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Wd = germ of d -web of codimension r > 1 on (Cnr , 0) :
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• Geometric problem : determination of the X ⊂ PN ’s :

– n-covered by RNCs

– extremal
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• Let n ≥ 2

Definition : X is n-rationally connected (n-RC) if

Proposition : X RC ⇐⇒ X n-RC for all n ≥ 2
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Notations

• over C

• X irreducible projective variety

• X ⊂ PN fixed embedding

• r = dimX ≥ 1

• n = number of points ≥ 2

• δ = degree with respect to OX (1) ≥ n− 1
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Definition : X ⊂ PN is n-covered by curves of degree δ if

∃ Σ family of degree δ irred. curves of X such that

for x1, . . . , xn ∈ X general ∃ C ∈ Σ containing them

•
“ X n-covered by
curves of degree δ ”

⇐⇒ X = X(n, δ) = Xr(n, δ)

n=number of points ≥ 2

δ= degree of C ∈ Σ ≥ n − 1

r =dimension of X ≥ 2

• “Σ = ΣX ” : n-covering family of curves of degree δ

• Example : v3(P
3) ⊂ P19 belongs to X(2, 3) and to X(6, 9)
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n-covered varieties : bounds

Proposition : Let PN ⊃ X = Xr (n, δ) and L = OX (1)∥∥∥∥∥∥∥

1. dim〈X 〉+ 1 ≤ h0(L) ≤ π(r , n, δ)

2. degX = Lr ≤ δr/(n − 1)r−1

Remarks :

– 1. is sharp

– π(r , n, δ) is ‘Castelnuovo-Harris bound’ on the genus

– 1. implies 2.

– 2. is due to Fano when n = 2 and Σ ⊂ RatCurves(X )
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(
r+ρ
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(
r+ρ−1

r
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1. dim〈X 〉 ≤ π(r , n, δ) − 1
(
2. degX ≤ δr/(n − 1)r−1

)

3. dim〈X 〉 = π − 1 =⇒ for (xk)
n−1
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a. dimT
(ρ)
X , x1

=
(
r+ρ
r

)
− 1
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(
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⊕
(
⊕m′

j=1 T
(ρ−1)
X , xm+j

)

New notation : now “X = X(n, δ) requires dim〈X 〉 = π − 1

Definition : an ‘osculating projection’ is a linear projection

ΠS : X ⊂ Pπ−1 99K T
(ρ)
X , x1
≃ P(

r+ρ
r )−1

from S =
(
⊕m

i=2 T
(ρ)
X , xi

)
⊕
(
⊕m′

j=1 T
(ρ−1)
X , xm+j

)
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• V r−1 ⊂ Pn+r−2 irred. nondegen. degV = d = δ + r(n − 1) + 2

[Castelnuovo-Harris] : pg (V ) ≤ π(r , n, δ)

• Def : V is a ‘Castelnuovo variety’ if pg (V ) = π(r , n, δ) > 0

• [Harris] :
∣∣IV (2)

∣∣ cuts out YV ⊂ Pn+r−2 :

{
dimYV = r

degYV = n− 1

• For some LV ∈ Pic(YV ), the following diagram commutes

V� _

��

φ|KV | //❴❴❴❴❴❴❴❴❴ Pπ−1

YV ψ|LV |

//❴❴❴❴❴❴❴❴❴ Pπ−1
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Varieties X (n, δ) of Castelnuovo type

• XV = Im
(
ψ|LV | : YV 99KP

π−1
)
: dimension r , non-degenerate

• YV of minimal degree =⇒ YV n-covered by RNCs of degree n− 1

• XV = Xr (n, δ)
(
Σ ≃ Gn−1

(
Pn+r−2

)
, δ = d − r(n − 1)− 2

)

Definition : XV is a X(n, δ) of ‘Castelnuovo type’

Facts :

• for all r , n, δ : ∃ X = X(n, δ) of C-type

• X = Xr (2, δ) C-type =⇒ X = vδ(P
r )

• X = Xr
(
n, ρ(n − 1)

)
C-type =⇒ X = vρ(Y ), degY = n− 1
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Problem : to classify the X = X(n, δ) : is X of C-type ?

Classical results :

Darboux (1880), C. Segre (1920), Bompiani (1921), . . .

