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Abstract

We prove Grothendieck’s Conjecture on Resolution of Singulari-
ties for quasi-excellent schemes X of dimension three and of arbitrary
characteristic. This applies in particular to X = SpecA, A a reduced
complete Noetherian local ring of dimension three and to algebraic or
arithmetical varieties of dimension three. Similarly, if F' is a number
field, a complete discretely valued field or more generally the quotient
field of any excellent Dedekind domain O, any regular projective sur-
face X/F has a proper and flat model X over O which is everywhere
regular.
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1 Introduction.

The Resolution of Singularities conjecture has been, and still is a long stand-
ing conjecture since it was formulated by A. Grothendieck in the 1960’s
[37](7.9.6). Grothendieck emphasized its importance for studying homolo-
gical and homotopical properties of schemes. Even since H. Hironaka’s cele-
brated theorem [40] proved fifty years ago, some new results have bettered our
understanding of the problem in equal characteristic zero [10][66][67]. These
results focus on the constructivity and functoriality of their algorithms for
Resolution in contrast with Hironaka’s.

In arbitrary characteristic, a major advance towards Grothendieck’s con-
jecture is due to A.J. de Jong [48] theorem 4.1 and theorem 6.5. He proved a
weaker form of the above conjecture for varieties X over a field or a complete
discrete valuation ring. A significant difference with Grothendieck’s formu-
lation is that de Jong’s alterations allow a finite extension of the function
field. Furthermore, de Jong’s result does not in general provide a regular
compactification X of some étale covering U of the regular locus RegX.

Resolution of Singularities in its full birational form was to this date
restricted to surfaces [1][4][41][52][30][33][25], only to mention some contri-
butions. In dimension three, some partial results do exist for algebraic va-
rieties over an algebraically closed field k of positive characteristic p > 7
[5][32]. These results extend to all characteristics p > 0 and fields k& with
[k 1 kP] < +o0o [26][27] theorem on p. 1839. For arithmetical schemes (un-
equal residue characteristic), birational Resolution of Singularities was sofar
restricted to surfaces. The first and main purpose of this article is to prove:

Theorem 1.1. Let X be a reduced and separated Noetherian scheme which
1s quasi-excellent and of dimension at most three. There exists a proper
birational morphism w : X' — X with the following properties:

(i) X' is everywhere reqular;

(ii) m induces an isomorphism 7' (RegX) ~ RegX’;



(iii) 71 (SingX) is a strict normal crossings divisor on X'.

If furthermore a finite affine covering X = U; UlUs U---UU,, is specified, one
may take =Y (U;) — U; projective, 1 < i < n.

We emphasize that no assumption is made on the characteristic of X
in this theorem. A proper birational morphism 7 with property (i) was
called a resolution of singularities by Grothendieck [37](7.9.1), though more
recent terminology (this article included) tends to require property (ii) as
well. ' When property (iii) also holds, one says that 7 is a good resolution
or a log-resolution. In dimension three, the hard part is to prove (i). The
following corollary gives a strong basis for the local study of three dimensional
singularities via Resolution of Singularities:

Corollary 1.2. Let A be a reduced complete Noetherian local ring of dimen-
sion three. Then X := SpecA has a good resolution of singularities which is
projective.

Since the class of quasi-excellent schemes is stable by morphisms of finite
type, theorem 1.1 applies in particular to algebraic varieties and to arithmeti-
cal varieties over excellent Dedekind rings. Similarly, theorem 1.1 applies to
formal completions of affine Noetherian schemes along quasi-excellent sub-
schemes. An important application of theorem 1.1 is to constructing regular
integral models of projective surfaces:

Corollary 1.3. Let O be an excellent Dedekind domain with quotient field
F and X/F be a reqular projective surface. There exists a proper and flat
O-scheme X with generic fiber Xp = X which is everywhere regular.

We remark at this point that the morphism 7 in theorem 1.1 is not con-
structed as a composition of Hironaka-permissible blowing ups, i.e. with
regular centers along which the successive strict transforms of X are nor-
mally flat (Hironaka Resolution). Similarly, it is not even known if such =
can be obtained by blowing up an ideal sheaf Z C Oy whose zero locus is
SingX', even when & is affine.

On the other hand, a certain local version of theorem 1.1 is proved using
only local Hironaka-permissible blowing ups in theorem 1.4 below. This fact
appears to be a piece of evidence that Hironaka Resolution could be true
for threefolds of nonzero residue characteristic, vid. also [19][55] in positive
characteristic. It is however restricted to certain hypersurface threefolds
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of multiplicity not bigger than the residue characteristic and the problem
remains widely open even in dimension three.

In higher dimensions n > 4, the Resolution of Singularities conjecture
for algebraic varieties over a field is considered in several recent papers
[7][8][11][45][46][49][50][56] but remains open to this date. Its local variant
for valuations is also considered in [47][51][57][63][64][65] but remains equally
unsolved. The case of arithmetical schemes has apparently attracted less at-
tention.

The second purpose of this article is to explore the Resolution of Singu-
larities Conjecture as formulated by A. Grothendieck [37](7.9.6). The text
includes numerous examples and prospective remarks aimed at preparing the
ground for further research in higher dimension. For this purpose, we consider
finite morphisms n : X — SpecS, where S is an arbitrary excellent regular
local ring. A test case for Resolution if S has positive characteristic p > 0 is
when 7 is purely inseparable; this was already recognized by O.Zariski [70]
p.88 and S. Abhyankar [5] and recently confirmed by M. Temkin’s purely
inseparable Local Uniformization Theorem [65] theorem 1.3.2, vid. remark
1.3.5 (iii). In residue characteristic p > 0, we also include Galois coverings
of degree p to this test case, vid. assumption (ii) below. The main step in
proving theorem 1.1 consists in proving:

Theorem 1.4. Let (S, mg, k) be an excellent regular local ring of dimension
n = 3, quotient field K := QF(S) and residue characteristic chark = p > 0.
Let

hi=XP+ fiX? '+ +f,e€SX], fi,-..,.[,ES (1.1)
be a reduced polynomial, X := Spec(S[X]/(h)) and L := Tot(S[X]/(h)) be its

total quotient ring. Assume that h satisfies one of the following assumptions:
(1) charK =pand fy =---= f,_1 =0, or
(i) X is G-invariant, where G := Autg (L) = Z/p.

Let 11 be a valuation of L which is centered in mg. There exists a compo-
sition of local Hironaka-permissible blowing ups:

(X = Xy, x0) — (X, x1) — -+ — (X, ), (1.2)

where x; € X; is the center of u, such that (X, x,) is reqular.

5



We develop an approach to the Resolution of Singularities Conjecture for
hypersurface singularities defined by an equation (1.1) such that (i) or (ii)
holds (condition (G) in the text) in any dimension n := dimS > 1. No
other assumption on S is required here than excellence of S; we do not even
assume that [k : kP] < +oo as suggested by A. Grothendieck loc.cit. An
extra condition (E) on 1 (definition 2.11) is also assumed: (i) the image in
SpecS of the locus Sing, X of multiplicity p, or (ii) the discriminant locus
of X — SpecS is contained in a normal crossings divisor F; when S has
characteristic zero (so (ii) holds), £ has characteristic p. This condition (E)
can be achieved by preparatory blowing ups in dimension three (corollary
4.13), applying known Resolution theorems for two-dimensional schemes.

The basic structure we work with is the triple (S, h, E') thus defined. The
main combinatorial data attached with the singularity X is a characteristic
polyhedron [42][28]:

Ag(hyu, ..., up; Z) € R, (1.3)

where Z := X — ¢, ¢ € S, is a linear coordinate change minimizing this
polyhedron (beginning of chapter 2).

Resolution for hypersurface singularities in residue characteristic zero uses
two primary invariants: the multiplicity function x +— m(z) and the (nor-
malized) slope function = +— €(x). The latter is not well-behaved in residue
characteristic p > 0: it is in general not a constructible function on X’; the
pair (m(z),e(x)) in general increases after performing Hironaka-permissible
blowing ups. This pair is denoted (v, €) for surfaces in [42] p.253.

In contrast, we construct a numerical function (definition 2.16)
L X = A{L ..., p} x Nx{l,>2}: z— (m(x),w(x),x(x)) (1.4)

which refines the multiplicity function at those points x € X such that
m(x) = p. This function is differential in nature and has “expected” proper-
ties: ¢ is invariant by regular base change S C S, S excellent (theorem 2.20)
and is constructible on X' (corollary 3.12).

Remark 1.1. The differential multiplicity w(z) sprouts from Hironaka’s e(x)
if one requires invariance by smooth base change, vid. theorem 2.20. A
difference takes place between (i) the purely inseparable case, and (ii) the
Galois case considered in theorem 1.4: eventually ¢ is uppersemicontinuous
in case (i) but only constructible in general in case (ii), vid. corollary 3.12
and following example 3.3.



We develop a notion of permissible blowing up for ¢ refining that of H. Hi-
ronaka. Permissible centers J C X" are of two different kinds (definitions 3.1
and 3.2), first kind being “e-constant”. They also extend to permissible cen-
ters under regular base change (theorem 3.4). The function ¢ is nonincreasing
with respect to permissible blowing ups (theorem 3.6). Differential multiplic-
ities and permissible centers have a similar behavior to adapted multiplicities
and permissible blowing ups considered in Resolution of Singularities for dif-
ferential forms and vector fields [61][12][13][14][53][58] and for toroidalization
of morphisms [34][31].

Remark 1.2. Our notion of permissible blowing up also sprouts from Hi-
ronaka’s e-constant blowing ups if one requires invariance by smooth base
change, vid. theorem 3.4. Permissibility at a point y € X implies permis-
sibility on a nonempty Zariski open subset U C Y := {y} (theorem 3.11).
Example 3.1 shows the relevance of permissible blowing ups of the second
kind whenever X has dimension n > 3. Section 3.3 includes further results
intended to serve as a guideline for n > 4.

Beginning from chapter 4, dimension n = 3 is assumed and we focus on
the proof of theorem 1.1. Chapter 4 reduces the proof of theorem 1.1 to
that of theorem 1.4 and is adapted from [26] to our arbitrary characteristic
context.

The last four chapters contain the technical bulk of this article. In chapter
5, the function & in (1.4) is refined with values in {1,2,3,4}. For fixed ¢(z),
we attach a generic projection from SpecS to dimension two. In contrast
with residue characteristic zero, there is no obvious way to attach a projected
two-dimensional structure similar to (S, h, E'). This difficulty (no reasonable
notion of “maximal contact”) seems to be inherent to residue characteristic
p > 0 and has proved to be quite a match. Our method consists in projecting
only the combinatorial structure provided by the characteristic polyhedron
given in (1.3), say:

p2: [Ag(h;uy,ug,v; Z) C ]R;O] — [Aa(h;uy, ug;v; Z) C Rzzo]- (1.5)

Here, ps is a linear projection and v := ug — ¢, ¢ € S, is a linear coordinate
change minimizing the image polygon. New combinatorial invariants are
associated to the right-hand side polygon; their control under permissible
blowing ups eventually leads to a smaller value «(z’) < ¢(z). This is the
content of the projection theorem 5.1 from which theorem 1.4 follows easily



by induction on ¢(x) (corollary 5.2). The strategy follows that of [27] but
also contains very substantial improvements:

e the sequence (1.2) which is constructed involves Hironaka-permissible
blowing ups only, in contrast with [27]. It does not depend on the
given valuation g and can be considered as a version of Hironaka’s
Local Control (Hironaka’s A/B Game, in residue characteristic zero)
for equations (1.1). Precise statements use the notion of independent
sequence (definition 2.18) and theorem 5.1 is stated in these terms.
The authors hope that theorem 1.4 could be extended to a Resolution
of Singularities 7 : X’ — X, m a composition of Hironaka-permissible
(global) blowing ups (and with G-invariant centers under assumption
(i)

e all resolution invariants used in this text are defined in terms of ini-
tial form polynomials in,h w.r.t. certain faces o of the characteristic
polyhedron attached to h. Furthermore, these initial form polynomials
provide control for the invariants under blowing up. These facts are the
main reason why our proof is characteristic free: in,h is a polynomial
with coefficients in the residue field k(z). They are also the reason why
the extra assumption [k(z) : k(z)P] < 400 is not required in the proof.

e the role played by small residue characteristics is very minor (essen-
tially the extra twist in lemma 7.27 for p = 2). Difficulties caused
by nonperfect residue fields k(z) appear mostly technical in nature,
because one is led to carry along (absolute) p-bases (A;)iea, in the con-
struction (section 2.4). Nontrivial issues are related to regular base
change (proposition 2.5, theorem 2.20 and theorem 3.4), the Hilbert-
Samuel stratum (proposition 2.15) and Zariski closure of formal centers
(proposition 3.8) in arbitrary dimension n > 1. For n = 3, vid. remark
2.4, proposition 5.3 and section 7.5; real difficulties come from lemma
7.15(3)(3’) for inseparable extensions of degree d = p = 2.

