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The logarithm

Li;(z) = —Log(1 — z) (zeC)
Integral formulas : Log(z) = fz%

Lis(z) = — [ 2«
Series expansion : Lii(z) = >, Z—kk
Monodromy : Mo (Log) = Log + 2im
Functional identity : Log(x) — Log(y ) — Log < § > =0

indoles logarithmorum hac aequatione fundamentali continetur [Pfaff 1788]

[ The nature of logarithms is contained in this basic equation |
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The dilogarithm Li,

o Lix(z) = X5, % (lzl<1)

¢ Integral formulas : Lio(z) = Loi(z) = —leog(l — u) -2
Lio(z f log(u — 0) 124

e Monodromy : M3 (Liy) = Li, —2irLog

e Abel’s functional identity (.Ab) ( O<x<y<l1 )
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The dilogarithm Li,

o Lix(z) = X & (lzl<1)
e Integral formulas : Lio(z) = Loi(z) = —leog(l —u) &
Lio(z f log(u — 0) 124
e Monodromy : My (Li) = Lip —2imLog
e Abel’s functional identity (Ab) ( O<x<y<l1 )
% 1—y x(1—y) B
R(x) — R(y) —R(;) -R(;—) +R<y(1_x)> —0

2

R(x) = %(LOI(X) - LlO(X)) = Lix(x) + %Log(x)Log(l —x) — %
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The n-th polylogarithm Li,

o Lin(z) = T2 % (lz<1)

e Integral formulas : Lin(z) = szi,,_l(u)%

Li,'(z) = Li,—1(2)/z

e Monodromy : Ml (Li,,) = Li, —2im ((|.:_g£;1

e Functional identities in one variable :

Li,,(zr) = 1 > Lin(wz) ( |z|< 1)

wr=1

Li,(z) + (—1)"Li, (z_l) _ () B,,<L0gz> ( ze€ C\ [0, +o0] )

n! 2im




The n-th polylogarithm Li,

. zk
. Lif(z) = YR, 5 (ll<1)
¢ Integral formulas : Lir(z) = szi,,_l(u)d—lj’
Li,'(z) = Li,—1(2)/z

e Monodromy : Ml (Li,,) = Li, —2im ((Lno—%;!_1

e Functional identities in several variables ( 37 ) :
> ciLin(U;) =Elem_,
iel

(I finite, ¢; € Z, U; EQ(Xl,...,xN))



The n-th polylogarithm Li,

. zk
. Lif(z) = YR, 5 (ll<1)
¢ Integral formulas : Lir(z) = szi,,_l(u)d—lj’
Li,'(z) = Li,—1(2)/z

e Monodromy : Ml (Li,,) = Li, —2im ((Lno—%;!_1

e Functional identities in several variables ( 37 ) :
Zc,-Li,,(U,-) =Elem_., <= ZC;L,,(U,-) =0
iel icl

( I finite, c; € Z, U; € Q(Xl,... ,XN) )



Example : Lis

o Lizg(z) = 302, 2K/k® = 7 Lip(u)

e Spence-Kummer identity S/C (1809-1840) :
x(1-y) ,
1= y) + 2L3<y(1—i)) — L|3<xy)

. x(1— . 1—y Crx(1—y)?
T 2L~ ((1_ y)>)+2L. (- <(1 >))_ L.3(y§1_§§2)

= 2is(1) ~ Log (v Log (+=2) + ZLog (1) + Lo ()

2Lis(x) + 2Lis(y) — Li3<§) + 2|_.3(

1—-



Example : Lis

o Li3(z) = X%, zk/k3 = [* Li2(u)%
e Spence-Kummer identity S/C (1809-1840) :
. . X Y . rx(1—y) .
2Liz(x) + 2Lis(y) — L|3<}7) + 2L|3(1—y> + 2L|3<y(1—i))7 L|3<xy)

o ox(1— . 1- (X Ly)?
+2L|3(7 ((17)5))4-2'-'3(7 ((17};)))_“3(}/%17i;2)
~ + Llog(yy®

:2Li3(1)fLog()Log(1 )+7Log() :

2L3(x) +2L3(y) — 1:3(;) + 253(1:;) + 2£3(;(1—i)) — £5(xy)

(1-x)
x(1 - 1- x(1—y)?
+2L5( - ((1_Xy))>+ 2£3<_y((1_);))>_ [;3(yél_ﬁ;2):

L£3(z) = Liz(z) — Lia(2) Log|z|+1 Liz(2) (Log|2|)?



