R) is the
initial data. We start by a study of the local and global Cauchy problem. Then, we
introduce the key notion of solitary waves for this equation, and we study their stability
properties. By variational techniques, it is then proved that in large time, any global
solution converges strongly, at least for a subsequence, to the zero function or to a sum
of decoupled solitary waves. Lastly, we describe a more detailed convergence result,
for the whole sequence of time, with a characterization of all the possible asymptotic
configurations and a precise convergence rate.

These lecture notes contain no new material and are entirely inspired by the refer-
ences [1l, B, 4 [7, 9] 13|, 14} [16].

1 The local Cauchy problem
1.1 The linear problem
A solution u of will be seen as a solution of the first order system

ou =0
O = —2av + 0%u —u +u® = 0, (t,z) e R xR, (NLKG)
U(O,ZL') = UO(.I'), U(0,$) = ’UO(J;)a z €R,

and we will use the notation @ = (u, 0yu) = (u,v). We define the energy of @ by

E(i) = / (20? + 3 (0,u)? + 3u® — Lu?) d. (2)
R
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We check by integration by parts that it holds formally

d
(i) = —2a[o]?

and thus, for 0 < ¢1 < to,

E@@»—Ewm»=—m/”mWw. (3)

t1

Since o > 0, we obtain that the energy is nonincreasing for any solution for which
can be justified. This important qualitative property leads us to work for finite energy
solutions, that is solutions such that (t) € H'(R) x L?(R), for which the quantity E
is well-defined. The space H'(R) x L?(R), denoted simply by H' x L? or by X, will be
called the energy space. We also denote Y = L? x H~ 1.

The notation [ will be used for [ dz. We denote (-,-) the L? scalar product for
real-valued functions u; or vector-valued functions @; = (u;,v;) (i = 1,2)

lull = [l %wﬁ=/MW7Wmm:/mm+/wm

and we denote

lilx == \/lullZ + o], WMMWZ/@MWMM+/MW+/wm
lilly == /Tall® + [0l

Lemma 1.1 ([4, Chapter 9.5]). The linear problem

{atu =0 (4)

O = 0%u — u — 2aw,

generates a strongly continuous semigroup of contractions (Sqa(t))t>0 in X satisfying, for
some Co, > 1, v >0, for allt >0,

1Sa(®)llz(x) < Cae™, (5)

Moreover, (S4(t))t>0 extends to a strongly continuous semigroup of contraction in Y
satisfying, for some C!, > 1,~" >0, for all t > 0,

1Sa(B)llcery < Che™™.
Proof. We define the operator A, on H' x L? by

D(As) = H? x HY,
Ayt = (v,u” —u — 2aw), for any 4 € D(A,).

We claim that the operator A, is maximally dissipative in the sense that



o A, is dissipative: for all ¥ € D(A,) and all A > 0, |4 — Ayul|x > ||@]|x,
e for all A >0 and all f € X, there exists @ € D(Aq) such that @ — AAa @ = f.

Indeed, we have

(Agtl, W) x = /v’w' +ow + (u” —u — 2av)z

= /(v'w’ +ow —u'2 —uz) - 2 / vz.

In particular, (A4, @) x = —2a [ v? < 0. Moreover, for an operator on a Hilbert space,
the property (A4, @)x < 0 is known to be equivalent to the fact that A, is dissipative.
Then, we prove the surjectivity. It is enough to prove the surjectivity for A = 1. Let
f € X. We solve

u—v=7f —u"+2(1+)u=g+ (1+2a)f
v—u"+u+20v=yg v=u—f
Using the Fourier transform, or the convolution product, or the Lax-Milgram theorem,
it is easy to find u € H?, solution of —u” + 2(1 + a)u = g + (1 + 2a)f. Then, we set
v=u— f € H'. Moreover, it is clear that the domain D(4,) is dense in X. Therefore,
by the Hille-Yosida-Phillips theorem, A, generates a semigroup of contraction (S, (t))i>0
on X.
For a solution of , we set

N(t) = /(v2 + (0,u)? + u? + 20uv)
and we compute 4N = —2aN. Thus, N(t) = N(0)e 2 and since
(1-a) [+ @ + ) < N < (14 ) [ (02 + (0au)? +47)
we obtain the result for the bound in £(X).