The proof of theorem 5.1 is spread along chapters 6 (k(z) = 1), 7
(k(z) =2),8and 9 (k(x) = 3,4). Chapter 9 uses blowing ups along Hironaka-
permissible curves which are not necessarily of the first or second kind. The
authors do not know if such blowing ups are required in general in order to
achieve Resolution (in contrast with permissible blowing ups of the second
kind, vid. example 3.1). They do not appear in [19].



Quoting H. Hironaka’s euphemism from [42] p.254: “in the case of dimen-
sion 3 or more, the behavior of [the characteristic polyhedron| appears to be

far more complicated and has not yet been fully investigated [...] a little
experiments lead us to an aphorism: Reduction of singularities is sharpening
of polyhedra.”

When the hypersurface singularity & has dimension 3 and satisfies the
assumptions of theorem 1.4, our results give a precise content to this apho-
rism:

(1) the numerical character ((z) = (m(x),w(x),k(x)) is attached to the
initial form polynomial in,, h w.r.t. the initial face of the characteristic
polyhedron;

(2) permissible blowing ups produce a smaller value ¢(z'), or a monic form
for the new initial in,, A', with (m(2'),w(z’)) = (m(z),w(x)). This
monic form corresponds to a certain vertex v’ of the characteristic
polyhedron;

(3) projecting from v’ produces a characteristic polygon with numerical
character y(z') € N;

(4) further Hironaka-permissible blowing ups either produce a smaller value
t(z”) < u(x), or achieve

(z") = u(2"), inpg,h" in monic form with v(z") < y(z').

Acknowledgement: the authors acknowledge many stimulating discussions
held during the “Fall School on Resolution of Threefolds in Positive Charac-
teristic”, University of Regensburg, October 1-11/2013. They hereby thank
H. Kawanoue, S. Perlega, S. Saito, M. Spivakovsky, A. Voitovitch, A. Weber
and J. Wilodarczyk for numerous questions and suggestions, with very special
thanks to the organizers U. Jannsen and B. Schober.

1.1 Overview of the content and proof of theorem 1.1.

This article is organized as follows: in chapter 2, we introduce our main tool
which is the Hironaka Characteristic Polyhedron [42] (definition 2.1). This
is performed for any polynomial equation

h=X"4+ fixX" '+t fux € SIX], fix,.-, fmx €85
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where S is an excellent regular local ring of dimension n > 1.

Our notation Ag(h; {u;};es; X) for polyhedra (definition 2.1) slightly dif-
fers from Hironaka’s because we focus our attention on the wvariation of the
characteristic polyhedron along regular subschemes

W = ({u;}jes) C SpecS, J C {1,...,n}.

To a given face 0 = 0, defined by a weight vector av € R%, an initial form
polynomial in,h is attached (definition 2.2). Proposition 2.4 is imported
from [28] and is an essential tool for studying these variations along W. It
states that Ag(h;uy,...,u,; X) € RZ, can be made minimal by a suitable
linear coordinate change Z := X — ¢, ¢ € S. Denote

X := Spec(S[Z]/(h)), n: X — SpecS.
If z € n71(mg) is a point of multiplicity m(z) = m, then
' (ms) = {z}, k(z) = S/ms.

Hironaka’s slope for Ag(h;uq,...,u,; Z) is denoted by 6(x) > 1 when this
polyhedron is minimal (proposition 2.3 and definition 2.5).

Assume that a reduced normal crossings divisor
E =div(uy - - - ue) € SpecS (1.6)

is specified. Well adapted coordinates (uy,...,u,;Z) are coordinates such
that (1.6) holds and Ag(h;us,...,u,; Z) is minimal (definition 2.8). Rele-
vant numerical data are defined for well adapted coordinates only. For such
coordinates, h has weights

dj == min{z; : (z1,...,2,) € Ag(hjur,...,uy; Z)}, 1 < j<e.

When m = p, assumptions (i) or (ii) of theorem 1.4 (condition (G) in the
text) and (E) (definition 2.11) imply that

pé(x), H; := pd; € N (corollary 2.12) (1.7)

and provide the structure theorem 2.14 for the initial form polynomials in,h
with respect to its compact faces (definition 2.2). This fact allows us to
reproduce part of the equicharacteristic p > 0 constructions used in [27].
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Note that E is always assumed to be equicharacteristic p > 0 (definition

2.11).
For example when o« = 1 := (1,...,1), o1 is the initial face of the poly-
hedron Ag(h;us, ..., u,; Z); the corresponding homogeneous polynomial

inih € G(ms)[Z], G(ms) = gr,, .S ~ k(x)[Uy,...,U,]

(denoted by in,, h in the text) has degree pd(z), setting degZ := d(x).
Theorem 2.14 can be stated as follows: assume that Ag(h;uq,. .., u,; Z)
is not an orthant with vertex in R® (¢(z) # 0 in the text); then

in,.h=2" -G 'Z+ F,; € G(ms)|Z]. (1.8)

Let H = []_, Ufj € G(mg) with notations as in (1.7). We denote (defini-
tion 2.9):

() = deg(inzh) — degH = pd(z) — Z H; e N.
j=1

This leads us to define the function ¢ in (1.4) (definition 2.16). The
function w is a differential version of Hironaka’s e-function [42] and requires
introducing a differential structure (S, h, F') adapted to the normal crossings
divisor F C SpecS (section 2.4). This is done by considering the G(mg)-
module Qé(ms) v, (log U - Ue) of absolute logarithmic differentials and its
dual space of derivatives D(mg). The derivatives

40 _
H 18_2’ {H™' D} penims) (1.9)

act on in,, h. If G =0, we simply let x(x) > 2, vid. (1.4), and

(z) if pz 0 er1<j<n
w(x) = . (1.10)
e(r) — 1 otherwise

If G # 0, the definition is more delicate but only relies on elementary linear
algebra. In any case, we have

(w(z) = €e(x), k(x)=1) or (w(z) =€(z) —1, k(z) > 2). (1.11)



Another important notion is that of the affine cone Max(z) and affine
space Dir(x) (definition 2.17). These are respectively the stratum and direc-
trix of the space of forms of degree w(z) obtained by applying those deriva-
tives in (1.9). Once again, the definition is more delicate when G # 0 but
elementary in nature. For applications to dimension three, we always have
Max(z) = Dir(x), vid. remark 2.4.

When w(z) = 0 in (1.4), a simple combinatorial blowing up algorithm
(similar to residue characteristic zero) makes the value of the multiplicity
function smaller than p at all points of the blown up space mapping to x
(theorem 2.23). There remains to deal with points x € X such that m(x) = p,
w(z) > 0.

Chapter 3 develops a notion of permissible blowing up 7 : X’ — X which
refines that of H. Hironaka. Roughly speaking, a Hironaka permissible center
Y C X is permissible in our sense if X is “differentially equimultiple” along
Y (definition 3.1 and definition 3.2). The notion is somewhat subtle but
has good properties, the main result being theorem 3.6: ¢ is nonincreasing
along permissible blowing ups. Furthermore, ¢ decreases except possibly at
exceptional points 2/ € 7~ !(z) belonging to some embedded projective cone

PC(z,Y) C 7 Y(2)

given in definition 3.3. The cone PC(x,)) is the projectivization of a certain
cone containing Max(z) and coincides with it when w(z) = €(z). We also
mention:

e persistence of permissibility under regular base change (theorem 3.4);

e the strict transform Z’ C X’ of a permissible center Z C X under a
permissible blowing up = with center ) C Z is permissible (theorem
3.7);

e the support of a formal arc can be made permissible at its special point
by performing permissible blowing ups (proposition 3.8);

e Hironaka permissible centers are permissible in a dense open subset of
their support (theorem 3.11).

Remark 1.3. Example 3.2 points out a substantial difference between per-
missibility for ¢ and Hironaka-permissibility when n > 4. It states that the
support Z C X of a formal arc cannot in general be made permissible for
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¢ at its special point x by iterated quadratic transforms. This phenomenon
also occurs for n = 3 but only for w(z) = 1; it is then easily dealt with.

The section concludes with the constructibility on X of the function ¢
(corollary 3.12). Dimension n = 3 is assumed in the next chapters.

Chapter 4 contains what can be deduced from known Embedded Resolu-
tion results in excellent regular threefolds. We also adapt some of the equal
characteristic p > 0 material from [26] to our arbitrary characteristic context
and prove:

(4.1) reduction of theorem 1.1 to its Local Uniformization form along valu-
ations;

(4.2) reduction of Local Uniformization to theorem 1.4;

(4.3) the normal crossings condition (E) can be achieved (corollary 4.13).

Chapter 5 collects together all previous results. A projection number
k(z) € {1,2,3,4} (definition 5.1) is associated to a singular point € X such
that m(xz) = p, w(z) > 0. This function basically expresses the transverseness
or tangency of the initial form (1.8) of the characteristic polyhedron with
respect to the initial face. For convenience of the reader, we give a sample
of the main types of initial form polynomials occurring when E = div(u;);
we take w(z) > 0, A € k(x) and all exponents are integers in these formulee.
Furthermore, we have A # 0, A & k(z)? if

(dy,w(z)/p) € N? (resp. if d; +w(x)/p € N)
in the second (resp. fifth) formula:

( dy+ 2@\ P
zZpr — ()\Ull v ) Z k(z) =1
7P + \UPH ™) w(z) =0modp  k(z) =2
h ZP + )\delUgU;(w) w(z) =0modp k() =2
mg
7P 4+ \UPH U Te) 1+ w(x) # O0modp k(z) =3
Zp 4 APt k(z) = 4
Zp 4+ \UPT T, K(z) = 4
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The complete definition of x(z) takes into account all possible in,, h and
E which may occur. The simpler forms listed above are “monic forms” in
the sense that a certain monomial computing w(z) occurs in in,,;h. We now
explain these definitions and the hierarchy between them: for fixed w(z), the
singularity is considered as milder as k(z) decreases. To begin with, w(x) is
computed from in,, h by applying certain derivatives (1.9)-(1.11).

e when this derivative is transverse to the base SpecS, i.e. applying H ’lg—Z
in (1.9), we set x(x) = 1; otherwise x(x) > 2.

e when r(x) > 2, we set k(x) = 4 if the directriz affine space Dir(x) has
equations in Uy, ..., U,, i.e. in those coordinates corresponding to E. Oth-
erwise, Dir(z) has an equation which is transverse to E, say Us = 0 with
e =1 or e =2. The very transverse case k(r) = 2 means that a derivative
transverse to Us is involved in (1.9), i.e. a derivative w.r.t. another variable
Uy, Uy or to a constant in k(x):

0 0 0
D=H'Uy—,D=H'— (e=1 D=H"'_—.
o, om, (€= 1o O
Theorem 5.1 states that «(z) can be made smaller by performing local
Hironaka permissible blowing ups. Theorem 1.4 then follows easily by de-
scending induction on ¢(x).

The proof of theorem 5.1 is very long and intricate. For k(x) = 1 (resp.
2,3,4), the proof is given in corollary 6.2 (resp. theorem 7.18, theorem 9.6,
ibid.). Three main phenomena are responsible for these intricacies:

(i) no obvious way shows up for reducing theorem 5.1 for (S, h, E') to some
statement on the coefficients of the polynomial h. When this is possible
(for k(z) = 1 and in part for x(z) = 3,4), the proofs are notably
simplified. This is done in section 6 where some weak form of maximal
contact with a component of F is assumed for ¢.