Example : Li,

o Lig(x) = SRy x*/k* L4(x) = Lia(x) + Elem4(x)

e Kummer's identity /C(4) (1840) :

Lo e () e () ()

_6L4@Q_6g4 )—654—%)—6a( )

( ¢
—3c4mﬂ—3£4yq—3£45)—3£42)

(-

(

3, )—3c(—%<)—3c4(—n—<)—3£4(—%)

<
+6L4(x) +6Lay +654f2)+6c4f5)_0

(¢=1-xn=1-y)



e Abel 1881 (Spence 1809, Hill 1829, Rogers 1907)
R(X)—R(y)—R(§)—R(1Y)+R<§ §>:0 (LAb)

e Spence-Kummer : Y7, ¢ £3(U,-(x,y)) =0 (SK)
o Kummer 1840 : Y, L,(Ui(x,y)) =0  (n<5) (Kn)
.

e Goncharov 1995 : -2, ¢ £5(Uj(a, b,¢)) =0 (Gon)
o Gangl 2003 : ¢ E,,(U,-(x,y)) =0 (n=6,7) (Gan,)

e Charlton, Gangl, Radchenko, Rudenko, Goncharov-Rudenko, ...



e Functional identities (FI) of polylogarithms Li, :

>

>

Hyperbolic geometry

Web geometry (n<3)
K-theory of number fields (‘Zagier's conjecture’)  (n<4)
Theory of periods (MZVs)

High energy particule physics (‘'Scattering amplitudes’)
Mathematical physics ('Y -systems') (n=2)
Cluster algebras (n<4)

Mirror symmetry (‘Scattering diagrams') (n=2)
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YiciciR(U)) =cst <= specializations of Ab(Xs, Y5)
with Xs, Ys € Q[x1,...,xm] V s

e ( Log(x) — Log(y) — Log(x/y) =0) is the FFI of the logarithm

Ab <= (Ab(x,y)=0) is the FFI of the dilog v




e Ab(x,y) = R(x)~R(y) ~R(*) = R( 1) +R<;g§g>zo

Thm [de Jeu 20] V[ finite, ¢ € Q and U; € Q[x1, ..., Xm] :

YicrciR(Uj) isa LC of
YiciciR(U)) =cst <= specializations of Ab(Xs, Y5)
with Xs, Ys € Q[x1,...,xm] V s

e ( Log(x) — Log(y) — Log(x/y) =0) is the FFI of the logarithm
o Ab <= (Ab(x,y)=0) is the FFI of the dilog v

o Gony <= Y2, ¢L3(U)=0 isthe FFl of the trilog ~ ?



Ab(x,y) = R(x) = R(y) - R(

$) R +R(5 )=0

Thm [de Jeu 20] V[ finite,

YiciciR(Uj) =cst <—

¢ €Qand Ui € Q[x1,...,Xxm]:

YicrciR(Uj) isa LC of
specializations of Ab(XG, Ys)
with Xs, Ys € Q[x1,...,xm] V s

e ( Log(x) — Log(y) — Log(x/y) =0) is the FFI of the logarithm

Ab <= (Ab(x,y)=0)
Gony — Y2, ¢L3(U) =

Qs [ Goncharov-Rudenko |

is the FFI of the dilog v
0 is the FFI of the trilog 7?7

is the FFI of the tetralog 7?7







[Griffiths 2002] The legacy of Abel in algebraic geometry

We do not attempt to formulate this question precisely —
intuitively, we are asking whether or not for each n there
is an integer d(n) such that there is a “new” d(n)-web of
maximum rank one of whose abelian relations is a (the ?)
functional equation with d(n) terms for Li, ? Here, ‘new”
means the general extension of the phenomena above for
the logarithm when n =1, where d(1) = 3, for the [=
5-term identity] when n =2 and d(2) =5,. ..



[Griffiths 2002] The legacy of Abel in algebraic geometry

We do not attempt to formulate this question precisely —
intuitively, we are asking whether or not for each n there
is an integer d(n) such that there is a “new” d(n)-web of
maximum rank one of whose abelian relations is a (the ?)
functional equation with d(n) terms for Li, ? Here, ‘new”
means the general extension of the phenomena above for
the logarithm when n =1, where d(1) = 3, for the [=
5-term identity] when n =2 and d(2) =5,. ..

[Goncharov-Rudenko 2018] ‘Motivic correlator, cluster algebras ...