More recent ones :

..., Lanteri-Palleschi (1987), Andreatta-Ballico-Wisniewski (1993)

Kachi-Sato (1999), Kachi (1999), Ionescu-Russo (2009), ...

n ≥ 2 : Pirio-Trépreau (2013), Pirio-Russo (2013 - 2016)
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Let X = Xr (2, δ) :





• X ⊂ P(
r+δ
r )−1 non degenerate

• 2-covered by a family ΣX of
irreducible curves of degree δ

Then

1. X = vδ
(
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)

2. the general curve C ∈ ΣX is a RNC of degree δ

Proof : by induction on r = dimX using osculating projections
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Main tool : induction on n using osculating projections

Example : For X = Xr (n, δ) :

• 〈X 〉 = Pπ−1 +

{
X n-covered by family Σ
of irred. curves of degree δ

•
x1, . . . , xn−2 ∈ X

general points
→





ΠS : X 99K99K X ′ ⊂ T
(ρ)
X ,x1

= P(
r+ρ
r )−1

Σ′ =
{
C ′ = ΠS (C ) |C ∈ Σx1...xn−2

}

•
degC ′ = ρ ∀C ′ ∈ Σ′

+ Σ′ is 2-covering

}
=⇒ X ′ = Xr (2, ρ) = vρ(P

r )
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Theorem : [Pirio-Trépreau]

For X = Xr (n, δ) and C ∈ Σ general

1. C is a RNC of degree δ

2. X smooth along C & NC/X = OC (n − 1)⊕(r−1)

3. ∃ ! RNC of degree δ through x1, . . . , xn ∈ X general

4. a general ΠS : X 99K ΠS (X ) ⊂ T
(ρ)
X , x is birational

5. ΠS (X ) = vρ(P
r ) hence X is rational

Rks : • 2. =⇒ intersection along C ∈ Σ general is well-defined

• 3. =⇒ n-covering family Σ is unique
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)
:

2. X smooth along C & NC/X = OC (n − 1)⊕(r−1)

• TΣX ,[C ] ≃ H0
(
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)
≃ H0

(
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(
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)
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• X of C-type ⇒ ΣX ≃ Gn(C
n+r−1) TGn(Cn+r−1) = T

∗ ⊗Q

•
(
Gn,r−1

)
-structure = ‘Almost-Grassmannian structure’

• AGGn(Cn+r−1) flat-model AGΣX
on ΣX is half-flat
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Varieties X = X(n, δ) : general case n ≥ 3

4. a general ΠS : X 99K ΠS (X ) = vρ(P
r ) ⊂ T

(ρ)
X , x is birational

For a general (n − 2)-tuple x ∈ X n−2 :

• X
Πx=ΠS // //❴❴❴❴❴❴ X ′x = vρ

(
Pr
) v−1

ρ // Pr

• Hx =
(
Πx ◦ v

−1
ρ

)−1∣∣OPr (1)
∣∣

• HX = ∪x∈X n−2Hx : algebraic system of divisors on X



Theorem : [Pirio-Trépreau] For X = Xr (n, δ) :

I. The following assertions are equivalent

1. X is of C-type

2. HX is a linear system

3. AGΣX
is flat

II. This is the case if

• n = 2 [Bompiani]

• r = 2 [(Enriques-)Bol-Bompiani]

• n ≥ 3 and δ 6= 2n − 3

III. ∃ X = X(n, 2n − 3)’s not of C-type for n = 3, 4, 5, 6
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Varieties X(n, δ) with n ≥ 3 and δ = 2n − 3

Problem : classify the X = X(n, 2n − 3)’s not of C-type

First case : n = 3

classify the X = Xr (3, 3)’s i.e. the varieties such that

– X r ⊂ P2r+1 non-degenerate

– 3-covered by twisted cubic curves

Remark : X(3, 3) of C-type =⇒ S1...13 or S1...122

Question : are there other X = X(3, 3)’s ?
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• J = C-algebra (commutative, with unity 1, dim J = r)

Definition : Jordan algebra if x(yx2) = (xy)x2 ∀ x , y ∈ J

Examples :

• A associative non-commutative ( e.g. A = Mn(C) )

x ∗ y = xy+yx
2 =⇒ A+ = (A, ∗) Jordan algebra

• ∀ q ∈ Sym2
(
W ∗
)
, Jq = C⊕W is Jordan with the product

(
λ,w

)
•
(
λ′,w ′

)
=
(
λλ′ − q(w ,w ′), λw ′ + λ′ w

)