(ii) reducing theorem 5.1 to the “monic forms” corresponding to x(z) is
achieved by a casuistic analysis which seems for the moment out of
reach in higher dimensions. Sections 7.2, 8.3 and part of 8.1, 8.2 are
concerned with this problem.

(iii) blowing up a monic form along a permissible center (e.g. a closed
point) may lead to a bigger value ((z') = (p,w(x),4) > (z) when
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k(x) = 2,3. These situations are also dealt with by a casuistic analysis
whose extension to higher dimensions seems out of reach. Section 7.1
and part of 8.1, 8.2 are concerned with this problem.

Chapter 6 proves theorem 5.1 for sequences of permissible blowing ups
with centers lying inside a fixed irreducible component of E. This proves
theorem 5.1 in the case k(z) = 1 and prepares the ground in the cases

k(x) = 3,4. The proof is similar to that of Resolution for excellent surfaces
[42][16][17], but does not follow from it.

Chapter 7 proves theorem 5.1 when k(x) = 2. The above phenomenon
(iii) is studied in section 7.1. The proofs are essentially the same as in [27]
chapter 2.IT except that all statements and proofs are phrased only in terms
of initial form polynomials in,h w.r.t. certain faces o, of Ag(h;uy, ug, us; Z).
Section 7.2 defines the “monic forms” (definition 7.1) and deals with the
above phenomenon (ii) in proposition 7.8.

No obvious reduction to Resolution for surfaces is available (phenomenon
(i)). The proof then follows our strategy as indicated at the end of the
previous section (3) and (4). Section 7.3 builds up the projected polygon
Ag(h;uy,ug;v; Z) of (1.5) (theorem 7.12) and defines secondary numerical
invariants (definition 7.4). The main invariant is denoted by (z) € N. Two
main difficulties arise here: rationality over S (i.e. v can be chosen in §
and not only in 5’), and independence of choices of coordinates. Section
7.4 studies the behavior of the invariants under blowing up a closed point.
Finally, section 7.5 proves that permissible blowing ups produce some point z’
with ¢(2") < (p,w(z), 1) (theorem 7.18). The algorithm blows up permissible
curves only when ~v(z) =0, 1.

Chapters 8 and 9 prove theorem 5.1 for x(z) = 3, 4. Since only Hironaka-
permissible centers are used, this chapter contains many new features in
comparison with the corresponding [27] chapter 3.II. Definition 8.1 states
what is required of the “monic forms”, called respectively (**) (k(x) = 3,4)
and (T**) (k(z) = 4). Phenomenon (iii) seems to be untractable here and
is the reason for these stronger conditions imposed on h. Reduction to these
monic forms is harder than in chapter 7 and is spread along sections 8.1, 8.2
and 8.3 (propositions 8.6 and 8.8).

Section 9.2 reduces a monic form (T**) to (**) or to x(x) < 2 (proposition
9.1). The proof is an application of theorem 6.1 since a weak form of maximal
contact with a component of E holds for this reduction. Section 9.3 finally
proves that monic forms (**) can be reduced to k(z) < 2 (proposition 9.5).
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When w(z) > p, this reduction is achieved by blowing up along Hironaka-
permissible curves, not necessarily permissible of the first or second kind, but
contained in the locus

QLX) :={ye X :w(y) >0}

In order to ensure Hironaka-permissibility, the condition £ = n(Sing,X) is
required (section 9.3.1, condition (E’) in the text). Section 9.3.2 builds up
the projected polygon As(h; uy, us;v; Z) (definition 9.3 and proposition 9.11)
and defines secondary numerical invariants (definition 9.4). Said blowing ups
along Hironaka-permissible curves are performed mostly in propositions 9.14
and 9.16.

2 Adapted structure and primary invariants.

All along this article, we will denote by S a regular local ring of arbitrary
dimension n > 1, and by (uq,...,u,) a regular system of parameters (r.s.p.
for short) of S. Its maximal ideal is denoted by mg := (uy,...,u,) and its
formal completion w.r.t. mg by S. The order function ord,,, on S is defined
by:

ordy,  f :=sup{n e N: f e mg} e NU{+o0}, f€S.

This order function extends to a discrete valuation on the quotient field
K :=QF(S) of S.

We will assume that char(S/mg) > 0 except for the next three sections.
We also assume that S is excellent beginning from proposition 2.4 on. The
basic reference for excellent rings is [37] 7.8 and 7.9. A useful compendium
is [54] pp. 255-260; some extensions and examples of non excellent regular
local rings can be found in [47] pp. 7-22. Let

hi=X"+ fixX" "+ 4 fux €SX], fix,.- s fmx €S (2.1)
be a unitary polynomial of degree m > 2. We denote by
X := Spec(S[X]/(h)) and n: X — SpecS (2.2)

respectively the corresponding hypersurface and induced projection.

The total ring of fractions X is denoted by L := Tot(S[X]/(h)). Given a
point y € X, its residue field is denoted by k(y) and its multiplicity by m(y).
Explicitly, we have:

m(y) = ord h

MS[Xy ™
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The singular locus of X is denoted by :
SingX ={y € X : m(y) > 2}.

The locus of multiplicity m of X is viewed as an embedded reduced subscheme
of X:

Sing,, X' := {y € Spec(S[X]) : ordpg, b =m} C SingX.
Both of SingX” and Sing,, X’ are proper closed subsets of X' if S is excellent.

Given a “linear change of” (one also says “translation on”) the X-coor-
dinate, say X' := X — ¢, ¢ € S, we still denote by

h=X" 4+ fixX™ 4 4 frx € S[X]]

the corresponding expansion of h(X' + ¢), fix/,..., fmx € S. The explicit
formula for this change of coordinate is :

fix = (T) g+ (”;__j:j ) fix¢"™, 1<i<m. (2.3)
j=1

Given ¢ € S and a rational number d < ord,, ¢, we denote by clzp
the initial form of ¢ in gr,, S ~ S/mg[Uy,...,U,] (resp. the null form) if
d = ord,, ¢ (resp. otherwise). Similarly, if I C S and d < ord,,,,I, we denote

clgl := Vect({clap}ser) C S/mg[Us, ..., Uyla.

Suppose that a weight vector a = (ay,...,q,) € RY; is given. Let
Ly :=Zoy + -+ Za, CR. For x = (z1,...,2,) € RY;, denote

| X [oi= 11 + -+ + apx, € (Ta) >0
An associated valuation p, of K is defined by setting for f € S, f # 0:
to(f) =max{a €y : f €l (a):= {ui' -ur:|x|o>a})}

It easily follows from the Noetherianity of S that u,(f) is well defined. One
sets

1al(f/9) = pa(f) — talg) for f,g € S, fg # 0.
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Note that ord,,, = p11, where 1 = (1,1,...,1) € RZ,. We will systematically
use the graded ring gr, S of S w.r.t. p,:

groS ~S/({w:a; > 0})[{U; : a; > 0}].

Ifa el and ¢ € S is given with a < p,(¢), its initial form cl, ,¢ € gr, S
is defined as before. Similarly, if I/ C S and a < p,(I), we associate a
(gr,S)o-module denoted by

claol = Span({clao®}ocr) C (8r45)a-

2.1 Characteristic polyhedron and first invariants.

Given an equation h € S[X]| (2.1) and a r.s.p. (uy,...,u,) of S, there is an
associated Newton polyhedron w.r.t.the variables (u1, ..., u,, X):

NP(h;uy,...,up; X) C R’;gl.
Let P:=(0,...,0,1) € R?gl, so P e %NP(h;ul,...,un;X), and
p:R"™\{P} —R"

be the projection on the (uq, ..., u,)-space. We define a polyhedron by:
1
Ag(h;ug, ... ,uy; X) == p (—NP(h; ULy ooy Up; X) N X4 < 1}) C RY,.
m >

The characteristic polyhedron is introduced in a more general context in [42].
In our setting, it consists in minimizing Ag(h;uy, ..., u,; X’) over all linear
changes of coordinates X' = X — ¢, ¢ € S (2.3).

In this section, we review and adapt notations to fit our purposes. A
fundamental algebraicity result is borrowed from [28] in proposition 2.4 be-
low. Then some of the invariance properties of the characteristic polyhedron
under base change are listed.

Let S and (uq,...,u,) be fixed as above. Given a subset J C {1,...,n},
we denote by

—J
[J = ({uj}jEJ) C Sand S = S/IJ
We also use the notation s’ € SpecS to denote the point s’/ = I, reserving

the idealistic notation I; to commutative algebraic formulze.
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Proposition 2.1. Let f € S. There erists a unique finite set S7(f) c N/
such that the following holds:

(1) the set of monomials {[],c,;u; = a = ({a;}jes) € S/(f)} forms a
manimal system of generators of the ideal

o= ({15 4= esmn))

(ii) there is an expansion

f: Z ’y(faa)Hu(;jGS> ’y(f,a)ES (24>

aeS’(f) jeJ
such that y(f,a) & I; for every a € S7(f).

Proof. Let S7 be the formal completion of S along I;. Since I; C myg, 57 s
faithfully flat over S [54] theorem 8.14(3). Thus 157 NS = I for any ideal
I C S, in particular for any monomial ideal in {u;};e;. One deduces that
property (i) and existence of an expansion (2.4) descend from S”7 to S.

Suppose that an expansion (2.4) exists for a given S7(f) satisfying (i).
Each S/I7*!, n > 0 has a structure of free 5’ -module with basis

{Hua’ ra = ({a;}jes) and Za] < n}

jed jeJ

Therefore the class vy(f,a) + I, is independent of the chosen expansion
(2.4) by the minimality property in (i). This proves that the property
v(f,a) & I, in (ii) also descends from 57 to S. In other terms, we may
assume that S is I;-adically complete.

Independent monomial generators in S/I7 lift to independent monomial
generators in S/17 "1 for every n > 1. One easily deduces the existence of
an expansion (ii) satlsfymg (i) for some finite subset S7(f) C N”, since S is
I j-adically complete and Noetherian.

Uniqueness of S7(f) is also checked by taking images in S/} for some
n >> 0. [
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Definition 2.1. (Associated Polyhedron). Given an equation h € S[X]|
(2.1) and J C {1,...,n}, we define a rational polyhedron:

Ag(h;{u;j}jes; X) := Conv U U {% + Réo} C RZ,.

i=laeS’(fi x)

Definition 2.2. (Initial forms). Let o = ({a;};es) € R, be a weight
vector. We define

5a(h; {uj}jEJ; X) = mln{\ X ‘ai X € Ag(h, {u]'}jej; X)}
The weight vector defines a compact face o, of Ag(h;{u;};es; X) by:
0o = {x € Ag(h;{u;}jes; X) : [ x [a= dalh; {u;}jer; X)}-
The initial form in,h of h w.r.t. « is the polynomial
ingh = X"+ FixaX"" € (gr,9)[X], (2.5)
i=1

where

Fixa:= Y Alfix,i)U™,

XEOq
and bars denotes images in (gr,S)o = §J, ie.
_ . . —J
F(fix,ix) := claoy(fix,ix) € (gr,S)o = S".
By convention, we take ¥(fi x,ix) = 0 in these formule whenever ix ¢
S7(fix)-

Remark 2.1. Any vertex of Ag(h;{u;};es; X) has coordinates in %N, We
have:
Ag(h;{u;}jer; X) =0 h=X"

It is worth emphasizing that the polynomial in,h only depends on the
face o, and not on the specific weight vector a defining it. Given h and «,
the grading of gr, S can be extended to (gr,S)[X] by setting:

degX = 0n(h; {u;j}jes; X).

Then inyh is a homogeneous polynomial of degree md, (h; {u;};es; X) for this
grading.
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We now briefly review the behaviour of polyhedra and initial forms under
basic operations such as formal completion, localization and projection onto
a regular subscheme. The case of regular local morphisms S C S, S excellent
will be considered further on.

With notations as above, let @ € RZ, be a weight vector and
0o C Ag(h;{u;}jer; X), ingh € (gr,S)[X].

Formal Completion: S is excellent [37] theorem 7.8.3(iii). Proposition 2.1
and definition 2.1 give an identification

As(h;{ujtier; X) = Ag(hi {us}jes; X). (2.6)

This identification preserves the initial form in,h for each weight vector «
via the inclusion gr,S C graé‘ ~gr, S ®g S.