The theory in Y = L? x H™! is done similarly. O

Remark 1.2 (The User Guide). For 4y € D(A,), the function u(t) = S,(t)tp is the
unique solution of the linear problem

i € C([0,+00), D(A)) N CH([0, +00), X)
da __ —
at = Aau
4(0) = o
For @y € X, the function @(t) = S, (t)do is unique solution of the linear problem

i € C([0,4+00), X) N C([0, +0),Y)
a = A

4(0) = o

!



1.2 The nonlinear problem

The standard theory of semilinear evolution equations (see for instance [4, Chapter 4.3]
or [19]) yields the following result.

Proposition 1.3. For any initial data tig € X, there exists a unique mazximal solution
i = (u, 0pu) € C([0, Tiax), X) N C([0, Trnax), Y)

of (NLKG) satisfying 1(0) = .
If the maximal time of existence Tiax is finite, then limyr, , ||U(t)||x = oo.
If ip € D(Ay), then

i = (u, 0pu) € C([0, Tmax), D(Aa)) N CH[0, Tinax), X).

Moreover, the map Tmax : Up € X — (0,00) is lower semicontinuous, and if lim,_,o o, =
g in X then, for any 0 < T < Tiax,

lim @, =4 in C([0,T],X),

n—oo
where iy, s the solution of corresponding to Uo.y,.

Proof. Observe that the map u — w? is Lipschitz continuous from bounded sets of H!
to L?. Indeed, in dimension one, one has supg |u| < C||lu| g and thus

[u? = *| < C(Jul® + [v*)[u—v| o that [[u® — 07| < C(Jullfp + [ollzp)llu -]

Let Bjs denote the closed ball of X of center 0 and radius M > 0. It follows that there
exists C, > 0 such that for all M > 0 and for all u,v € B); it holds

lu® —v*| < CLM?|lu— . (6)

We rewrite (NLKG) under the following equivalent Duhamel formulation

(1) = Suilo + /0 Sult — $)(0,15(s)) ds. (7)

Uniqueness. Let T > 0. Then there exists at most one solution of (7) on [0,77]. Indeed,
let 7, Uy be two solutions of @ with the same initial data. Set

M = sup max{||d1(t)]|x;[Ju2(t)] x}-
te[0,7)

We have by and HS(t)Hg(X) <C,

umw—@@m<04H@@—@@wu<mWAum@—wwww

It follows from the Gronwall lemma that ||u1(t) — uw2(t)||x = 0, for all t € [0, T]. O



Ezistence of a local solution by contraction. Let M > 0 and fix

1
~ 2002~

We claim that for any @y € X such that ||td||x < M/2, there exists a solution @ of
on [0,T]. Define

Tor 0. (8)

E={deC(0,Tm],X) : |d(t)|lx < M, for all t € [0,Tr]}.
We equip F with the distance generated by norm of C([0, Tas], X), i.e., for any 4y, us € E,

d(u,v) = sup |[a1(t) — d2(t)||x-
tE[O,TNI]

Since C([0, Tas], X) is a Banach space and FE'is closed in C([0, Ts], X ), (F,d) is a complete
metric space. For all @ € E, we define ®(u@) € C([0,Tn], X) by

O (a)(t) = S(t)up + /0 S(t — s)u’(s) ds,

for all t € [0, T).
First, we prove that ® : E — E. Indeed, for any s € [0, 7], by (6]

[’ < CMPlul| < CMP,

It follows from ||S, ()] < C and the definition of T/ in (8] that for any ¢ € [0, T],

3
—M.
2

t
1@@)(0)1x < lidollx + / (s ds < M + CTa M <
0

Second we prove that ® is a contraction on (E,d). Indeed, for any #, v € E, and for
any t € [0, ),

(@) (t) — (@) ()] < /0 lu(s) = v (s)ll ds < CLTa M?d(u,v) < %d(u, v).

By the Banach Fixed-Point Theorem, ¢ has a unique fixed-point « € E, which is a
solution of .

Mazimal solution. We claim that there exists a function Thax : X — (0, 00] with the
following properties. For any @y € X, there exists u € C([0, Tmax(tp)), X ), such that for
all T € (0, Tax(to)), u is the unique solution of (7). Moreover, the following alternative
holds:

(i) Either Tiax(tp) = oo;

(ii) Or Tmax(ﬁo) < 00 and then limtTTmax(ﬁo) Hﬁ(t)”x = 00.



When property (i) holds, one says that the solution is globally defined, or global.
When property (ii) holds, one says that the solution blows up in finite time.