• B = (R,C,H,O)⊗C =⇒ Herm3(B) with M ∗N = (MN+NM)
2
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Jordan algebra of rank 3

• J Jordan =⇒
– xk well defined ∀ k ∈ N, ∀x ∈ J

– 〈x〉 = SpanC〈x
k , k ∈ N〉 is associative

Definition : rk(J) = dim 〈x〉 ≤ r + 1 ( x ∈ J generic )

Proposition : J = Jordan algebra of rank 3

• ∃N : J → C cubic norm

• ∃ x 7→ x#, J → J quadratic adjoint ; such that

x invertible ⇐⇒ N(x) 6= 0 =⇒ x−1 = x#

N(x)

Remark : PJ 	 : [x ] 7−→ [x−1] =
[
x#
]
belongs to Cr2,2

(
PJ
)





• X1(3, 3) = v3
(
P1
)



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3

• J = rank 3 Jordan algebra ; dim J = r



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3

• J = rank 3 Jordan algebra ; dim J = r

Definition : The cubic curve XJ over J is the closure of



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3

• J = rank 3 Jordan algebra ; dim J = r

Definition : The cubic curve XJ over J is the closure of

X o
J = Im

(
vJ :

J −→ P
(
C⊕ J⊕ J⊕ C

)

x 7−→
[
1 : x : x# : N(x)

]
)
⊂ P2r+1



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3

• J = rank 3 Jordan algebra ; dim J = r

Definition : The cubic curve XJ over J is the closure of

X o
J = Im

(
vJ :

J −→ P
(
C⊕ J⊕ J⊕ C

)

x 7−→
[
1 : x : x# : N(x)

]
)
⊂ P2r+1

Proposition : XJ belongs to Xr (3, 3) and is not of C-type



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3

• J = rank 3 Jordan algebra ; dim J = r

Definition : The cubic curve XJ over J is the closure of

X o
J = Im

(
vJ :

J −→ P
(
C⊕ J⊕ J⊕ C

)

x 7−→
[
1 : x : x# : N(x)

]
)
⊂ P2r+1

Proposition : XJ belongs to Xr (3, 3) and is not of C-type

Proof : – XJ contains vJ
(
C · 1

)
≃ v3

(
P1
)
through

{
0J = [1 : 0 : 0 : 0]
1J = [1 : 1 : 1 : 1]

∞J = [0 : 0 : 0 : 1]



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3

• J = rank 3 Jordan algebra ; dim J = r

Definition : The cubic curve XJ over J is the closure of

X o
J = Im

(
vJ :

J −→ P
(
C⊕ J⊕ J⊕ C

)

x 7−→
[
1 : x : x# : N(x)

]
)
⊂ P2r+1

Proposition : XJ belongs to Xr (3, 3) and is not of C-type

Proof : – XJ contains vJ
(
C · 1

)
≃ v3

(
P1
)
through

{
0J = [1 : 0 : 0 : 0]
1J = [1 : 1 : 1 : 1]

∞J = [0 : 0 : 0 : 1]

+ Aut
(
JP1
)
acts gen. 3-transitively on JP1 ≃ XJ



• X1(3, 3) = v3
(
P1
)
= Im

(
C ∋ t 7−→ [1 : t : t2 : t3]

)
⊂ P3

• J = rank 3 Jordan algebra ; dim J = r

Definition : The cubic curve XJ over J is the closure of

X o
J = Im

(
vJ :

J −→ P
(
C⊕ J⊕ J⊕ C

)

x 7−→
[
1 : x : x# : N(x)

]
)
⊂ P2r+1

Proposition : XJ belongs to Xr (3, 3) and is not of C-type

Proof : – XJ contains vJ
(
C · 1

)
≃ v3

(
P1
)
through

{
0J = [1 : 0 : 0 : 0]
1J = [1 : 1 : 1 : 1]

∞J = [0 : 0 : 0 : 1]

+ Aut
(
JP1
)
acts gen. 3-transitively on JP1 ≃ XJ

=⇒ XJ 3-covered by twisted cubics



• X1(3, 3) = v3
(
P1
)
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• J = rank 3 Jordan algebra ; dim J = r

Definition : The cubic curve XJ over J is the closure of

X o
J = Im

(
vJ :

J −→ P
(
C⊕ J⊕ J⊕ C

)

x 7−→
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)
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Proof : – XJ contains vJ
(
C · 1