Localization: the regular local ring S,s is excellent if S is excellent [37] the-
orem 7.4.4. Similarly, the identifications

As(hi{u;tjer; X) = As_, (b {uj}jer; X) (2.7)

also preserve the initial form in,h (2.5) via the inclusion
81,8 C gr,Ser =~ (gr,5) @5 QF(S).

Projection: let J C {1,...,n} and denote by J' := {1,...,n}\J its comple-
ment. The regular local ring 57 is excellent if S is excellent. A r.s.p. of 5’

. . .ol . .
is ({@W; }j.cs), where bars denote images in S”. With notations as above, we
have:

As(h; {u;}jer; X) = pr/Ag(hyuy, ... up; X), (2.8)
where pr/ : R" — R, x — y = ({;},cs) denotes the projection. Let
fix="Y_ Alfix;aui---uir €5,
a€S(fi,x)

be an expansion (2.4) (for the subset {1,...,n}, where S(f; x) here stands
for Sttm}(f; ¢)), 1 <i < m. Then (2. 5) is given by

Fixa=y_ | > A [To | [T 9

YE€oa \pr’(x)=y jed’ jeJ
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where bars denotes images in (gr,S)o = 5’ as before (recall that by conven-
tion, we take ¥(fi x,1x) := 0 in this formula if ix & S(f; x)).

Definition 2.3. (Solvable vertices). Let x € R’ be a vertex of the poly-
hedron Ag(h;{u;j}jcs; X), that is, a 0-dimensional face ¢ = {x}. Denote
by

ingh = X™ 4+ Fxx X" € (g1,9)[X]

i=1
the initial form polynomial (2.5) w.r.t. any defining weight vector a. We will
say that x is solvable if x € N7 and there exists \ € 57 such that

inch = (X — AUX)™.

Explicitly, with notations as in (2.5) sqq., the latter equality means that
F(fix,ix) = (1) (7?) Xes 1<i<m.

Note that (?) 57 is not a unit in general when char(S/mg) > 0.
The following result is a rewriting of [42] in this hypersurface situation.

Proposition 2.2. (Hironak:a).A There exists a linear change of the X-
coordinate Z := X — 0, with 6 € S, such that

Ag(hi{u;}jer; ) = min Ag(h; {u;}jer; X7), (2.10)

where the minimum 1is taken w.r.t. inclusions and over all possible linear
changes of coordinates X' .= X — ¢, ¢ € S.

Given X' ==X —¢, ¢ € S, Ag(h;{u;}jes; X') achieves equality in (2.10)
if and only if it has no solvable vertex.

If S is excellent, there is an equivalence
Ag(hi{uj}jer; Z) =0 3geS:h=(X—g)™

Proof. This is respectively [42] Hironaka’s vertex preparation lemma (3.10)
and theorem (4.8), and [28] lemma II.1. O
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Definition 2.4. (Characteristic Polyhedron). For X' := X — ¢, ¢ € S,
we will say that the polyhedron Ag(h; {u;},cs; X') is minimal if it has no
solvable vertex.

Ezxample 2.1. Let p be a prime number and n € Z not divisible by p. We
take:
S = Zy) and h == X —np® € S[X], a > 0.

The following holds:
(1) if a & pZ, then Az, (h;p; X) = [a/p, +-00[ is minimal;

(2) if a € pZ, then Ay (h;p; Z) is minimal, where Z := X — np®? and we
have:

Ay, (hip Z) =

With notations and conventions as in (2.1) and (2.2), we have the fol-
lowing result in the case J = {1,...,n} and o = 1 (so 1 = ord,,,) [42]
20]:

Proposition 2.3. The rational number d1(h;uy, . .., uy; Z) is independent of
the r.s.p. (uy,...,u,) and Z =X —0, 0 € S such that Ag(hsug, ... up; 2)
1S5 mainimal.

If Ag(hsug,. .. un; Z) is minimal, the following characterizations hold:

(i) 01(h;uy, ..., un; Z) > 0< (n7 Y (mg) = {z} and k(x) = S/mg);
(ii) 01(h;uy, ..., u,; Z) > 14 57t (mg) N Sing,, X # 0.

Proof. Let (Z',uy,...,u) and (Z,uq,...,u,) be two systems of coordinates

rn

such that both polyhedra Ag(h;u), ..., uy; Z") and Ag(h;us, ..., u,; Z) are

I ni

minimal. Suppose that §;(h;u), ..., ul; Z") > d1(h;uy, ..., up; Z). Then

) n’

m! ’ ’ /
m! le(h;ulu-“aun;z)
i, 2! < mS

for each 7, 1 <1 < m, hence

dr(hyur, .. up; Z') > 01 (hsuly, .o ul s Z7) > 01(hsug, ooy ug; Z).

Y n’
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This contradicts the assumption Ag(h;ug,. .., u,; Z) minimal. The first as-
sertion follows by symmetry.

Let h € S/mg[Z] be the reduction of h modulo mg. Since
0~ (ms) = Spec(S/ms[Z]/ (),
(i) and the “only if” part in (ii) are immediate from the definitions. We have
ord,h(Z) < ord,h(Z) < m,

hence z € Sing,, X implies h(Z) = (Z — A\)™ for some A\ € S/mg. Since

Ag(hyug, ..., uy; Z) is minimal, 0 € R is not a solvable vertex and therefore
we have A = 0. This proves that (i) holds, the “if” part in (ii) being then
obvious. O

Definition 2.5. Let s € SpecS, (vi,...,Uys)) be a rs.p. of S, and y €

~

n(s). Let Z := X — 0,0 € S, be such that Ag (h;v,...,0n(); Z) is
minimal, where §S denotes the formal completion of Sy w.r.t. its maximal

ideal. We let:

) Ol"deAs f A 1

d(y) == 61(h;v1, ..., Vpe): Z) = min § —— € mN

This invariant is classical and appears in e.g. [15], [16] and [7] defini-

tion 4.2 and proposition 4.8 in an equal characteristic context. Our main

resolution invariants will be defined in terms of coordinates (uq, ..., u,) and

Z=X—46,0¢€ S such that Ag(hsuq, ..., up; Z) is minimal. Since minimiz-

ing polyhedra involves in principle choosing formal coordinates, an algebraic

version will be useful for proving the constructibility of our invariants. The

following proposition is fundamental for this purpose. When charS/mg = 0,

the first statement in the proposition easily follows from proposition 2.2 by
applying the Tschirnhausen transformation (take 6 = —% f1.x below).

We assume from this point on that S is excellent.

Proposition 2.4. [28] Given h € S[X]| (2.1) and a r.s.p. (uy,...,u,) of S,
there exists Z == X — 0, 6 € S such that Ag(hyuq, ..., un; Z) is minimal.

24



For any such Z, the following holds: for every subset J C {1,...,n}, the
polyhedron A§\J(h5 {u;}jes; Z) is also minimal and is computed by:

Ag;](h; {uj}jer; Z) = pr/Ag(hjuy, . .. un; Z), (2.11)
where pr/ : R" — R, x — y = ({x;}jes) denotes the projection. In

particular, we have

1
o(y) :min{—,Zaj, aeShm(fi,), 1<i< m}, yen '(s7).
i

jed

Proof. The proposition is trivial if 0 € R™ is a nonsolvable vertex of the poly-
hedron Ag(h;uy,...,u,; Z), taking Z := X. Otherwise it can be assumed
that f; x € mg, 1 <i < m. The first statement is [28] corollary II.4.

Formula (2.11) follows from (2.6) (2.7) (2.8). To prove minimality, sup-
pose that y € N7 is a solvable vertex of Ag(hi{u;j}jes; Z) defined by some

« € RZ,. By definition,
IN e QF(S7) 1 ingh = (Z — ANU¥)™. (2.12)

By (2.9), we have X" = (—=1)"U"™F,, 4, € 57, Hence X € EJ, since
the regular ring 57 s integrally closed. By (2.11), there exists a vertex
x € Ag(hjus,...,uy; Z) such that y = pr/(x). Lifting up, there exists
B € R, a = pr/(3) defining x, and we let o’ := pr’/(3). There is an

induced valuation i, on S”. The initial form of X in gra,§J has the form

A=A\ H Uj-:/j/, A€ S/mg, A#£0, {mj/}j/ejl S N7
jleJ!
Collecting together (2.9) and (2.12), we get inyh = (Z — \UX)™, ie. X
is a solvable vertex: a contradiction. Therefore Ag— (h;{u;}jes; Z) has no

solvable vertex, hence is minimal by the second statement in proposition 2.2.
The last statement is a rewriting of definition 2.5. [

Remark 2.2. This proposition allows us to skip the reference to formal com-
pletion when stating that a certain polyhedron is minimal, i.e. given Z :=
X — ¢, ¢ € S, the statement “Ag(h;uq,...,u,;Z) is minimal” stands for
“Ag(h;u,...,uy; Z) is minimal”. On the other hand, we will keep the ref-
erence to the regular local ring .S since we are also interested in base change.
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Let S C S be a local base change which is regular, i.e. flat with geomet-
rically regular fibers [37] definition 6.8.1(iv). In particular S is regular [37]
proposition 6.5.1(ii) and faithfully flat. The ring S is not excellent in general,
but this certainly holds in the following cases:

(i) S=5 [37] 7.8.3(iii);
(ii) S is ind-étale over S [47] theorem 1.8.1(iv), or

(iii) S is essentially of finite type over S, i.e. smooth over S [37] proposition
7.8.6(i).

An important special case of (i) is when S is the Henselization or strict
Henselization of S. When regular base changes are concerned, we always
assume that S is excellent. These conditions are preserved by localizing, i.e.
replacing S C S by S, C S;, § € SpecS and s € SpecsS its image.

Notation 2.1. Let S C S be a local base change which is regular, S excellent,
§ € SpecS with image mg € SpecS. Any r.s.p. (ug,...,u,) of S can be
extended to a r.s.p. (uy,...,u;) of S. We let h € S[X] be the image of h
and

n: X = X xg SpecS — SpecS.

It follows from definition 2.3 that, if x € R, is a nonsolvable vertex of
Ag(h;uy, ... uy; Z), the vertex

(x,0,...,0) € Ag(hyuq,...,uq; Z) QRZO

n—m

is nonsolvable provided that S/mg C S/mg is inseparably closed. This is
of course always satisfied when S/mg is perfect (e.g. charS/mg = 0). An
obvious consequence of the second statement in proposition 2.2 is:

Proposition 2.5. Let S C S be a local base change which 1is regular, S
excellent. Assume that S/mg C S/mg is inseparably closed. Let Z = X — 0,
0 € S, be such that Ag(h;uq, ..., u,; Z) is minimal. Then

Ag(hsuq, ... up; Z) = Ag(hyug, .. up; Z) X R’;” C Rgo
and this polyhedron is minimal.
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Note that the assumptions of the proposition are satisfied in the above
situation (ii): S is ind-étale over S. In situation (iii), i.e. S smooth over S,
the following example will make the situation clear:

Ezample 2.2. Let (S, mg, k) be an excellent DVR, chark =p > 0, and v € S
be a unit. Let A € £ be the residue of v and assume furthermore that
h:=XP —~yul € S[X], a>1, X\ € k\k".

Then Ag(h;u1; X) = [a, +oo[ and is minimal. Take S = S[t](u.p(r)), Where
P is a monic polynomial with irreducible residue P(t) € k[t] (resp. P = 0).
Let ug := P(t), so (u1,uz) (resp. (u1)) is ar.s.p. of S. Let

k= S/mg=k[t]/(P(t)) (resp. k = k(1))
be the residue field of S. Setting {#} = 7~ (mg), we have

5()=a it A kP
0(F)=a+1 if Nek

This is obvious if A & kP if A € kP, take
Z =X —Auf, where ¥ := 4P — v € mg.
Then (uy,?) is a r.s.p. of S (S excellent) and we have:
Agz(h;ur,9; Z) = (a,1/p) + R,

In particular, the function
1
A} = {2} x A}, C X x, Af — =N, 7+ §(3)
p

is not a constructible function.