Conclusion. If n > 3, the problem of writing explicitly
functional equations for the classical n-logarithms might
not be the “right” problem. It seems that when n is
growing the functional equations become so complicated
that one can not write them down on a piece of paper.



e Problems about functional identities of polylogarithms :
— Finding FI'sfor £, (eg 3n>87 )
— Is there a sequence (Fl,),>1 of FI's for the polylogarithms?
— Is there a fundamental Fl's for £, for each n > 17

— Better understand the polylogarithmic FI's
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e In this talk, allowing to deal with hyperlogarithms :

— We describe a series of hyperlogarithmic identities
HLog' <— ( Log(x) — Log(y) — Log(x/y) =0 )

HLog? «<— ( R(X)*R(Y)*R(i)*R(%>+R<;8:Zg> :0)

HLog® ( weight 6 hyperlogarithmic identity )

— For w=1,...,6, one has

Hlog” : 3 i, AH["(¢;) =0



A geometric view on Abel’s identity

o (b) R()—RY)-R(3)-R(1)+R(302) =0
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A geometric view on Abel’s identity

() R R —R(3) —R(1) +R(5 ) =0
I I Il |
Us U Us U, Us

Base points of the U;’s :
—p1=1[1,0,0]
—p2=10,1,0]

—p3=10,0,1]

[ ]

/ —-ps=11,1,1

~> Blow-up B : X3 = B|p17,,,7p4(P2) — P2




A geometric view on Abel’s identity

() R R0 —R(3) —R(12) +R(5 ) =
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1— 1—
e (Ab) R(x)—R(y)—R(%)-R(iZ)+ R(J’:El_’;; ) =0
| | I | |
U, U, Us U, Us
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A geometric view on Abel’s identity

() R R —R(3) —R(1) +R(5 ) =0
I I Il |
Us U Us U, Us

e Blow-up 3 : X4 =Bl, _,(P?) — P?

¢17"'7¢5:X4—>]P)1
5 are the five conic fibrations
on the del Pezzo surface X,

5
3 (€i);g {1 st
unique up to sign

o (Ab) <—> S 1 €iR(¢i)=0



Generalization to del Pezzo surfaces



Generalization to del Pezzo surfaces

e pi1,...,pr €P?2: points in general position, with r € {3,...,8}

e Blow-up 8, : X,=Bl, (P> —P> ( X,=dPgs_, )



Generalization to del Pezzo surfaces

e pi1,...,pr €P?2: points in general position, with r € {3,...,8}
e Blow-up 3, : X, = Blph..,’p,(IP’z) — P? ( X, =dPg_, )

Prop : 1. There is a finite number

ic fi i R X, — P!
of conic fibrations on X, D1, Pr ¢



Generalization to del Pezzo surfaces

e pi1,...,pr €P?2: points in general position, with r € {3,...,8}
e Blow-up 3, : X, = Blph..,’p,(IP’z) — P? ( X, =dPg_, )

Prop : 1. There is a finite number

. 1
of conic fibrations on X, P1os s Xy — P

2. For each i, ¥; = Spectrum(¢;) C P! has r — 1 elements



Generalization to del Pezzo surfaces

e pi1,...,pr €P?2: points in general position, with r € {3,...,8}
e Blow-up 3, : X, = Blph..,’p,(IP’z) — P? ( X, =dPg_, )

Prop : 1. There is a finite number

. 1
of conic fibrations on X, P1os s Xy — P

2. For each i, ¥; = Spectrum(¢;) C P! has r — 1 elements

Def : The complete antisymmetric L, T
o . AHLS? - P\ I
weight r — 2 hyperlogarithm % \Ly —C



Generalization to del Pezzo surfaces

e pi1,...,pr €P?2: points in general position, with r € {3,...,8}
e Blow-up 3, : X, = Blph..,’p,(IP’z) — P? ( X, =dPg_, )

Prop : 1. There is a finite number

. 1
of conic fibrations on X, P1os s Xy — P

2. For each i, ¥; = Spectrum(¢;) C P! has r — 1 elements

Def : The complete antisymmetric L, T
o . AHLS? - P\ I
weight r — 2 hyperlogarithm % \Ly —C

Thm [ Castravet-P] 3 (¢;)_, € {£1}", f-unique, such that

(HLog™2) Yy € AHE ?(¢) =0
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(HLog™2) Py e AHE % (07) =0

e One identity HLog 2 for each del Pezzo dPy = X, (d =9 —r)
[d =6] dPg is unique, AH%:'_ = Log for any i
HLog! = (Log(x) — Log(y) — Log(x/y) = 0)
[d =5] dPsis unique : AH?):’, = %(Lm — |-10) =R for any i

Hiog? = ( S0, 6 R(¢1)=0) ()



