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u−1

• Series expansion : Li1(z) =
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k=1
zk
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• Monodromy : M0
(

Log
)

= Log + 2iπ

• Functional identity : Log( x )− Log( y )− Log

(
x
y

)
= 0

indoles logarithmorum hac aequatione fundamentali continetur [Pfaff 1788]

[ The nature of logarithms is contained in this basic equation ]
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(
Ab
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0 < x < y < 1

)

R
(
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(
y
)
− R

( x

y

)
− R

( 1− y

1− x

)
+ R

(
x(1 − y)

y(1− x)
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= 0 .
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2

(
L01(x)− L10(x)

)
= Li2(x) +

1
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Log(x)Log
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)
−

π2
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Log z
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Example : Li3

• Li3(z) =
∑∞

k=1 zk/k3 =
∫ z Li2(u)du

u

• Spence-Kummer identity SK (1809-1840) :

2 Li3
(

x
)

+ 2 Li3
(

y
)
− Li3

( x

y

)
+ 2 Li3

( 1− x

1− y

)
+ 2 Li3

( x(1− y)

y(1− x)

)
− Li3

(
xy
)

(SK) + 2 Li3
(
−

x(1− y)

(1− x)

)
+ 2 Li3

(
−

(1− y)

y(1− x)

)
− Li3

( x(1− y)2

y(1− x)2

)

= 2 Li3(1) − Log (y)2Log
(1− y

1− x

)
+

π2

3
Log (y) +

1

3
Log (y)3
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y
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Example : Li4

• Li4(x) =
∑∞

k=1 xk/k4 L4(x) = Li4(x) + Elem<4(x)

• Kummer’s identity K(4) (1840) :

L4

(
−

x2yη

ζ

)
+L4

(
−

y2xζ

η

)
+L4

( x2y

η2ζ

)
+L4

( y2x

ζ2η

)

− 6L4

(
xy
)
− 6L4

( xy

ηζ

)
− 6L4

(
−

xy

η

)
− 6L4

(
−

xy

ζ

)

(K4) − 3L4

(
xη
)
− 3L4

(
yζ
)
− 3L4

( x

η

)
− 3L4

( y

ζ

)

− 3L4

(
−

xη

ζ

)
− 3L4

(
−

yζ

η

)
− 3L4

(
−

x

ηζ

)
− 3L4

(
−

y

ηζ

)

+ 6L4
(

x
)

+ 6L4(y) + 6L4

(
−

x

ζ

)
+ 6L4

(
−

y

η

)
= 0

(
ζ = 1− x , η = 1− y

)



• Abel 1881 (Spence 1809, Hill 1829, Rogers 1907)

R
(
x)− R

(
y
)
− R

(
x
y

)
− R

(
1−y
1−x

)
+ R

(
x(1−y)
y(1−x)

)
= 0 (Ab)

• Spence-Kummer :
∑9

i=1 ci L3

(
Ui(x , y)

)
= 0 (SK)

• Kummer 1840 :
∑

i ci Ln

(
Ui(x , y)

)
= 0

(
n ≤ 5

)
(Kn)

• . . .

• Goncharov 1995 :
∑22

i=1 ci L3

(
Ui (a, b, c)

)
= 0 (Gon)

• Gangl 2003 :
∑

i ci Ln

(
Ui (x , y)

)
= 0

(
n = 6, 7

)
(Gann)

• Charlton, Gangl, Radchenko, Rudenko, Goncharov-Rudenko, ...



• Functional identities (FI) of polylogarithms Lin :

◮ Hyperbolic geometry

◮ Web geometry ( n ≤ 3 )

◮ K-theory of number fields (‘Zagier’s conjecture’) ( n ≤ 4 )

◮ Theory of periods (MZVs)

◮ High energy particule physics (‘Scattering amplitudes’)

◮ Mathematical physics (‘Y -systems’) ( n = 2 )

◮ Cluster algebras ( n ≤ 4 )

◮ Mirror symmetry (‘Scattering diagrams’) ( n = 2 )
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• Q4 [ Goncharov-Rudenko ] is the FFI of the tetralog ?





[Griffiths 2002] The legacy of Abel in algebraic geometry

We do not attempt to formulate this question precisely −
intuitively, we are asking whether or not for each n there
is an integer d(n) such that there is a “new” d(n)-web of
maximum rank one of whose abelian relations is a (the ?)
functional equation with d(n) terms for Lin ? Here, ‘new”
means the general extension of the phenomena above for
the logarithm when n = 1, where d(1) = 3, for the [=
5-term identity] when n = 2 and d(2) = 5,. . .



[Griffiths 2002] The legacy of Abel in algebraic geometry

We do not attempt to formulate this question precisely −
intuitively, we are asking whether or not for each n there
is an integer d(n) such that there is a “new” d(n)-web of
maximum rank one of whose abelian relations is a (the ?)
functional equation with d(n) terms for Lin ? Here, ‘new”
means the general extension of the phenomena above for
the logarithm when n = 1, where d(1) = 3, for the [=
5-term identity] when n = 2 and d(2) = 5,. . .

[Goncharov-Rudenko 2018] ‘Motivic correlator, cluster algebras ...’

Conclusion. If n > 3, the problem of writing explicitly
functional equations for the classical n-logarithms might
not be the “right” problem. It seems that when n is
growing the functional equations become so complicated
that one can not write them down on a piece of paper.



• Problems about functional identities of polylogarithms :

− Finding FI’s for Ln

(
e.g. ∃ n ≥ 8 ?