Proposition 2.4 and proposition 2.5 suggest the following question. An

affirmative answer would be very useful in order to build geometrical invari-
ants from characteristic polyhedra. Proposition 2.5 answers in the affirmative
when S/myg is perfect, with S := S.
Question 2.1. Let S be an excellent regular local ring with r.s.p. (u1,...,u,)
and h € S[X] (2.1). Does there exist a smooth local base change S C S, a
rs.p. (ui,...,us) of S extending (uy,...,u,) and Z = X — b, ¢ € S, such
that the following holds:

“for every smooth local base change S C S’ and r.s.p. (u1,...,uy) of S’
extending (uy,...,us), the polyhedron Ag (h;uy, ..., u,y; Z) is minimal”?
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Uncovering transformation rules for the characteristic polyhedron under
blowing up is a major problem, vid. [42] p.254. A good behaviour is known
in the special case of a blowing up along a Hironaka permissible subscheme
and an exceptional point at the origin of some standard chart.

Proposition 2.6. With notations as before, let J C {1,...,n}, y € n~(s”)
and assume that 6(y) > 1. Fiz jo € J and let S" := S[{u};}jesl ), ..u), where

U; = uj/ujo if j S J\{jo},
u; = u; if je€J U{j}

Let Z =X —0, 0 € S, with Ag(h;uy, ... ,uy; Z) minimal and define:

W(Z') = u;"h(Z) = 7"+ uj_OlfLZZ’"“1 ot uy " fnz € S'[2'], (2.13)
where Z' .= Z/u;,. Define a map | : R — R™ by

X = (xlu ce 7xn) —x = (xlu sy Thg—1, ij - 17xj0+17 cee ,.’L'n). (214>
jes

Then l(As(h;uy, ... un; Z)) = Ag (W50, ... ul; Z') and this polyhedron is

minimal.

Proof. The assumption §(y) > 1 forces f;z € I by the last statement in
proposition 2.4. Therefore (2.13) makes sense, i.e. h'(Z") € S'[Z’]. Since [ is
one-to-one, we have

;S{l ..... n}(fi7Z/> g l (1

1
with notations as in proposition 2.1. By definition 2.1, we get:

(As(h;uy, ... up; Z)) = Agi(W5uy, .. ul; 7).

Y n’

Let x" = l(x) be a vertex of Ag (h/;ul,...,ul,;Z"). Denote

ingh = 2™+ NUZ™ 4o 2 N U™ A A € S/,
with the convention as before that \; = 0 if ix € N", 1 <i < m. Applying [
(2.14), we get
inwh = 2™+ MU 2™ 4 AU

Since S'/mg = S/mg, definition 2.3 then shows that x’ is solvable if and
only if x is solvable. Since Ag(h;uy,...,u,;Z) is minimal, the polyhedron
Ag(W;ul, ... ul; Z') is also minimal by proposition 2.2. m

? n’
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2.2 Normal crossings divisors.

We now introduce a normal crossings divisor £ C SpecS. This section fixes
the terminology and notations for blowing ups and base changes with respect
to E, then introduces the Hironaka e function on X'.

Definition 2.6. A rs.p. (ug,...,u,) of S is said to be adapted to E if
E =div(uy - - - u.) for some e, 0 < e < n.

We emphasize that we allow e = 0, i.e. £ = () in this definition. In this
context, we use the following notion of Hironaka permissible center:

Definition 2.7. Let }J C X be an integral closed subscheme with generic
point y. We say that ) is Hironaka-permissible (resp. Hironaka-permissible
with respect to F) at € ) if condition (i) (resp. condition (ii)) below is
satisfied:

(i) m(y) = m(x) and Y regular at x;
(ii) Y C Sing,,X and W := n()) has normal crossings with E at s := n(x).

We remind the reader that an integral closed subscheme W C SpecS' has
normal crossings with £ = div(u; - u) if the family (uy,...,u.) can be
extended to a r.s.p. (u1,...,u,) of S such that the ideal I(W) of W is of the
form I; = ({u;}es) € S, for some J C {1,...,n}.

Note that a Hironaka-permissible center w.r.t. any F (e.g. E = 0) is
Hironaka-permissible: since ) C Sing,, X, we have m(y) = m(z) = m and
y € n~Y(w) N Sing,, X, where w is the generic point of W; by proposition 2.3
applied to S,,, the map ) — W is birational, hence an isomorphism since W
is regular.

Since the notion is local on X', a Hironaka-permissible blowing up (w.r.t.
E) is simply the blowing up along a center ) C X which is Hironaka-
permissible (w.r.t. E) at each point of its support. By a local Hironaka-
permissible blowing up, we simply mean the localization at some point of the
exceptional divisor 771()) of the blowing up 7 along a Hironaka-permissible
center. The important fact is that Hironaka-permissible blowing ups w.r.t.
E preserve our structure:

Proposition 2.7. Let S, h € S[X] (2.1), X and E = div(uy - - - u.) be as
above. Let w : X' — X be a Hironaka-permissible blowing up w.r.t. E at
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x € X. There exists a commutative diagram

X & X
| | (2.15)
SpecS <& &

where o : 8" — SpecS is the blowing up along W

For every s' € o7%(s), S" := Ogr g, there exists ' € S'[X'] unitary of
degree m such that X!, = Spec(S'[X']/(I)).

Furthermore, there exists a r.s.p. (u},...,ul,) of S’ adapted to the stalk
El,, E' =0 Y (EUW)eq.

Proof. By the above remarks, there exists J C {1,...,n} such that I(W) =
I; = ({u;};es). By proposition 2.4, there exists Z := X — 6, § € S, such
that Ag(h;uq, ..., u,; Z) is minimal. Since x,y € Sing,, X', we have

n~'(s) ={z}, n7' (W)=Y and 6(x) > 1, d(y) > 1
by proposition 2.3. In particular, the ideal of ) at x is

1Y) = (Z,{u;}jer).

Since (y) > 1, the point at infinity (1:0: ---:0) does not belong to X’ so
({;};es)Ox is invertible. By the universal property of blowing up, there is
a commutative diagram (2.15).

Let s’ € 07(s) and jy € J be such that uj, is a local equation of 7, * (W).
We take X' := Z/u;, and
Wo=umh(Z) = X"+ u]flfLZX'm*I o U (2.16)

0

Note that A’ € S’[X’] follows from the last statement in proposition 2.4. The
last statement is obvious because E' = 071 (E U W),q is a normal crossings
divisor on &'. n

We will stick to these notations when local Hironaka-permissible blowing
ups are concerned, or compositions of such local blowing ups. We always
refer to the reduced total transform of £ on the blown up base SpecS.

Suppose a base change is given as considered in the previous section, i.e.
formal completion S C S , localization at a prime S C Sy or regular local
base change S C S, S excellent.
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Notation 2.2. Given S C S’ such a base change, we denote
E' = FE xgSpecS’, 0 : X' = X xgSpecS’ — SpecS’.

The image of h in S’[X] is denoted i’ € S’[X]. This notation is used consis-
tently with notation 2.1.

For instance if s € SpecS, there exists a r.s.p. (vi,...,Un0)) of S;
which is adapted to E,, where E; is the stalk of E at s. We then have
E; = div(vy - - - ves)) and may choose v; = wuy,(j) for some injective map

e {l,...,e(s)} — {1,...,e}. It is of course not possible in general to
extend a given (v1,...,Un()) to a r.8.p. (ur,...,u,) of S. We let hy € S,[X]
be the image of h.

Definition 2.8. Let s € SpecS and (vi,...,v)) be an r.s.p. of S, which
is adapted to Ey, Es = div(vy - - - ve(s)). We say that coordinates

('Ula <o Un(s)s Zs)7 Zg: =X — ¢sa gbs € Ssy
are well adapted at y € n='(s) if Ag, (h;v1,...,Uns); Zs) is minimal.

Definition 2.9. Let (uq,...,u,) be ar.s.p. of S which is adapted to E. Let
J, 1 < j <e, and let J; C X be an irreducible component of 7~ *(div(u;))
with generic point y; € X. We let

1
dj = 5(:%) S EN

For any s € SpecS and y € n~!(s), we let

e(y) :=m | d(y) — | d; | € mz.

Summing up results from the previous section, we have:

Proposition 2.8. Let (uy,...,u,;Z) be well adapted coordinates at x €
n~Y(mgs). With notations as above, we have

dj:min{ﬁ, a e sit "}(fiyz), 1§i§m}, 1<j<e.
i

For s € SpecS and y € n'(s), we have €(y) > 0.

Proof. The first (resp. second) statement follows from the last one in propo-
sition 2.4 applied to S and J := {j} (resp. to Ss and each J := {j} with
div(u;) C Ey). O
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2.3 The Galois or purely inseparable assumption.

In this section, we introduce the assumptions of theorem 1.4. The main
result is proposition 2.11 which analyzes the consequence w.r.t. the slopes
do(h;u, ... u,; Z) and initial form polynomials in,h from definition 2.2. We
assume furthermore that the following property holds:

(G) m = pis a prime number, h is reduced, the ring extension L|K is normal
and X is G-invariant, where G := Autg(L).

Assumption (G) is maintained up to the end of this chapter.

Since [L : K| = p is a prime number, we have either G = Z/p (L|K
separable, cases (a) and (b) below) or G = (1) (L|K inseparable, case (c)
below). Case (a) is included here for the sake of completeness and because
residual actions in case (b) may lead to case (a). The three cases to be
considered are:

(a) h is totally split (product of p pairwise distinct linear factors) over K;
(b) h is irreducible and Galois over K with group G = Z/p;
(c) his irreducible, charS =p, fix =0,1 <i<p—1.

Assumption (G) is also preserved by those base changes considered in
the previous sections, i.e. formal completion S C S) localization at a prime
S C S, or regular local base change S C 5*, S excellent. Note that in
any case, h reduced implies respectively hg, h (since S is excellent) and h
reduced (notation 2.2). Recall notations and definitions of initial forms from
definition 2.2.

Proposition-Definition 2.9. Assume that charS/mg = p. Let (uy,. .., u,)
be a given r.s.p. of S and o € RY, be a weight vector. The integer

io(c) :=min{i € {1,...p}: Fiza # 0}

does not depend on Z = X — 0, § € S such that Ag(hsu, ... up; Z) is
manimal. If io(o) < p, the form Fy (a) 7 s also independent of the choice of
Z =X — 0 as above.

In case a = 1, the integer ig(1) (also denoted by ig(x) for x € n~'(mg))
and form Fi1)z = Fia),z1 (if io(1) < p) are also independent of the
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choice of the r.s.p. (u1,...,u,) of S and Z = X — 0, 6 € S such that
Ag(hsug, ... up; Z) is minimal.

Proof. Take Z' = Z — ¢ such that both polyhedra Ag(h;us, ..., u,; Z) and
Ag(h;uq, ..., up; Z') are minimal. By minimality, we have

Ua(®) > a = a(hsuy, ... uy; Z).

The initial forms in,h(Z) € (gr
by

S)[Z] and in,h(Z') € (gr,S)[Z'] are related

in,h(Z") = ingh(Z — cly.a®).

The first statement follows from the elementary fact that p, > 0

p
?
for 1 <i < p-—1, since p € mg. The second statement then follows from
proposition 2.3. O

Proposition 2.10. For z € SingX, s := n(z), we have:
n (s) = {z}, k(x) = k(s) and §(z) > 0. (2.17)

Assume that a normal crossings divisor E = div(u; - --u.) C SpecS is
specified and let w : X' — X be a Hironaka-permissible blowing up w.r.t. E
at x. Then, with notations as in proposition 2.7, for every s' € o~ 1(s), X/,
satisfies again (G).

Proof. Tt can be assumed that s = mg. Let (uq,...,u,;Z) be well adapted
coordinates at  and h(Z) € S/mgs[Z] be the reduction of h modulo mg. By
(G), G acts transitively on the fiber n7!(s). Then h(Z) is either a p*-power
or satisfies again (G) w.r.t. the zero-dimensional regular local ring S/mg.

If h(Z) satisfies (G), then (h(Z),uy,...,u,) is a r.s.p. of the local ring
S[Z]m,, so x is a regular point of X.