Proof. Let iy € X and M = 2||ipl||x. We define
Tmax(to) = sup{T > 0 : there exists a solution u of (7)) on [0, T]}.

We have just proved that Ty, is well-defined and Tinax > Thy > 0. Now, we define a func-
tion 4 € C([0, Tmax (o)), X) which is solution of (7)) on [0, 7] for any T € (0, Tiax(t0))-
Let t € [0, Timax(tp)). Let T € [t, Timax(@o)). By the definition of Tinax(tip) as a supre-
mum, there exists a solution @y of (7) on [0,T]. Then, we set @(t) = @r(t) on [0,T]. By
the uniqueness result, this definition does not depend on the choice of T' € [t, Tiax (o).
Thus, it provides a function @ € C([0, Tax(t0)), X') which is indeed a solution of (7)) on
[0,T] for any T € (0, Tmax(to)). Last, note that by the definition of Tiax(tp), this solu-
tion cannot be extended beyond Tiax(tp). This solution is called the mazimal solution
of (7).

Now, we prove the blowup alternative. Fix any 7 € [0, Tiax(tp)), set M = 2|lu(7)||
and consider Ty; > 0 given by . There exists a solution w of

w € C([0,Th], X),
t
w(t) = S(t)u(r) + / S(t — s)w?(s)ds.
0
We extend the function @ € C([0, 7 + T, X) by setting

() = {ﬁﬂ(t) %fte [0, 7],
w(t—7) iftelr,7+ Tyl

(9)

We observe that @ is now a solution of the problem (7)) on the interval [0, 7], for T' =
T 4 Thy. By the definition of Tiyax (i), this shows that

T+Ty < Tmax(ﬁo).
Assume Tiax(tig) < 0o. By the general definition of Th in and the value of M =

2||u(7)]| in the present context, we obtain

1 L,
W < Tmax(uo) - T
This is equivalent to
1
TmaX(QZO) - 7-’
which proves that if Thax (o) < 0o, then limyr, . (a) [1U(t) | x = oo.

2CL[Ju(r)]* =

(10)

Persistence of regularity. In the above framework, since u? € C([0, Tyax (o), H'), one
has (0,u?) € C([0, Timax (i), D(As)). Assume now in addition that iy € D(A,). Using
the Duhamel formulation (7)) and the properties of Sy, we obtain u € C([0, Tax), D(Aq))
and then dyu € C([0, Tinax), X).

Continuous dependence on the initial data. Now, we claim that



(i) The function Thax : X — (0, 00] is lower semi-continuous;

(ii) If @y — o as n — oo in X, then for any T' € (0, Tyax (%)), @y, — @ in C([0,T7], X)
as n — oo, where u,, and o are the solutions of corresponding respectively to
Uo,n, and .
Let T' € (0, Tmax(to)). To prove (1)-(2), it suffices to show that if @, — iy then for
n large enough Tinax(to,) > T and @, — @ in C([0, 7], X).
Set M =1+ 2sup,c(o 1 ||U(t)]|x and define

Tn, = sup{t € [0, Timax (1)) : ||tn(s)||x < M for all s € [0,t]}.

Since ||dp,n|| < M/2 for n large enough, 7, > 0 is well-defined. Moreover, by the well-
posedness theory 7, > Ths. For any t € [0, min(7’;7,,)], we have

t
[a(t) — @ (@)l x < [ldo — tdonlx + CLM2/0 [d(s) = tn(s)|| ds,

and thus by the Gronwall Lemma, for any ¢ € [0, min(7’; 7,,)],
Hﬁ(t) - ﬁn(t)HX S Hﬁo — ﬁ07n“x exXp (CLMQT) . (11)
This proves that for any ¢ € [0, min(7T; 7,)],
~ . . . M L. 3M
()l x < llA(0)1x + () = ()| x < 5 + llio = do.nllx exp (CLM?T) < ==,

for n large enough. Therefore, 7, > T', which also justifies that Tiax(@o,n) > T
Lastly, estimate implies that @, — @ in C([0, 7], X). O

In this course, we systematically work in the framework of such maximal finite energy
solutions.