(HLog'?) 1€ AHr ? (¢:) =

[d=4] dP, oo? moduli ~» oo? identities HLog®
3 3( 1 3(Y
AH; ( x )+AH; ) + AH; . + .-

y(x — b) a(b— x)
..+AH93<7x(y_a)>+AH <by ) 0




(HLog'?) 1€ AHr ? (¢:) =

[d=4] dP, oo? moduli ~» oo? identities HLog®
3 3(1 3 (Y
AHl(x)+AH2<;>+AH3<;)+---
Y(X—b)> 3<a(b ))
e AHS [ T | 4+ AH =0
9<X(y—a) 0\ by

[d =3] dP3 = cubic surface in P> ~~ oo identities HLog®

Z:Zl AH,4( ‘z’i) =0




Thm [ Castravet-P. 2022]

3 (e,-)le € {£1}", unique op to sign, such that

(HLog'?) Y€ AHE (i) =0

—— Del Pezzo surfaces

— Hyperlogarithms (lterated integrals)
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Del Pezzo surfaces | : properties

e dPy; C P9 smooth surface, of degree d (d=9—r)
e dP, =X, =Bl, _,(P?) Pic(dPy) =Zh & (Di_1 Z L))
o —Kap, =3h—>_ £ ample ~> ¢ _yx :dPy — PY embedding

° PiC(de)DKJ':<p1,...,pr> p,-zE,-—K,-+1 i<r-—1
pr=3h—37 ¢

e —(,)+{piti=1 ~> Root system E, C R, = KLtoR

e For any root p : s, 'R — R, (reflection)

dr—d+(d,p)p

o W,=W(E)=sp,...,s,, ) CO(R:) : Weyl group of type E,



Del Pezzo surfaces |

FI1GURE — Dynkin diagram E, (k stands for py forany k=1,..., r)
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Lines and conics on X, = dPy,

(d:9—r)

o Lines £, ={LePic(X,) | (£.-K) =1, =1}

w

o ~~

‘o=1[0]" for PL~¢CdPy

deg(0) =1
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Lines and conics on X, = dP;, ( d=9—r )

o Lines £, ={LePic(X,) | (£.-K) =1, =1}

w

o ~~

‘Cr:Wr‘er !

= W(E/_;) ( Weyl group)

lonics  IC, = { ¢ € Pic(X,) ’ (¢,~K)=2,¢>=0 }
w

¢ <—> Fibration in conics ¢ : X, — P1

K, =W, (h— ) " = Stab(h—£1) = (s,

= W(E",) (type E

“o=1[0]" for P~¢CdP; deg(d)=1

= Stab(£,) = (s, [i£r 1)

ey Sp, )
r—1:Df—1)



r 3 |4 5 6 7 8

E, Ayx Ay | Ay Ds Eg E; Eg
W, =WE) | Sx6y|Cs|(Z/22)xCs| WE) | Wy W(Es)
oy = |W,] 12 |5 2t.s (273450203457 2. P . 527
L =1L 6 |10 16 27 56 240

& = %] 3 |5 10 27 126 2160
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Exemple : the lines of dP, seen on the plane

o dP, = X; =B, (P2) - P2

o (; = ﬂ_l(p;) CX; ~ 4 € PiC(X7)

~ L=k
Line | Class in Pic(X;7) | Number of such lines Model in P?
& | b 7 first infinitesimal neighbourhood p{”
tij h=t;-¢; 21 line joining p; to p;
Cij 2h-Eb+ 0+ 21 conic through the py’s, k ¢ {i, j}
C? 3h-€-¢; 7 cubic through all the p;’s with a node at p;

TasLe 2. Lines on dP; and the corresponding ‘curves’ in the projective plane



xemple : clonics of dP,

‘ Conic class ¢ ‘ Number of such ¢ ‘ Linear system |€| ‘ (C:"d ‘

h-1¢; 7 lines through Di f,‘j +€j
Ciiy + Cini
2h = Yicr i 35 conics through the p;’s, i € I e
€, +Ciiy

_ . cubics through the py’s for €jx + Ci

3h—t+ti—¢; 42 k # i, with a node at p; &+ C;
Mh—t=3 ¢ 35 quartics through the py’s Criky + Cisky

—t-3. ¢ ! ;