Assume now that h(Z) = (Z — AP for some A € S/mg. Now (0,...,0) is
a solvable vertex of Ag(h;uy, ..., u,; Z) unless A = 0. Since (uy,...,un; Z)
are well adapted coordinates at z, we have A = 0.

The last statement follows from proposition 2.7 and the fact that z is
G-invariant by (2.17). O

Proposition 2.11. Let x € n~Y(mg) and (u1,...,u,; Z) be well adapted
coordinates at x. For o € RY, a weight vector, the following holds:
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(1) the polynomial in,h € (gr,S)[Z] satisfies again (G) w.r.t. the local
ring (8raS)(vn,...Un)
(11) if (charS/mg = p and io(a) < p), then
da(hyur, ... un; Z) €Ty = Zoy + -+ + Zawy;

(111) if charS/mg = 0 or if (charS/mg = p and io(a)) = p), then

da(hyur, ... up; Z) € 1Fa.
p
Proof. If §(x) = 0, we have 0, (h;uy, ..., up; Z) = 0 and in,h = h(Z) with
notations as in the previous proof, so the proposition is trivial. Assume that
d(z) > 0.

By proposition 2.2, we have Ag(h;us, ..., u,; Z) # 0 and this polyhedron
has no solvable vertex. Therefore inyh is not a p*-power. Let z € L be the
image of Z and v, be any extension of u, to L. Then v, is centered at z,
since X is G-invariant and ~!(mg) = {z} by proposition 2.3(i). We have:

Va(2) = pa(fiz))i = 0a(hsur, ... un; Z) € Ty @7 Q (2.18)

for each i, 1 <14 < p such that F; z, # 0. Since L|K is normal of degree p,
the reduced ramification index ey of v4|pa is g = 1 or ey = p.

Assume that (charS/mg = p and iy(«) = p). Then in,h is in case (c) of
(G) and we get (iii) from (2.18).

Assume that charS/mg = 0 or (charS/mg = p and ig(a) < p). Then h
is in case (a) or (b). Since G = Z/p in these cases and X is G-invariant, G
acts transitively on the roots of in,h. We have:

Tot((81,5)[2)/(ah)) =TI, QF(graS) if pa splits:

QF((gr,9)[Z]/(ingh)) =  QF(gr,,S)  otherwise,

and this proves (i). Statement (iii) follows from (2.18) if charS/mg = 0.
Assume finally that (charS/mg = p and iy(a) < p). By (2.18), we have

pl/a(Z) = pua(fio(a),Z)/iO(O‘) S

Since I'y, ~ Z" for some r > 1, this implies

6a<h;u17 coy Unj; Z) = ,Ua(fi,Z)/Z.O(OO € Fa
which completes the proof of (ii). O
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Corollary 2.12. Assume that a normal crossings divisor
E =div(u; - - - u.) C SpecS
is specified. We have pd; € N, 1 < j <e, and e(y) € N for everyy € X.

Proof. In view of definition 2.9 and proposition 2.8, this follows from propo-
sition 2.11 (ii)(iii) applied to the local rings S(,;) and S;, s := n(y). O

This corollary allows us to define the following invariant:

Definition 2.10. Let (uy,...,u,) be a r.s.p. of S which is adapted to the
normal crossings divisor F = div(u; - - - u.). For y € X, s :=n(y), we define
a principal ideal:

where H; :=pd; € N.

2.4 The discriminant assumption.

We now introduce the critical locus of the map n : X — SpecS together with
its scheme structure given by the discriminant D := Discxh € S. We are
interested in the case where D is a normal crossings divisor. Theorem 2.14
below is basically a reduction to characteristic p > 0 as dealt with in [26] [27].

Note that D is by definition independent of the choice of regular param-
eters of S and invariant by those translations X' := X — ¢, ¢ € S used in
minimizing polyhedra. If (S, h, E) is in case (c) of (G), then D = 0.

Definition 2.11. Let S, h € S[X] (2.1), X and E = div(u; - - - u.) be spec-
ified. We say that (S, h, E) satisfies assumption (E) if char(S/mg) =p >0
and one of the following properties hold:

(i) D=0 and n(Sing,X) C £,
(2.19)
(i1) D#0 and div(D)yea C E C div(p)red-
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Assumption (E) is maintained up to the end of this chapter.

This assumption implies that Sing,X C n~'(E) C X, by definition (i) or
because 17! (SpecS\E) is regular since SpecS\E is (ii). In particular E # ()
if Sing, X # (.

Assumption (E) is also preserved by those base changes considered in the
previous section: formal completion S C 5', localization at a prime S C S,
or regular local base change S C S, S excellent. For Hironaka-permissible
blowing ups, we have:

Proposition 2.13. Let 7 : X' — X be a Hironaka-permissible blowing up
w.r.t. E at x € X. Then, with notations as in proposition 2.7, for every
s e o l(s), (S I, E) satisfies again (E).

Proof. Any Hironaka-permissible center ) C X w.r.t. E at z is contained in
E by the above remarks. Therefore the proposition is obvious in case (i) of
definition 2.11.

Let (uy,...,un; Z) be well adapted coordinates at x and h(Z) € S[Z]
be the corresponding expansion. With notations as in proposition 2.7 and
(2.16), we have h'(X') = u;"h(X u;,) for some u;, € I(W). We deduce that

D' := Discx:h' = uj_op(p_l)Dichh = uj_op(p_l)D,
hence div(D');eq € E' C div(p)req as required. O

Theorem 2.14. (Reduction to characteristic p). With assumptions as
above, let x € n~'(mg) be such that e(x) > 0. Then (X,x) is analytically
irreductble.

Let (uy,...,un; Z) be well adapted coordinates at x and o € RZ be a
weight vector. Ezactly one of the following properties holds.

(1) ig(a) = p, i.e. ingh = 2P+ F, 74;

(2) io(Oé) = p — 1 7.€. inah = Zp + FP*LZ@Z + F,Z,a; prl,Z,a 7é O
Furthermore, we have

A _ .
—fp-1.2 = Vp-1.2 Huj P (2.20)
j=1
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with Ap—1; € (p—1)N, 1 < j <e, and v,-1.z € S a unit with residue
V1.2 € (S/mg)P~t. In particular, —F,_1 7, = GP~" for some nonzero
G € gr,S, and we have

Proof. First note that D = Discyz(h) is homogeneous of degree p(p — 1) for
the grading degf; » = 7 on the coefficients of h. In particular, we have

tta(D) = p(p — 1)0a(h; ur, . . . un; Z),
since o (fiz)/i > da(hyus, ..., uy; Z) for 1 <i < p. We deduce the formula
Cla,p(pfl)éa(h;ul ..... un;Z)D = DiSCZ(inah)‘ (221)

On the other hand, in,h has a multiple root over an algebraic closure of
QF (gr,S) if and only if ig(a)) = p by proposition 2.11 (i). When this holds,
we are in case (1) of this theorem.

Suppose that h is analytically reducible. By proposition 2.8 and defini-
tion 2.5, e(z) = 0(x) — >_;_, d; is determined by Ag(h;uy, ..., u,; Z), thus
invariant by base change S C S. Therefore it can be assumed w.l.o.g. that
S = S in order to prove the first statement, i.e. that h is in case (a) of
property (G). Since h splits, there is a factorization

p
h:H(Z_QOJ)ES[ZL 9017"'790]065‘

i=1

Let z € Oy be the image of Z and g € G = Z/p, g # 0. By property (G),
we have g(z) € Oy and g(z) is a root of h(Z). Up to reindexing, it can
therefore be assumed that

gi(z)zz_@i+1+¢165, 1<i<p-1.

In particular, we have g(z) — z = @1 — ¢ € S and we deduce that

i—1

g(z)—z=3 g"9(z)—2) =i(9(z) —2), 1<i<p—1L
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Since (p — 1)! is a unit in S, we get a formula
D = Discz(h) = vo(p1 — w2)PP™Y, 75 € S, 7 a unit.

By assumption, (uq,...,u,) is adapted to E. Then definition 2.11(ii) implies
that

1 — pa = YU,
with v € S a unit, and a; =0, e+ 1 < j < n. Take an expansion (2.4):
pr= WU, % €S, 7 unit
x€8(¢1)

with S(¢1) C N” finite. If x; < a; for some x € S(p1) and some j, 1 < j <,
then x is a vertex of Ag(h;uy,...,u,; Z) with initial form

ingh = (Z — \UX)?, A € S/mg, \#0.

This is a solvable vertex: a contradiction, since Ag(h;uy, ..., u,; Z) is mini-
mal. Therefore p; € (u?) and we get ¢(x) = 0: a contradiction. Hence (X, z)
is analytically irreducible as stated. It can be assumed that h is in case (b)
of property (G) from now on.

Assume now that in, A is in cases (a) or (b) of property (G), i.e. ip(a) < p
and
Discy (inah) # 0. (2.22)

We now compute ord(uj)D for 1 <j <e. Let
s; = (u;) € SpecS, S;:=S,, and y; € n'(s;).

To begin with, Ag,(h;u;, Z) is minimal by proposition 2.4. We denote by
G(sj) = k(s;)[U;] the graded ring of S; w.r.t. its valuation p; := ord,;) and
by in; the initial form map w.r.t. p;. Let:

iU = infiz € Glsy), 1<i<p. (2.23)
By definition 2.11(ii), we have charS/(u;) = p. Therefore proposition 2.9

and (2.21) apply to S; with a = 1 € R. The corresponding integer io(1) is
denoted by ig(s;) in order to avoid confusion and we have

(D) = p(p — 1)d(y;) = (p — 1) Hj. (2.24)

38



Case 1: iyp(s;) < p. Then equality holds in the former formula as remarked
right after (2.21).

Case 2: ig(s;) = p. Then inequality is strict in the former formula. Since
Ag,(h;uj, Z) is minimal, we have fprUjA"’j ¢ G(s;)P and A,; = H;. Let
z € L be the image of Z. The discrete valuation p; of K has a unique ex-
tension to L, still denoted by p;. There is an embedding G(s;) C G, where
G, is the graded ring of the valuation ring O; := {f € L : u;(f) > 0}.

Case 2a: H; € pN. We have

1 1 Ay
G = k() (LU, gz = 7,07 (225)
Case 2b: H; ¢ pN. We have
boa 1 Hj
Gj = k(sj)[vp,jUjp]a ian = _ry];jUjp ) (226>
_lej—l
where [; satisfies [;H; = 1 modp, since the element ¢ := zljuj P is a reg-
ular parameter of O; with (in;t)? = — ;ijj.
Let g € G = Gal(L|K) be nontrivial. We have
p—1
g2 =2+ fiz(gz) =277 = 0. (2.27)
i=1

Since p(g(z) — 2z) > p;(2) and p;((p — 1)) = 0, we deduce from (2.23) and
(2.25)-(2.26) that
. i i y —i— ( —i—l)%-ﬁlz‘,j
i (fi2(g(2)" " = 27) = (1P Ty U

for 1 <i <p—1, where T} :=in;(g(z) — z). On the other hand, we have

(2.28)

I UCEES ) G (O E  CE )
Computing ;(D) by the Hilbert formula [71] V.11.(8) gives
p;i(D) = p(p — Dpj(g(2) — 2). (2.30)
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Since equality is strict in (2.24), we have y;(H(x)~?~Y D) > 0 and we deduce
that p;(g(z) —z) > H;/p. Computing initial forms for each term on the right
hand side of (2.29), we get for 1 <i <p—1:

ing((g(2) — 2715) = (C1)TV g0
Since p;(g(z) —z) > H;/p and ,uj(( ]Z) )

minimal value term in (2.29) inside the summation symbol is obtained with
1t = p — 1. This shows

in, (pi < 7;.’ ) (9(2) —Z)Pw') — in,(p)Ty, U N3 (2.31)

=1

= pi(p), 1 <i < p—1, the unique

Case 2a. By (2.25), all terms 71()’;._2'_1)/1’ for 1 <i < p—1 appearing in (2.28)

are linearly independent over k(s;). Since p € 5], puf“'(p)
- p—i—1

is a unit in 5.