)

− Is there a sequence (FIn)n≥1 of FI’s for the polylogarithms ?

− Is there a fundamental FI’s for Ln for each n ≥ 1 ?

− Better understand the polylogarithmic FI’s
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− We describe a series of hyperlogarithmic identities

HLog1 ⇐⇒
(

Log(x)− Log(y)− Log(x/y ) = 0
)
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(
y
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− R

(
x
y

)
− R

(
1−y
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)
+ R

(
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)
= 0

)

...

...

HLog6
(

weight 6 hyperlogarithmic identity
)

− For w = 1, . . . , 6, one has

HLogw :
∑κ

i=1 AHw
i

(
φi

)
= 0
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• Blow-up β : X4 = Blp1,...,p4

(
P2
)
−→ P2

φ1, . . . , φ5 : X4 −→ P1

are the five conic fibrations
on the del Pezzo surface X4

•
(
Ab

)
⇐⇒

∃
(
ǫi

)5
i=1
∈ {±1 }5

unique up to sign
st.

∑5
i=1 ǫi R

(
φi

)
= 0
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Theorem : ∃∃
(
ǫc
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∈ { 1 , −1 }Kr , ±-unique such that

(
HLogr−2) ∑

c∈Kr

ǫc AHr−2
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(
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)
= 0

where ∀ c : AHr−2
c

= complete antisymmetric hyperlogarithm
of weight r − 2 on P1 \Σc.
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unipot. monodromy
−→ Symbol S

(
IIω

)
= ω X



III Iterated integrals : polylogarithms

IIw : H⊗w−→ Oy

• ω = ωi1 ⊗ · · · ⊗ ωiw 7−→ IIω : z 7→
∫

γz ωi1(u) · IIωi2
···ωiw

(u)

• II :
(⊕

w≥0 H⊗w , �
)
−→ Oy

monomorphism
of C-algebra

• ∀ ω :
IIω ∈ Oy ∩ Õ(Y )
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∧r−2 Hc
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is W r -stable

3.
〈 (

Ω r−2
c

)
c

〉
≃ signr as a W r -represento

• signr →֒ ⊕c

(
Hc

)∧(r−2)
−→ ∧r−2 CLr in Rep

(
W r

)

1 7−→
(

Ωr−2
c

)
c
7−→

∑
c
Ωr−2

c
= hlogr−2
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AH3
1

(
x
)
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2

(
1
y

)
+ AH3

3

(
y
x

)
+ AH3

4

(
x−y
x−1

)
+ AH3

5

(
b(a−x)
ay−bx

)

+AH3
6

(
P

(x−1)(y−b)

)
+ AH3

7

(
(x−y)(y−b)

y P

)
+ AH3

8

(
x P

(x−y)(x−a)

)

+ AH3
9

(
y(x−b)
x(y−a)

)
+ AH3

10

(
a (b−x)
by−ax

)
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• Web : WdP5
=
(
Fφ1

, . . . ,Fφ5

)
: 5-tuple of foliations

• WdP5
= geometric object  

(
Ab

)

• WdP4
=
(
Fφk

)
φk : dP4 → P1

conic fibrations

 
(

HLog3 )
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satisfy similar remarkable properties :

− non-linearizable webs

− maximal rank (with all their ARs poly-/hyperlogarithmic)

− characterized by the matroid of their hexagonal subwebs

− can be constructed geometrically à la [Gelfand -MacPherson]

− are cluster webs

• WdP5
is equivalent to the X -cluster web of type A2

• WdP4 is equivalent to a X -cluster web of type D4
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Cluster algebras (mutations)

• Seed : S =
(

a, x, B
)

with a = (a1, . . . , an), x = (x1, . . . , xn)

B =
(

bij

)
∈ Mn(Z) antisymmable

• Mutation : µk :
(

a, x, B
)
7−→

(
a′, x ′, B′ )

A−mutation a′
j =





a−1

k

[∏
bkℓ>0 abkℓ

ℓ +
∏

bkl <0 a−bkl

l

]
j = k

aj j 6= k

X −mutation x ′
j =





x−1
j j = k

xj

(
1 + x

s(−bkj )
k

)−bkj

j 6= k
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• Matrix B = BQ ←→ Quiver Q = QB

BA2
=

[
0 1
−1 0

]
←→ QA2

: 1 −→ 2

( (
1+x2
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, 1
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)
,

[
0 1
−1 0

] )
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��
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)
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,
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] ) ( (
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,
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• X -cluster variables : x1 , x2 , 1+x2
x1

, 1+x1
x2

, 1+x1+x2
x1x2

• For Rc(x) = −Li2(−x)− 1
2 Log(x) Log(1 + x) :

Rc
(
x1
)

+ Rc
(
x2
)

+ Rc

(
1+x2

x1

)
+ Rc

(
1+x1

x2

)
+ Rc

(
1+x1+x2

x1x2

)
= 0

(
Ab

)
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Cluster periods and cluster dilogarithmic identities

•
Notion of period of
a cluster algebra A

←→ loop in the exchange graph ΓA

• S0
µi1−→ S1

µi2−→ S2
µi3−→ · · · −→Sk−1

µik−→ Sk ≃ S0

∈ ∈ ∈ ∈

xi1 xi2 . . . xik−1
xik ←− X -variables

• D0 = Diag(d1, . . . , dn) ∈ Mn(Z) : right skew symmetrizer of B0

Thm [Nakanishi] For some N ∈ N>0, one has

k∑

s=1

dis Rc
(

xis

)
≡ N π2/6
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