Jel with a node at p; for j € J Ciip + C;B

_ . quintics through the p;’s with 3

Sh-2t+4 7 anode at py except for k = i Cij +Cj

TasLE 3. Conic classes on dP, and their reducible fibers
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Non-irreducible conics

i Lr:UZGL,KCXr ~ Y, :Xr\l-r
e K, >¢ ~ Conic fibration ¢C:Xr—>]P’1

Y. = Spectrum( ¢.) = { e P! ‘ ¢z 1(\) not irreducible }

— — 1
_{Uc,la R O-C,I’—:|.7o-lt,l'—]._oo}C]PJ

e For o, €% Cﬁc_l(Uc,i) = L/c’,- + Llcly,' ( cirLei € Lr )

r—2
° HCZH()(]P)I,Q]%»I(LOgZC)) - <Z—d§ci > 1
El 1=

oHc:¢j<%c>:< dc >:12CH°<X,,Q}(r(LogL,)):Hx,

(z)c_o'c,i



Del Pezzo’s web Wgyp,

e Wap, = W(o.)

ek, Kkr-web by conics on dPy



Del Pezzo’s web Wgyp,

e Wap, =W(o.)

ek, Kkr-web by conics on dPy

e Quest®: 3 (Fc(gbc))celC such that Zcelcr Fc(qbc) =0

r

with polylogarithmic F.'s?



Del Pezzo’s web Wgyp,

e Wap, =W(o.)

ek, Kkr-web by conics on dPy

e Quest®: 3 (Fc(gf)c)) such that chcr Fc(¢c) =0

CE’Cr
with polylogarithmic F.'s?

Theorem : 3 (e.) . € {1, —1}*, £-unique such that

(HLog ?) > e AH?(¢:) =0
CG’Cr

where V ¢ : AHE*2 = complete antisymmetric hyperlogarithm
of weight r —2 on P\ X.
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1l Iterated integrals

e Poincaré (1884), Lappo-Danilevski (1928), Chen (1973)

e Y complex manifold

° H:<wl,--~awm>CH0(Y’Qly) +[ o }

w,-ijzo
« Ex:¢:Y—>C and w€¢"(H(C,QL)) i=1...,m

e Base point y € Y, path+*:[0,1] — Y from y to x :
— L, @ x— [wi 2 L, € Oy
= Ly o x— [xwj(u) - L, (v) o Ty, € 0y

Dopeop; = X — fyx wi(u) - I[ij,.(u) o e € Oy



1l Iterated integrals : polylogarithms

. H®— O,



1l Iterated integrals : polylogarithms

n": H®Y— 0O,

¢ W=w; ® - Quwj, — I,z fyz wi, (u) - ]Iw,-me,-W(U)



1l Iterated integrals : polylogarithms

n": H®Y— 0O,

¢ W=w; ® - Quwj, — I,z fyz wi, (u) - ]Iw,-me,-W(U)

o II: (@WZOH@’W, |_|_|) — 0,



1l Iterated integrals : polylogarithms

Y . Hov— 0,
o W=w, ® -Quwj, — I,z fyz w,-l(u)-]le.Z...w,.W(u)

monomorphism

. w
o II: (@WZO H > LU) - Oy of C-algebra



1l Iterated integrals : polylogarithms

Y . Hov— 0,
o W=w, ® -Quwj, — I,z fyz w,-l(u)-]le.Z...w,.W(u)

monomorphism
of C-algebra

I, € O,NO(Y)

e Vw: -
unipot. monodromy



1l Iterated integrals : polylogarithms

n": H®Y— 0O,

o W=w, ® -Quwj, — I,z fyz wi, (u) - ]Iw,-me,-W(U)

monomorphism

. w
o II: (@WZO H > LU) - Oy of C-algebra

I, € O,NO(Y)

: —> Symbol S(I,) =w v
unipot. monodromy -

e Vw:



1l Iterated integrals : polylogarithms
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o W=w, ® -Quwj, — I,z fyz wiy () - Ly oy, (1)
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1l Iterated integrals : polylogarithms

. H®"— 0O,

o W=w, ® -Quwj, — I,z fyz wiy () - Ly oy, (1)

monomorphism

. w
o II: (@WZO H > LU) - Oy of C-algebra

I, € O,NO(Y)

: —> Symbol S(I,) =w v
unipot. monodromy -

o Vw:

e Ex: Y=PI\X with ¥={0,1,00}
H= (%, ) = H(P!, 0l (LogY))

z ) 1-z

Li, = ||"( (d_ZZ)®("_1) & (ld_—zz)) ( ‘Polylogarithms’ )
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e Ex: Y=PI\Y with Z:{Jl,...,cr,_z,cr,_lzoo}
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11 Iterated integrals : hyperlogarithms

o Ex: Y=PI\T with Z:{Jl, e Ora, U,_lzoo}
H:<Zi’f71,...,z_‘ffr72> — HO(Pl,Q]}ﬂ(Logz))
II”( (Zf—fﬂl) ®- - ® (%) ) ‘Hyperlogarithms’