Let v € k(s;) be its residue, so the family (7%] A, hicicp-1) is a basis

of the k(s;)-vector space k‘(s])(yp/]p). Tracing back to (2.27) an (2.29), the
value of (g(z) — 2)P is the value of a sum of terms with linearly independent
initial forms in G;. We deduce the formula

1(g(z)—z)P! Zmin{uj(pH(p—l)H} min {(p—i— )%+Ai,j}}- (2.32)

p  1<i<p-1

Case 2b. By (2.26), all values (p—i—1)H;/p for 1 <i < p—1 appearing in
(2.28) are pairwise distinct modulo Z. Since p € S;, the family

(1i(p) + (p— 1)%, {lp—i— 1)% + A jhi<i<p-1)

represent all cosets of (1/p)Z modulo Z. The argument is now similar to case
2a above and (2.32) holds as well. Note that the minimum in the right hand
side of (2.32) is achieved exactly once in this case 2b.

By (2.30) and (2.32), we conclude in all three cases 1, 2a and 2b that

pi(H(2)" "7V D) = min{pp;(p), min {pA;; —iH;}}. (2.33)

1<i<p
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By (2.23) and definition of ig(a), we have

e

Z Aig(@),i% < pthalfig(a),z) = to(a)0a(hsur, ... up; Z). (2.34)

=1

Collecting together, since it was assumed in (2.22) that Discy(in,h) # 0,
we have

Z i (H(z)" " YD)y = (p — 1) (péa(h; Uly oy Up; Z) — Z Hjozj>
j=1 j=1
by (2.21). By (2.33)-(2.34), we deduce
(p—1—io(a)(pdalhsus, ... un: Z) = > Hja;) < 0. (2.35)
j=1

Suppose that pds(h;uy, ..., uy; Z) — Z§=1 H;oj = 0. Definition 2.10 im-
plies that ff, € H(x)" for 1 <4 < p. Definition 2.1 yields the equality

H H,
As(h;ul,...,un;Z):(?1,...,?,0,...,0)+Rg0.

This is a contradiction, since it is assumed that e(z) > 0.

We thus have pda(h;ui, ..., u.; Z) — 375 Hjoy > 0. By (2.35), this
implies ig(a) = p — 1, since ip(a) < p — 1 was assumed in (2.22).

We may now sharpen (2.35) as follows, since it is an equality: equality
holds in (2.34) and the minimum on the right hand side of (2.33) is achieved
with i = ig(a) = p — 1 for each j, 1 < j < e. These two properties are
equivalent to the existence of an expansion (2.20) with 7,-1 7 € S a unit.

By proposition 2.11(i), G = Z/p acts on the roots of in,h. Let

Za € (g1,9)[Z]/(ingh)
be the image of Z. Then (¢(24) — 24)? ' + Fp_1.20 = 0 for g € G nontrivial,

so the polynomial XP~'+F, ; 7, is totally split over gr, S, i.e. —F), 17, isa
(p—1)"™in gr, S as required. The last formula in the theorem is obvious. [
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2.5 Adapted differential structure.

In this section, we introduce the differential structure on the graded algebras
gr,S. We will only consider here the case « = 1 € R with notations as
in definition 2.2. These algebras appear naturally as blow up algebras of
S along regular primes. We will adapt and simplify notations as much as
possible in order to fit with the forthcoming computations.

Remark 2.3. This construction uses formal coordinates and Nagata deriva-
tives [54] pp.241-245, and could be considerably simplified when

E = Spec(S/(uy - -ue)) C SpecS

is essentially of finite type over some field. This extra property is satisfied for
example when F is contained in the closed fiber of some previously performed
blowing ups. In dimension three, this extra property is easily achieved from
embedded resolution theorems in smaller dimensions, vid. lemma 4.10.

Notation 2.3. Let W C FE be a regular closed subset of SpecS having normal
crossings with £. We now write

IW) :=1;={u;}jes) C S for some J C {1,...,n}.

Let Jg:=JN{L,...,e}, J':={1,....n}\J,s0 (J")g ={1,...,e}\JE.
Let Sy := S/I(W) and w; € Sy be the image of u;, 5/ € J', so

Mg =My, = (Uy)yer)-

Since W C FE, (E) implies that charG(W) = char(S/mg) = p > 0. The
formal completion Sy of Sy can be written as

Sw ~ S/ms[[{u;}yer). (2.36)
The algebra gry S of definition 2.2 is denoted by:
GW) = gryw)S = Swl{U;}jel.

We also denote G/(V[7) =G(W) ®g,, Sy In the special case W = {mg}, we
thus have G(mg) = G(mg).
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The initial form inyh w.r.t. the weight vector 1 € RZ, is now denoted

p
inwh = X7+ Fxw X" € GW)[X],

=1

with F’i,X,W € G(W)iﬁl(h;ul ,,,,, Un;X)s <1< p-

Any local equation of E has an initial form in G(W), and we denote by
E(W) the associated divisor. Explicitly:

EW)=div| [[U; [[ @ | cSpecG(W).
jeJe  je(J)E

We include in these definitions the case where W = div(u;) is an irreducible
component of E. This corresponds to (J')g ={1,...,e}\{j} and

GW) = S/(w)[U;), EW)=div |U; [] ar
i'€(e
Let (A\;)iea, be an absolute p-basis of S/mg. For this notion and the rest of

this section, we refer to [54] pp.201-205 and pp. 235-245. We allow A, infinite
in these constructions. The corresponding derivations (g—/\l) leA, of Der(S/myg)

act on power series in §v\v (2.36) coefficientwise. Those derivations g—/\l, le
will be usually called “derivations w.r.t. to constants”.

Let D(W) C Der(G/(V[7)) be the submodule generated by the derivations
w.r.t. to constants together with

0 15) . 0
({Uja—Uj}jeJEa {a—Uj}jeJ\Jm {Uj'ﬁj/}j’e(ﬁ)ga {ﬁj’}jleJ/\(J/)E> . (2.37)

Since Sy is excellent and integrally closed, we have 51;/1’ N Sw = Sy
Therefore for F' € G(W), there is an equivalence:

VDeDW), D-F=0FeGW)?. (2.38)

If '€ G(W)y is a homogeneous element, D - F' is not homogeneous in general

for D € D(W) because the derivations (%) e, lower degrees by one. We
J
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define a homogeneous Sy -submodule of G(W),_1 as follows:

oOF
V(F, E, W) =< {Cld_lﬁ}jeJ\JE >C G(W)d_l. (239)
J

Let Dy € D(W) be the submodule defined by
Dw :={D € D(W): D (I(W)/I(W)?) C (I(W)/I(W)*)}.
If D € D(W), we have
D €Dy & Vj e N\Jg, <dU;,D > (I(W)/I(W?)G(W),  (2.40)
and there is an equivalence
Dy = D(W) < W is an intersection of components of E. (2.41)

If /e G(W)y is a homogeneous element, we define a homogeneous §;V—
submodule of G(W), as follows:

—

J(F,E,W) := cly(Dyw - F) C G(W),. (2.42)
cS

Let Hy be the initial form in G(W) of the monomial ideal H(z)
(definition 2.10), where z € n~!(mg), i.e.

. _H
oy = [TU" I @ | SGW)ay. (2.43)
J€JE Jel)E
where dy = ZjGJE H;. If F € HyG(W)g_a,,, it follows from the above
definitions that

V(F, E,W) C HyG(W)a a1 and J(F, E,W) € HyG(W),_, .
For such F' € Hy G(W)4—a,, , we denote:

V(F,E,W) == HZ'V(F,E\W) C GW)aay 1,
- (2.44)
J(F,E\W) = Hy'J(F,E;W) C GW),_qg,-

If F, xw € HyG(W)a—a,, , the submodules

V(ijx’w, E, W) - G(W)d,dW,1 and J(an,w, E, W) - G<W>d7dw
are well-defined by (2.44). We will continually apply this definition when the
following properties (i) and (ii) hold:
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(i) (ug,...,u,; X) are well adapted coordinates at z € n~*(mg) (definition
2.8), and

(ii) d — dw = e(y) with n7!(s) = {y}, s the generic point of W.

Note that F, xw € HwG(W)4_q, is then a consequence of definition 2.9
and proposition 2.8.

Some considerations will require localizing S at some point s € W. We
then denote by W, the stalk of W at s. This notation is used jointly with

notation 2.2 sqq. about the stalk Ey. The restriction of s is denoted by
5 € SpecSy = G(W),. We have

G(W) = ng(WS)SS ~ (Sw)s{U;}jes]-

Consistently iny,h € G(Ws)[X] denotes the initial form. The above con-
struction thus allows to associate to any homogeneous element F' € G(Wy)q4
homogeneous submodules

—

V(F, Es, W) C G(Wy)a—1, J(F, Es,W,) C G(Ws),.

2.6 Cones, ridge and directrix.

In this section, we recollect some facts about the directrix and Hilbert-Samuel
stratum of a homogeneous ideal. These facts are then applied to extract
numerical invariants from the vector spaces

V(Fpz,E,mg) C G(Mg)ez)—1 and J(Fp, z, E,mg) € G(ms)e(a)

defined in the previous section (2.44) when (uq,...,u,; Z) are well adapted
coordinates at x € 7' (mg). These considerations are based on elementary
linear algebra.

Most difficulties in this section appear only for n > 4, which will eventu-
ally lead us to define our main invariant w(z) in a different way than in [27]
chapter 1 (for equicharacteristic S of dimension n = 3) in the next section.

Let k be a field, R, be a k-vector space of finite dimension n > 1 and
R := k[R;] be the symmetric algebra. Let V := SpecR and I be a homoge-
neous ideal of R which defines a cone C' = C(I) := Spec(R/I). With these

notations, we define:
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Definition 2.12. The directrix Vdir(/) of C' = C(I) is the smallest k-vector
subspace W of Ry such that I = (I Nk[W])R. We denote

7(I) := dim, Vdir(I), Dir(I) := Spec(R/(Vdir(1))).
Definition 2.13. Let C = C(F') be a hypersurface cone, i.e. I = (F) is a
nonzero principal ideal. We define a reduced subcone

Max(F) :={z € V:ord, F = ordoF'} C C(F),

where 0 is the origin (so ordgF' = degF).
Given a fired degree d > 1 and an ideal I = (F}, ..., F,,) C R defined by
homogeneous polynomials Fi, ..., F,, € R, degF; =d for 1 <i < m, we let
Max(l):={x € V:ord, F; =d,1 <i<m} CC().

The cone Max([/) is the closed Hilbert-Samuel stratum of C'(I). These
two objects and the ridge are considered and connected by H. Hironaka in a
more general context. See also [35] [36] [60] for definition and computation
of the ridge and Hilbert-Samuel stratum.

Proposition 2.15. (Hironaka)[}3] Let C = C(F) be a hypersurface cone.
There are inclusions

Dir(F) C Max(F') C C(F).
If k 1is perfect or if dimR < p + 1, the left hand side inclusion is an
equality.

Remark 2.4. Counterexamples to the last statement exist for nonperfect &
and dimR > p + 1. For dimR < 4, such counterexamples exist only if
dimR = 4 and p = 2. For applications to the proof of theorem 1.4, we only
have to deal with this difficulty for the initial form polynomial (dimR = 4)
which is of the form

inh = Z2 — )\UlZ + ng, F2,Z € S/ms[Ul, UQ, Ug]g, A€ S/ms

By [43], the polynomial inh is a counterexample to the last statement in
proposition 2.15 if and only if A = 0 and, up to a linear change of variables,

N, h = Z% + NUP + \MU; + MUz (2.45)

with Aj, Ao 2-independent, i.e. [(S/mg)?(A1,A2) : (S/mg)?] = 4. This very
special case is dealt with in proposition 5.3.
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Let (ug,. .., u,; Z) be well adapted coordinates at z € n~!(mg) (definition
2.8). In case €(z) > 0, we have n~'(mg) = {z}, k(x) = S/ms (proposition
2.3) and the initial form polynomial has the form

in,h=2°—GP'Z+F,; € Gmg)|Z] = S/ms[Uy,...,U,)[Z] (2.46)

by theorem 2.14 applied to o = 1 € RZ,. There is an associated integer
io(z) = p—1 (resp. ip(z) = p) if G # 0 (resp. if G = 0). We denote by
H C G(mg)q the initial form vector space of the ideal H(z), d = > % | H;
(definition 2.10). If io(z) = p — 1, we have

e . 1 e
H'Gr =< [JU?™ >, B; € 5N and Y pB; = e(x). (2.47)
j=1

j=1
We can restate previous material as follows:

Proposition 2.16. Let (uy,...,u,; Z) be well adapted coordinates at x €
n~t(ms) and assume that €(x) > 0. The following holds:

(i) the vector space V(F, z, E,mg) C G(Mmsg)cz)—1 satisfies

V(F,z, E,mg) =0%< F,; € S/mg[Uy,...,UlUl,...U;

(ii) the vector space J(F, z, E,mg) C G(mg)e) satisfies

J(Fpz,E,mg) =04 F, 7 € (S/mg[Uy,...,U])";

(111) if io(x) = p, the vector space V (F, z, E,mg) is independent of the well
adapted coordinates (uy, ..., up; Z); if io(x) = p and V(F, z, E,mg) =
0, the vector space J(F) 7z, E,mg)c) is independent of the well adapted
coordinates (Uy, ..., up; Z).