)
≃ v3

(
P1
)
through

{
0J = [1 : 0 : 0 : 0]
1J = [1 : 1 : 1 : 1]

∞J = [0 : 0 : 0 : 1]

+ Aut
(
JP1
)
acts gen. 3-transitively on JP1 ≃ XJ

=⇒ XJ 3-covered by twisted cubics

– XJ not a scroll =⇒ not of C-type



Semi-simple Jordan algebras

• There is a notion of (semi-)simplicity for Jordan algebras

• Simple Jordan algebras are classified [Albert 1947]

Jordan algebra J Cubic curve XJ

C× J′ with J′ ssimple
rk(J′) = 2 dim J′ = r − 1

Seg
(
P1 × Qr−1

)
⊂ P2r+1

Herm3

(
RC

)
LG3

(
C6
)
⊂ P13

Herm3

(
CC

)
G3

(
C6
)
⊂ P19

Herm3

(
HC

)
OG6

(
C12
)
⊂ P31

Herm3

(
OC

)
E7/P7 ⊂ P55

Table : s-simple rank 3 Jordan algebras and their associated cubic curves
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Let X = Xr (3, 3) ⊂ P2r+1
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X(3, 3) : towards a classification

Let X = Xr (3, 3) ⊂ P2r+1

1. 〈X 〉 = TX , x ⊕ TX , y = P2r+1 general points x , y ∈ X

2. Πx : X
Cr .
99K TX , y ≃ Pr linear projection from TX , x

3. Π̃x : Blx(X )
µ
−→ X

Πx
99K Pr E = µ−1(x) ≃ Pr−1

4. ϕx = Π̃x

∣∣
E
: E99KPr induced by

∣∣IIX , x
∣∣ ⊂

∣∣OE (2)
∣∣

5. E ′ = ϕx (E ) hyperplane in Pr =⇒ ϕx ∈ Cr2(E ,E
′)

6. In fact ϕx ∈ Cr22
(
E ,E ′

)
 ϕx ∈ Cr22

(
Pr−1

)
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X(3, 3) : towards a classification

ϕx ∈ Cr22(P
r−1)  





Bx = Baseloc(ϕx ) ⊂ E = P
(
TxX

)

B
′
x = Baseloc(ϕ−1x ) ⊂ E ′ = Pr−1

Theorem : [Pirio-Russo]

A. X of C-type ⇐⇒ ϕx ∈ Lin ⊂ Cr22(P
r−1)

B. If X not of C-type then

1. Π−1
x : Pr Cr .

99K X induced by
∣∣3H ′ − 2B′

x

∣∣

2. Bx = Hilbt+1(X , x) ∼proj B
′

x

3. X smooth ⇐⇒ Bx and B
′

x smooth
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X(3, 3) : classification

Theorem : [Pirio-Russo]

If X = X(3, 3) is smooth then

• either X is of Castelnuovo type

X = S1...13 or X = S1...122

• either X = XJ for a semi-simple Jordan algebra J

X = Seg
(
P1 × Qr−1

)
, LG3

(
C6
)
, G3

(
C6
)
, OG6

(
C12
)
, E7/P7
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The XJC -principle I

Let





X ∈ X(3, 3)
J cubic Jordan algebra
ϕ (2,2) Cremona map



 be corresponding objects

Theorem : the following assertions are equivalent :

• X is smooth

• J is semi-simple

• ϕ is semi-special
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The XJC -principle II

Let J be a Jordan algebra

• Radical R = Rad(J) < J

• Exact sequence : (R) 0→ R→ J→ J/R→ 0

Wedderburn’s type theorem : [Albert-Penico ∼ 1950]

1. Jss = J/R semi-simple

2. (R) splits : J ≃ R⋉ Jss

3. R solvable : 0 = R(s) ( R(s−1) ( · · · ( R(2) ( R(1) = R

with
(
R(i−1)

R(i)

)2
= 0 for i = 1, . . . , s
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The XJC -principle II

Let X = Xr (3, 3) not of C-type, not semi-simple

• ‘Radical’ RX ⊂ P2r+1
(
RX = vertex of tan(X ) ⊂ P2r+1

)

• ΠRX
: X 99K P2rss+1 linear projection from RX

Theorem :

1. Xss = ΠRX
(X ) = Xrss (3, 3) is semi-simple

2. ΠRX
: X99KXss splits :