11 Iterated integrals : hyperlogarithms

o Ex: Y=PI\T with Z:{Jl, e Ora, U,_lzoo}
H:<Z‘_’f71,...,z_‘ffr72> — HO(Pl,Q]}ﬂ(Logz))
II”( (Zf—fﬂl) ®- - ® (%) ) ‘Hyperlogarithms’

e Complete antisymmetric hyperlog of weight r — 2 on P! \ X :

() o)




11 Iterated integrals : hyperlogarithms

o Ex: Y=PI\T with Z:{Jl, e Ora, U,_lzoo}
H:<Z‘_’f71,...,z_‘ffr72> — HO(Pl,Q]}ﬂ(Logz))
II”( (Zf—fﬂl) ®- - ® (%) ) ‘Hyperlogarithms’

e Complete antisymmetric hyperlog of weight r — 2 on P! \ X :

dz dz
AHr_2 e n m (g . e (8) -
z I (Asy <(Z—O'1) (Z—O',_z)))
||"< (r—12)! ZI/E@’,72(71)V <Z—ijfi(1)> ®--Q <Z—U(:1/Z(r—2)) )




11 Iterated integrals : hyperlogarithms

o Ex: Y= PI\T with Z:{Jl, e Ora, U,_lzoo}
H:<Z‘_’f71,...,z_‘ffr72> — HO(Pl,Q]}ﬂ(Logz))
II”( (Zf—fﬂl) ®- - ® (%) ) ‘Hyperlogarithms’

e Complete antisymmetric hyperlog of weight r — 2 on P! \ X :

dz dz
AHI(_2 e n m (g . e 8) -
z I (Asy <(Z—O'1) (Z—O',_z)))
II"( (r—12)! ZI/EGrfz(il)V <Z—lcjfi(1)> ®--Q <Z—U(:1/Z(r—2)) )

. 2 _ 2 d. d. d. d. _
e Ex: AH} ., =Ll (72@’(1_22)—( Z)®7z>_R
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(HLog ™) : Y .cx, € AH ?(pc) =0 with AH[™? = AH{?

r—1
i=1

b X, =P DT = {oc;} He=HO(QL, (Log )

He = 67 () € H(2 (Log L)) = Hx,

AHI2(60) = I ((%) Aeee A <¢cfl(ﬁf,,2)) c “r_z(A,_ch)
l S (symbol)
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IV Identity HLog'* : proof(s)

(HLog ™) : Y .cx, € AH ?(pc) =0 with AH[™? = AH{?

r—1

o O X, »P DT = {0}, He=HO(QL, (Log )

He = 67 () € H(2 (Log L)) = Hx,

o AHI2(0) =N ( (2% ) Ao (5% ) ) e 2 (A2 H)
l S (symbol)
o« Q7= (pfo Jnn(,% ) € AN"TPHe C ATTPHY,

(HLog™?) <= S.eQ0?=0 in A"2Hy
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(HLog2) <= Y.eQ0?=0 in A"2Hy

®¢Resy

e HO (Q}G( Log L, )) = Hy, CEr injective

Q2 e N 2Hy, & ATT2C5 A W(E)
e 0oK—?— @C(HC)AU—2) — AT2C%r SES C-vect spaces
2

IndV:, (sign_,) — A""2C% SES of W,-reps

r
"
Wr—l

e ¢ ~ Q2eANT2H, ~>  W/_, =Stab(co) C W(E)
Cop = (h — fl)
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IV Identity HLog'* : proof(s)

e ¢ ~ Q2eANT2H, v W/_; =Stab(c) C W(E)
° Wl' = I_lc ’YCCO : 1’,—1
~>  Def : ch_2 = (—1)750 (%co ° ng—z) e AN"?H,
e Facts: 1. CQ/?=A"?H,
2. (@2 )celc € ®eex (A2 H.) is canonical
is W ,-stable
3. <(ch_2)c> ~ sign, as a W,-represent®

e sign, — EBC(HC)A(r_Z) — A2 CEr in Rep(W,)
1— (QZ_2)c — Y. Q072 = hlog' 2
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IV Identity HLog 2 : proof

hlog" = >, Q™2
One decomposes hlog"™2 in a natural basis of A2 C~£r
Typical element of the basis: £=/03A--- A4,

Facts : 1. £ appearsin Qi‘z onlyforc=h—420; orc=h—1¥¢;