Corollary 1.4. In the context of Proposition the function t — E(i(t)) is C1 on
[0, Timax (o)) and for all t € [0, Tax(to)), it holds
d
3 P0) = —2afv(@®)]*.
Proof. Let @y € X and for all n > 0, let @, € D(A,) be such that g, — iy as n — oo
in X. It is known that for any 7" € (0, Timax(t0)), @n — 4 in C([0,7], X) as n — oo.
For (t), it is rigorously checked by using (NLKG) that
d .
2 P@(#) = —2a]va()]*.
In particular, for all ¢ € [0, Tiax(@p)), and all n large,

B (1) = i) = =20 [ (9] ds.

Passing to the limit n — +oo E(i,(t)) — E(u(t)) and ||v,(s)||> — ||v(s)|>. Thus, for
all t € [0, Tinax(0)),

t
Bt) = Bli) = —2a [ o(s) s

This proves the result. ]



2 The global Cauchy problem

2.1 On blowup in finite time

The negative sign in front of u? in equation means that the equation is focusing. In
particular, the sign of the quartic term in the definition of the energy prevents us to
use the decay of energy to prove global wellposedness. On the contrary, we are going to
prove that there exist blow up solutions for the equation.

Together with the energy functional E(t) := E(u(t)) defined in and satisfying
(3)), we will use the following quantities

MO = gl +o [ Juts)as,
W) = 5 (190 + 00> + Ju(t)])
Lemma 2.1. It holds

M(t) = / w(t)pu(t) d + o fu(t) 2 (12)

¢
= /u(t)@tu(t) dx+2a/ /u(s)@tu(s) dz ds + af|u(0)|?, (13)
0
M" () = 3[|0cu(®) || + [Bzu(®)]* + [lu()|* — 4E(t), (14)
W' (t) = —2a||0pu(t)||* + /u?’(t)&gu(t) dx. (15)
Proof. Direct computations using and . Density arguments are used as in the
proof of Corollary O

Theorem 2.2. Let 0 < a < %. If E(0) < 0, then the corresponding solution of
blows up in finite time.

Proof. Assume that E(0) < 0. For the sake of contradiction, assume that the solution
is global. Then, by (), E(t) < E(0) < 0. In particular, by (14), we have M"(t) >
—4FE(t) > —4E(0) > 0. It follows that lim;_, 4o M(t) = +00. Moreover, since M"(t) >
3[|0cu(t)||? + |Ju(t)]|?, we also have

2
MOM'0) > SOOI + 1) > 3 (o) + 5l

Using the inequality (a + b)? < %aQ + 5b%, and then a < i, we have
2 _ 9 ? 2, 14 O
(M'())* < 1 </u8tu> + 5a ||lul|* < 8M(t)M”(t).

This implies that for all ¢t >
1
(M~5)"(t) <.



But M(t) > 0 and lim;_, 4 o0 M5 (t) = 0. Thus, there exists t; > 0 such that (M_%)’(tl) <
0. Using the concavity, we obtain for ¢t > ¢,

0< M75(t) < M75(0) + (t— 1) (M75) ().

This is contradictory for ¢ large. O

2.2 Global solutions are bounded

Using arguments of [3] and [2, Proof of Lemma 2.7] for the undamped Klein-Gordon
equation, we prove a bound on global solutions of .

Theorem 2.3 ([2,3]). Any global solution of is bounded in X .
Proof. Let i be a global solution of . From and the Cauchy-Schwarz inequality,
|IM'(t)] < (14 2a)W(t). (16)
Moreover, by and ,
M"(t) > 2W (t) — 4E(0). (17)

The proof of the global bound now proceeds in three steps.
Step 1. We prove that
ligninfM’(t) < 0. (18)
— 00

Proof of . We argue by contradiction, proving that lims,, M’ = oo implies the
following inequality, for all ¢ large enough,

(14 €)[M'(t)]* < M"(t)M(t) where € > 0 is to be chosen. (19)
Then, we reach a contradiction by a standard argument. Indeed, remark that

implies Ci‘l—tQQ[M_E(t)] < 0, and lims M" = oo also implies lims, M€ = 0. Thus, there

exists ¢; > 0 such that -L[M~¢(t;)] < 0, and for all ¢ > #,

0< M™(t) < M~(t;) + (t — tl)%[M’e(tl)],

which is absurd for ¢ > ¢; large enough.
Thus, we only need to prove assuming limy, M’ = co. On the one hand, by
and the Cauchy-Schwarz inequality, it holds

M) < ol + 20 ( | t Hu(s)ll2d8>% (/ t ||atu<s>u2ds>é + allu(O)]

Let € > 0 to be chosen later, we estimate

+ <1 - 1) o?|lu(0)||*.