∃σ : P2rss+1 linear
→֒ P2r+1 such that

(
ΠRX
◦ σ
)∣∣

Xss
= IdXss



Theorem :

1. Xss = ΠRX

(
X
)
∈
{

Seg(P1 × Q), LG3(C
6),G3(C

6),OG6(C
12),E7/P7

}

2. ΠRX
splits : X

ΠRX

❧
❥ ❤ ❡ ❝

(( ((

❬ ❨ ❱ ❚ ❘

Xss
? _linear embeddingoo

3. ΠRX
is ‘solvable’ :

X = X (s)

ΠRX

✐
❤

❢ ❞ ❜ ❛

** **

❪ ❭ ❩ ❳
❲

❯

// //❴❴❴ X (s−1) // //❴❴❴ · · · // //❴❴❴ X (2) // //❴❴❴ X (1) = Xss

with for i = 1, . . . , s :

− X (i) = Xri (3, 3)

− X (i) // //❴❴❴ X (i−1) lin. projection, linear fibers, admissible
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Some questions about X = X(n, 2n− 3)’s

• For n ≥ 4 :

– construction/classification of X = X(n, 2n − 3)’s

– ∃? notion of ‘Jordan n-ary algebras’ which could be
used to construct X = X(n, 2n − 3)’s not of C-type ?

• For n = 3 : given a ‘Jordan cubic curve’ XJ ∈ X(3, 3) :

– relation between Rad(J) and sing(XJ) ?

– desingularization of XJ ?

– description of Pic(XJ) ?
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• For X = X(n, δ) of C-type : ΣX ≃ Gn−1(P
n+r−2)

• For n = 3, given XJ ∈ X(3, 3) with J Jordan :

– geometry of ΣXJ
?

– extension of AGΣXJ
to a compactification ΣXJ

?

– Abel’s theorem (& its converse) for the trace // ΣXJ
?

• Already interesting for J semi-simple, i.e. when
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Some questions about X (n, 2n− 3)

• For X = X(n, δ) of C-type : ΣX ≃ Gn−1(P
n+r−2)

• For n = 3, given XJ ∈ X(3, 3) with J Jordan :

– geometry of ΣXJ
?

– extension of AGΣXJ
to a compactification ΣXJ

?

– Abel’s theorem (& its converse) for the trace // ΣXJ
?

• Already interesting for J semi-simple, i.e. when

– XJ = Seg
(
P1 × Q

)
, LG3

(
C6
)
, G3

(
C6
)
, . . .

– first case : XJ = Seg
(
P1 × P1 × P1

)
⊂ P7

• Same questions for n ≥ 3, e.g. n = 6 : v3(P
3) = X(6, 9)
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Extending the XJC correspondence ?

• A = A⊗R C  H3(A) = Herm3(A)

• g = g(A,B) = Der(A)⊕
(
A0 ⊗H3(B)0

)
⊕Der

(
H3(B)

)

• Tits-Freudenthal magic square :

❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳

A
B

R C H O

R so3 sl3 sp6 f4

C sl3 sl3 × sl3 sl6 e6

H sp6 sl6 so12 e7

O f4 e6 e7 e8



Extending the XJC correspondence ?

• Tits-Freudenthal magic square :

so3 sl3 sp6 f4

sl3 sl3 × sl3 sl6 e6

sp6 sl6 so12 e7

f4 e6 e7 e8
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• Projective magic square :

v2
(
Q1
)

P
(
TP2
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6)0 OP2
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(
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P2 × P2 G2(C
6) OP2

LG3

(
C6
)

G3

(
C6
)

OG6

(
C12
)
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F ad
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E ad
6 E ad

7 E ad
8
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Extending the XJC correspondence ?

Geom Alg Crem

v2
(
Q1
)

P
(
TP2

)
G2(C

6)0 OP2
0

v2
(
P2
)

P2 × P2 G2(C
6) OP2 Severi

varieties
Compos̊
algebras ?C

LG3

(
C6
)

G3

(
C6
)

OG6

(
C12
)

E7/P7 X(3, 3)’s Jordan3 Cr22

F ad
4

E ad
6 E ad

7 E ad
8 ?G

Structurable
algebras rk 4 Cr∗33

• ?G = geometric characterization of adjoint varieties ( ? ?)

• Cr∗33 = (3, 3) Cremona maps with F-locus =
(
quartic hypersurface

)2

• ∃ ?
(
Geom− Alg− Crem

)
correspondance for the 4th line ?
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