2. Moreover, it appears with opposite sign

Using the W ,-action —- hlog 2 = e Q£_2 =0 |
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IV Identity HLog 2 : other proofs

hlog" 2 =%.Q272=0

o sign, — @C(Hc)/\(r_z)

1— (92_2)c — ZCQZ_Q ( GAP3)

— ATT2CEr <sign, , N2 CEr > =0

e Explicit description of lines —— ZFr ~ 7
+ Z-linear algebra — SQI2=0 ( Maple)

e Analytic constructive proof (7)
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Comparing HLog? and HLog’®

_ (1—
_§>+R<yE1§;> =0

| HLog? | R(x)-R(y)-R(

<X
N—
I
2
/
-

e| HLog® S 12 €i AHE (i) =0 with for = { by, ..., by}

AHE(x) = 1 231 (-1)* 'Log (1 - £ ) Reygp3(x)

AR (x) + A3 () + AH3 (1) + A (55 ) + A (5757

+AHE (s )+ AHE (O ) + AR (it )

+ A (G=3)) + Ak (550 ) =0
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Webs de5 and de4

o (Ab) R(61) = R(¢2) ~R(62) ~R(6s) +R(s) =0
e Foreachi: F, = foliation by level subsets { ¢; = A}, A € P!
e Web: Wyp, = (J:dm e ,.7-"¢5) : 5-tuple of foliations

e Wyp, = geometric object ~>  (Ab)

* Wap, = <F¢k>¢k:dP4%P1 ~ (HLog®)

conic fibrations
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Comparing the webs Wgyp, and Wgp,

e Both Wyp, and Wyp, satisfy similar remarkable properties :

— non-linearizable webs

— maximal rank (with all their ARs poly-/hyperlogarithmic)

— characterized by the matroid of their hexagonal subwebs

— can be constructed geometrically a la [Gelfand -MacPherson]

— are cluster webs

e Wyp, is equivalent to the X -cluster web of type A

o Wyp, is equivalent to a X -cluster web of type Dy
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Cluster algebras (mutations)

e Seed:S=(a,x,B) with a=(a1,...,a,), x=(x1,...,%n)
B = (b;) € My(Z) antisymm3dle

e Mutation: py: (a,x,B)+— (a',x',B’)

A—mutation a, = [kuPO 3" + py<02 } Jj=k
9 JF#k

Xfl j=k
X — mutation  x; = —by; _
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Cluster algebra : type A,

° Matrix B = Bg s Quiver Q = Qg

BAZ:{OI (1)} — Qa, : 1—2
() [ = (Gon)- [2) =2 (o) [ )

J{ I i H2
(_XJ_ Mﬁz) 0 1 ( x| H_Xl) 0 1
I+x7  x1xe 1-1 0 I+xitx? x /7 [-1 0

14+xo 14+x 14+x14x0
x1 7 x X1X2

e X-cluster variables : x;, xo,
e For R¢(x) = —Lix(—x) — 1 Log(x) Log(1 + x) :

RC<X1)+RC(X2)+RC(1+X2) +Rc<1+X1> +RC<1+X1+X2) -0 (.Ab)

X1X2
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Cluster periods and cluster dilogarithmic identities

Notion of period of

a cluster algebra A +—> loop in the exchange graph 4

Wi Wi Wi Wi
° So i>$1 i>82 i)"'—hgk_l —k>8k280
w W W W )
Xiy X, ... Xiy_ Xi, +— X-variables

e Dy = Diag(di,...,d,) € Mpy(Z) : right skew symmetrizer of By

Thm [Nakanishi]  For some N € N+, one has

k
. . = 2
S:Z;d,s Rc(x,s> =N=n"/6




Cluster Varieties



Cluster Varieties

mut®
e For any seed (a,x,B) =8 ™~ Sy = (ao, xo, Bo) initial seed :



Cluster Varieties

mut®
e For any seed (a,x,B) =8 ™~ Sy = (ao, xo, Bo) initial seed :

Spec[a®!] = AT . XTs = Spec[x*!] ~ (C*)"

() —— (114"
j=1

n

i=1



Cluster Varieties

mut®
e For any seed (a,x,B) =8 ™~ Sy = (ao, xo, Bo) initial seed :

Spec[a®!] = AT . XTs = Spec[x*!] ~ (C*)"

() —— (114"
j=1

e Cluster varieties : [GSV], [FG]

U AT5) = A0 = (U, 47)

n

i=1

X-mut®



Cluster Varieties

mut®
e For any seed (a,x,B) =8 ™~ Sy = (ao, xo, Bo) initial seed :