M’ < (1+¢)




Thus, using the inequality (AB + CD)? < (A% + C?)(B? + D?), we obtain
1 t t
AP < 9 Gl 4o [ )P as| [2000P + o [ o)1 as]
0 0
1
+ <1 + €> o?[|u(0)*
t 1
<(1+eM [2”8tu\|2 + 404/ H(‘)tu(s)szs} + <1 + 6) o?||lu(0)||*.
0
On the other hand, by and ,
t
M” = 2)|Qgul|2 + 2W + Sa/ |9su(s)|2 ds — 4E(0)
0

t
> (1+ 6)3 [2”8tu||2 + 4a/ H@tu(s)HQ ds} + W —4E(0),
0

1
5\ 3

0 -] =1
<< ()

In particular, since lim,, W = oo by and the assumption lims, M’ = oo, we have
for t large enough,

by fixing any € such that

t
M">(1+¢)? [2\\8tu\|2 +4a/ H@tu(s)Hst} :
0

Thus,
1
U+ PP < araa” + (14 1) 2O

and using again lims, M’ = co we obtain for any t large enough.
Step 2. We prove that

sup |M'(t)] < . (20)
t€[0,00)
Proof of . Combining and , we obtain
2
M () > =5 M (8)] ~ 4E(0).
Let
2 /
2
_(t) = “TToa "(t) — 4E(0)

10



Then, H! (t) = H%M,/(t) > % + (t). If there exists t > 0 such that H(t) > 0, then

limy, Hy = 00, contradicting . It follows that for all £ > 0,

M'(t) <2(1 + 2a)E(0).

Similarly, H' () = — 5= M"(t) < —1-2=H_(t). Tt follows that H_(t) < e Tz H_(0),
for all ¢ > 0. Thus,
14 2«
M'(t) = ——5— (4E(0) + [H-(0)]).

and is proved.
Step 3. Last, we prove the global bound

sup |W(t)| < oo. (21)
t€[0,00)

Proof of (21). We rewrite (17) as
1
Wi(t) < §M”(t) + 2E(0).

Integrating on (f,t + 1) and using (20]), we observe that
t+1

sup W(s)ds < oc. (22)
>0 Jt

Moreover, by ,
' 2 3 1 2 1 6 1 6
W' < =2a|0ul]” + [ [ul’|0cu] < S0l + 5 [ Jul> < W5 [ ful”.

For t > 1 and 7 € (0, 1), integrating on (¢ — 7,t), we find

t

WO Wi+ [ W(s)ds—ir;/t /|u(s)\6dxds

t 1 t
<W(t—1)+ W(s)ds+ - / / lu(s)|® dz ds.
t—1 2 Ji—1

Using the Sobolev inequality (in space-time) for the last term, we obtain, for some
constants C' > 0,

t
W) <W(Et—7)+ [ W(s)ds+ Cllullf 1w

t—1
t t 3
<W({t—-71)+ W(s)ds+C ( W (s) ds) .
t—1 t—1
Integrating in 7 € (0,1) and using (22)), we find (21)). O

11



3 The solitary waves

It is also well-known that up to sign and translation, the only stationary solution of
is the solitary wave (Q,0), where @ is the explicit ground state

V2

= = v/2sech 2
Q) = iy = V2sech(a) (23)
which solves the equation
Q"-Q+Q@*=0 onR. (24)
We see from the explicit expression of @) in that, as x — oo,
Q(z) =cge ™+ 0(e™), Q'(z) = —cge ™ + O(e™ ) (25)

where cg = 21/2. Note that by , it holds [(80,Q)* + Q? — Q% =0 and so

1
E@0) = [Q'>0 (26)
Let
L=-0?4+1-3Q%*=-0%>+1— 6sech?

(Le,e) = / {(8,6)* + &% — 3Q%c*} du.

We recall some standard properties of the operator £ (see e.g. [9, Lemma 1]).
Lemma 3.1. The following properties hold.

(i) Spectral properties. The unbounded operator L on L? with domain H? is self-
adjoint, its continuous spectrum is [1,00), its kernel is span{Q'} and —3 is its
unique negative eigenvalue with corresponding smooth normalized eigenfunction
Y = § sech?(z).

(ii) Coercivity property. There exist c¢1,ca > 0 such that, for all e € H*,

(Le,e) > erllellip —e2 ((,Y)* + (e, Q)?) -

Proof. The continuous spectrum of £ is the same as the one of the operator —92 +1, i.e.
the interval [1, +00), since the potential —6 sech? is a compact perturbation of —02 + 1.

We check by direct computations that LY = —3Y and £Q' = 0. Since Y > 0, it is a
standard observation that —3 is the lowest eigenvalue of £. Moreover, since @)’ only has
one zero, 0 is the second eigenvalue. Lastly, we check R =1 — %sech2 satisfies LR = R.
Since R € L™ and R’ € L?, but R ¢ L? the bottom of the continuous spectrum 1 is called
a resonance. Since R only vanishes twice on R, there is no other discrete eigenvalue. In
particular, by the spectral theorem, if (¢,Y) =0 and (¢,Q’) = 0, then

</:'€7 E) > HEH%{l

12



For a general ¢ € H!, we decompose ¢ = aY +bQ’ +n, where (n,Y) = 0 and (n, Q') = 0.
In particular, a = (Y,¢) and b||Q’||> = (Q’,¢). We also have (Ln,n) > ||n||>. Thus,

(Le,e) = —3a® = 0°||Q'||* + (Ln,m)

> —3a® = V(|Q'||* + |Inl®
> —4a® — 26 + ||||?
> _4<€’Y>2 - 2<57 Q/>2 + H5||2

Moreover, it is easy to see from the definition of £ that
(Le,e) > [|0uel® = 5l|e]”.

By taking a linear combinaison with coefficients 6/7 and 1/7 of the above inequalities,

we find 04 19
(Le,2) 2 = (18] + el?) = (e, V)P — e, Q1)

3| =

O]

The unique negative eigenvalue of L is related to an instability of the solitary wave
for the equation , described by the following functions:

vt — —at a2 13, fi:(;;>, (27)
(t=a+tVa2+3, Zt= <Ciy> : (28)

Y
Indeed, it follows from explicit computations that the function
EE(t, x) = exp(vT )Y ()
is solution of the linearized problem
{S:; ; iﬁa — 2am. (29)

Since v > 0, the solution £ illustrates the exponential instability of the solitary wave
in positive time. This means that the presence of the damping a > 0 does not remove
the exponential instability of the Klein-Gordon solitary wave. An equivalent formulation
of instability is obtained by saying that the functions Z%F are the eigenfunctions of the
adjoint linearized operator in :

0 =L\ s+ 154
<1 —2a>Z =vias,

and as a consequence, for any solution £ of ([29)),

= d
at = (2,ZF) satisfies ¢t (30)

13



Remark 3.2. The existence of the solutions £ is called linear exponential instability.
More arguments are needed to prove that the solitary wave solution (Q,0) is actually
nonlinearly unstable, in the following sense

360 > 0,0 > 0,30 € X, [0 — (Q.0)]lx < .37 > 0+ inf [4(T) — (Q( — a),0)]lx = &

where 1 is the solution of (NLKG) with initial data @y. We will not address this question
here, but it is an interesting exercise to prove this statement.

4 First decomposition result of any global solution

4.1 The Brezis-Lieb Lemma

The following is a particular case of the Brezis-Lieb lemma.

Lemma 4.1. Let (f,) be a sequence of functions in L* that converges a.e. to a function
f and such that sup,, || fullps < +00. Then

tiw [ |£= 1= (7 = £ =0

n—oo

([ [o-nt)= [
Proof. Let r, = ‘fﬁ — A= (f - fn)4|. We have

ro=|(fo—F+ )= = (F = f)Y
= 4(fn — [P F +6(fa— 22+ 4(f — 1) F)
< 6(fn - f)4 + C€f4-

In particular,

for any € > 0. Thus, the nonnegative functiorEI Sne = (tn—€(fn—f)*)+ converges a.e. to
zero and is dominated by the integrable function C.f*. By the dominated convergence
theorem, this proves that lim,,_, o [ $pe = 0. Now, 0 <1y, < sp e+ €(fn — f)* and so

limsup/rn < elimsup/(fn - HL

n—-4o0o n—-+4o0o

In particular,

limsup/rn < Ce lilfnsup/(fn4 + 1 < Ce,

n—-+o0o n—-+o0o

and e being arbitrary, we obtain lim,, 1 [ 7, = 0. ]

!The notation x4 means x4 = max(z,0)
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