Spec[a®!] = AT . XTs = Spec[x*!] ~ (C*)"

() —— (114"
j=1

e Cluster varieties : [GSV], [FG]

U AT5) = A0 = (U, 47)

n

i=1

X-mut®

e Secondary cluster variety : U =Im(p) C X



Cluster Varieties

mut®
e For any seed (a,x,B) =8 ™~ Sy = (ao, xo, Bo) initial seed :

Spec[a®!] = AT . XTs = Spec[x*!] ~ (C*)"

() —— (114"
j=1

e Cluster varieties : [GSV], [FG]

U AT5) = A0 = (U, 47)

n

i=1

X-mut®

e Secondary cluster variety : U =Im(p) C X

e Ex: Xy ~ MO,n+3 UB with BC 8M07,,+3 [FG}



Cluster Varieties

mut®
e For any seed (a,x,B) =8 ™~ Sy = (ao, xo, Bo) initial seed :

Spec[a®!] = AT . XTs = Spec[x*!] ~ (C*)"

() —— (114"
j=1

e Cluster varieties : [GSV], [FG]

n

i=1

A—mut"\( Us~s, ATS) - AL)X - (USNSO XTS) X-mut®

e Secondary cluster variety : U =Im(p) C X

® Q . XA,, ~ M07n+3 UB with B g aM07n+3 [FG}
XA2n = uA2n XA2n+1 2 uA2n+1 ( codim 1 )
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> Fo(xs) =cst

oeEXL

where — the F,'s are some analytic functions

— {xs |0 € L} is a set of (X-)cluster variables

P A
e Cluster ensemble : T;C A X T»
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Cluster functional identities

Def : A Cluster functional identity is an identity
Z Fo(xs) = cst
oEXL

where — the F,'s are some analytic functions

— {xs |0 € L} is a set of (X-)cluster variables

A
T

w
1

o Cluster ensemble: T;C A

N

X
U
u—:

Def® : secondary cluster variables = restrictions of the X’-cluster
variables on U = A71(1)

e Ex: Hoﬁ DX, 2 U3 (173 = Keel-Vermeire divisor )
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e Secondary cluster variables in type As :

1+ x 14+ x 1+ x1)? 14 x4+ x

X o, X2, 3 3 s
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e Secondary cluster variables in type As :

1+ x 14+ x 1+ x1)? 14 x4+ x

X o, X2, 3 3 s
X1 X2 X2 X1X2
T+ x1)2+x 14 x4+ x2 1+ x1 + x)?
X1 X2 Tox(l4x) x12x2

e Cluster functional identity of weight 3 :

1 1 1 1 2
2t 21 (1) ) < 2u(157) () ()

X1x2 x2

14 x)? 1 1 2
+2L3(( + ) +X2)+2L3( +X1+X2)—L3<( 1+ x) ):0
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o Ex: ﬂo,a DXy 2 Uz (Hg, = Keel-Vermeire divisor )

e Secondary cluster variables in type As :

1+ x 14+ x 1+ x1)? 14 x4+ x

X o, X2, 3 3 s
X1 X2 X2 X1X2
T+ x1)?+x 14 x4+ x2 1+ x1 + x)?
X1 X2 Tox(l4x) x12x2

e Cluster functional identity of weight 3 :

1 1 1 1 2
2L3(X1)+2L3( in),h(n)ﬁu( sz)ﬂb(w),h(@>
2 1

X1x2 x2

14 x)? 1 1 2
+2L3(( + ) +X2)+2L3( +X1+X2)—L3<( 1+ x) ):0

X1X2 x1(1 + x1) x3x)
2
2L5(x) +2£3(y) — 53(;/) + 253(1:” + 253(;8:10 ~ £5(xy)
SO 2L3<_X((11:)J:))>+ 2£3<_y((111{())> N L3<;87:i;z> =0

— Spence-Kummer identity (SKC) is cluster
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What next ?

e Applications — HLog' = (Log(x)-Log(y)-Log(}) =0) v
— HLog® = ( R(X)*R(y)*R(§>fR(}:—§)+R<%):0) v
— Hiog® = (1% AH} (Ui(x.y)) =0 ) ?
e Construction of HLog® 3 la Gelfand-MacPherson ?
o Interpretation of HLog? in terms of the SC of dP, 7

e Versions Unival. HLog},, ? Quantum HLog}? Motivic HLog},, ?

e Singular del Pezzo’s

o Blow-ups Bl _, (P?) with r>9 : > QI 2=0 ?