Proof. The first statement follows from (2.39) and (2.44), while (ii) follows
from (2.38). Assume now that io(z) = p, i.e. G =0.

To begin with, the situation in (ii) does not occur because the polyhedron
Ag(hyur, ..., up; Z) is minimal. If 2/ =27 -0, 6 € S with ord,,,.0 > d(z)/p,
we have F), »» = F,, 7 + O for some © € S/mg[Uy,...,Upls@)p (50 © =0 if
d(x) ¢ N). Hence D - F, z» = D - F), z for every D € Der(G(mg)).
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By elementary calculus, the vector space

OF, 7 } .
an e+1<j<n

is unchanged by adapted coordinate change (more generally by changes sta-
bilizing the vector space < Uy, ..., U, >) and this proves the first statement
in (iii). If V(F, 2z, E,mg) = 0, the vector space

_ OF, 4 OF, 4
J(Fyz,E,mg)=H 1<{U-¢} {—”} >
. ’ @Uj 1<j<e oN leAg

V(F, 7z, E,mg) = H ' < {

is not affected either by changes of coordinates fixing each < U; >, 7 <e. [

We now turn to the version of proposition 2.16(iii) for io(z) = p—1. The
problem is elementary, though more technical, and the remaining part of this
section is devoted to it.

Let (e;)1<j<n be the standard basis of R” and let
E={xeR":zey1 =+ =2, =0} ~R"

Given d € %N and H € N*"NE, we denote

H,;
Ag(d) :=={x=(z1,...,7,) ER%:|x|=dand x; > 2,1 <j<e}
B p

and

VH(pd) = (UH) N G(ms)pd g G(ms)pd. (248)

We fix once and for all b € (N" N Ag(d)) N E. Note that Vu(pd) # (0)
only if H; +---+ H. < pd and that such b as above exists only if d € N.
By convention, we take {b} = 0 if d ¢ N in the following formulee. For
applications, we will take d = 6(xy), H as in definition 2.10 and b will be
defined by < G >=:< U ... Ube >,

Notation 2.4. Any homogeneous polynomial F' € Vg(pd) has a unique ex-
pansion of the form

F = Z Ax)UP*, \(x) € S/mg.

x€  N"NAp(d)
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We denote
A(F) := Conv({x € %N” NAg(d): A(x) #0}U{b}) C Ag(d).

According to theses conventions, we have A(0) = {b}.

Definition 2.14. With notations as above, let T : Vg(pd) — Vu(pd) be
the S/mg-linear truncation operator defined as follows: let

A={x¢€ %N" NAg(d) : b+ p(x—b) € Au(d)}. (2.49)
and
TF =Y Ax)U™ € Vu(pd). (2.50)
xgA

For d ¢ N, we have A = () and T is the identity map.

The construction of the previous section associates two vector spaces
V(TF,E,mg) and J(TF, E, mg). Explicitly, we have:

V(TF,E,mg) =U" < orF

U, " 1<j<n>C G(ms)pa-1-m

for the former one. If V(TF, E,mg) = 0 (and only in this case), we will use
the latter one, given explicitly by and

OTF OTF
J(TFa E7m5) = U_H < {Uj—}lgjgea {—}ler >C G(ms)pd—m\;
aU; N

with notations as in the previous section. We can now state:
Lemma 2.17. Assume that d € N. With notations as above, we have
Kel"T - U(p_l)bV(E“ (d),
Hy._ (TH He
where (;W = ([=Z*],...,] 5 1,0,...,0).
Let G := pUP, € S/mg, ® € Viu(d) and F € Vu(pd). Then
V(T(F + @ — GPV®), E,mg) = V(TF, E,mg).
If V(TF,E,mg) =0, then
J(T(F + @ — GPY®), E,mg) = J(TF, E, mg),
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Proof. We analyze the definition of T"in (2.50). The kernel of T is generated
by those monomials UP* € Vg (pd) such that

y :=px—(p—1)b € Au(d).

Since x € %Nn, b € N", we have y € N” for such y. Therefore Ker7 is
generated by

H.
KerT =< {UPVPUY .y e N, |y |=dandy; > —2, 1< j<e}>.
D

This proves the first statement. For the second part, we have proved that
T(F 4@ — GPV®)=TF + TP
Hence D - T(F + ® — G®P"Y®) = D - TF for every D € Der(G(mg)). O

We now study invariance properties of V(F, E,mg) and J(F, E, mg) un-
der changes of adapted coordinates. Given two r.s.p.’s u = (uq,...,u,) and
u' = (u),...,u)) adapted to F, there exists a matrix M € M(S5),

M(S) :={(m;;) € GL(n,S) : mj; =0,(4,7") € {1,...,e}x{1,...,n},j #j'}

such that u = Mu’. The set M(S) is the set of S-points of an affine S-scheme
M C GL(n, S). Denote by

GL(n, S) — GL(n, S/mgs), M — M

the canonical surjection. Each such M induces a graded S/mg-automorphism
of gr,, .(S) ~ S/ms[Uy,...,Uy]. By (2.48), this automorphism restricts to
an automorphism of Vg (pd) for each d € %N still denoted by M.

Given a homogeneous polynomial F' € Vg(pd) as above and a matrix
M € M(S/ms), we denote for simplicity the transformed equation U +
MU' by

Fr= > XU (2.51)

x'€ -N"NAg(d)
Let A(F') := Conv({x’ € %N” N Ag(d) : N(x') # 0} U{b}) C Au(d) be
the corresponding polytope and 7" be the corresponding operator on Vi (pd)

with variable U’. The linear operator 7" obviously does not commute with M
in general (i.e. (T'F) # T'F’ in general), but the lemma below extracts the
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relevant invariant data. We refer to definition 2.13 for the notation Max([),
I C G(mg) generated by homogeneous polynomial of one and the same de-
gree.

Notation 2.5. We denote by
B:={j, 1<j<e:pbj—H; >0} and Ug :={U,,j € B}. (2.52)
We denote Up := {U;,j ¢ B} and stick to our former conventions, i.e.
B ={1,....n}\B, (B)g={1,...,e}\B.
Lemma 2.18. With notations as above, there is an equality of sets
Max(V(TF, E,mg))N{Up = 0} = Max(V(T'F', E,mg))N{Up = 0}. (2.53)

If V(TF,E,mg) = 0, then V(T'F', E,mg) = 0 and there is an equality of
sets

Max(J(TF, E,mg))N{Up = 0} = Max(J(T'F', E,mg))N{Uy = 0}. (2.54)

Proof. The operator T' commutes with M when M stabilizes the vector space
< Ues1,...,U, >. In these cases, we have

V(T'F',E,mg) =V((TF), E,mg).
If V(TF, E,mg) =0, then
V(T'F',E,mg) =0 and J(T'F',E,mg) = J(TF)', E,mg).
So the lemma is trivial in this case and we may therefore assume that
myy =0,(4,7") € {e+1,...,n}x{e+1,...,n},j#j andmj; = 1,1 < j <n.

By elementary calculus, this new assumption implies for every ® € G(mg):

0P’ 00\’
= | — 1<j5<n. 2.55
U’ (aw)"” =J=n (2:35)
Let x € %Nn N An(d). Since pb; = H; for j € (B')g, we have by (2.49):
x€ AeVje B, pr; > (p—1)b;.
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Expand TF =37 UpF,(Up), so we have:
aF U '
V(TF,E,mg) = U™ < {Z 2ty s
For P € SpecG(mg) such that (Ug) C P, we get:

P € Max(V(TF, E,mg)) < P e ) (] Max(Gy), (2.56)
y j=e+l
where G = U H 8Fy(UB/) H’ : (Hj’)j’e(B’)E'

Suppose furthermore that M stabilizes the vector space < Ug >. Then
T also commutes with M and each term Gy in (2.56) is transformed into

4 OFL(UL)
r Hpg/ y\¥B
(GY) - UB’ 8U]/

by (2.55) and (2.53) follows. Suppose furthermore that V(TF, E,mg) = 0;
then Gy = 0 for each y in (2.55) and we get V(I"F',E,mg) = 0. For
1<j<eandl € Ay, we have

OTF OT'F"  (OTF\' OT'F
) =U - 2.
(w5) ~v% () = e

and (2.54) also follows. Hence we may furthermore assume that
miy =0,(j,7) €{e+1,...,n} x (B)g.

In this situation, 7' does not commute any longer with M. However, for
each term Gy as above, we have

ordp(D - Gy) > degGy — a (2.58)

for any differential operator D on S/mg[Up/| of order not greater than a. Let

(Gy) = Y (UR)D“ - Gy), DGy € S/ms[Uplacscy—a

|| <degGly
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be the (characteristic free) Taylor expansion, where D) is a differential
operator of order | a |. Take again P € SpecG(mg) such that (Ug) C P. By
(2.58), we have

P € Max(Gy) = P € [ |Max(D) - Gy) = P € Max((Gy)").

We deduce from (2.56) that
P € Max(V(TF, E,mg)) = P € Max(V((TF)', E, mg)).

This proves (2.53). If V(T'F, E,mg) = 0, (2.54) follows from (2.57) as above.
[l

This lemma is the key to our version of proposition 2.16(iii) for io(z) =
p—1:

Proposition 2.19. Let (uy,...,u,; Z) be well adapted coordinates at x €
n~t(ms) and assume that €(x) > 0 and ig(z) =p —1. Let

d:=6(z), H:=(Hy,...,H.,0,...,0) and <U...U% >:=<G >

be defined respectively by definition 2.5, definition 2.10 and (2) of theorem
2.14. With notations as above, the following holds:

(i) the set
Max(V(TF, z, E,mg)) N{Up = 0} C SpecG(mys)
is independent of the well adapted coordinates (uy, ..., up; Z);

(i1) the property V(T'F, 7, E,mg) = 0 is independent of the well adapted
coordinates (uy, . .., uy; Z); when it holds, the set

Max(J(TFy z, E,ms)) N {Up = 0} C SpecG(myg)
is also independent of the well adapted coordinates (uy, ..., up; Z).

Proof. For such (uy,...,u,; Z), the corresponding initial form is

in,.h=2" -G’ 'Z+F,; € G(ms)|Z].
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Since G # 0, we have d = 0(z) = degG € N. If (u),...,u}) is an adapted

r'n

r.s.p. of S, there exists M € M(S) such that u = Mu'. Let (u},...,u,;2")

) n’

be well adapted coordinates at x. We have Z' = Z — ¢ for some ¢ € S, with
ord,,,@ > d. We deduce that
in, h=2"-G' 7+ - G''® + F, ; € G(mg)[Z]
for some @ := clyo € G(mg)y. We deduce the formula
F,z=F,;+® —G''®.

By lemma 2.17, we have V(T'F, z, E,mg) = V(T'F, z, E,mg); if moreover
V(TF,z,E,mg) =0, then J(TF, z/,E,mg) = J(T'F, z,E,mg). By lemma
2.18, we have an equality of sets

Max(V(TFy, 7z, E,mg)) N {Up = 0} = Max(V(T'F} ., E, mg)) N {Uy = 0}

and this proves (i). If V(T'F, 2, E,mg) = 0, then V(T'F) ,,, E, mg) = 0 by
lemma 2.18 and there is an equality of sets

Max(J(TF, 2, E,ms)) N {Up = 0} = Max(J(T'F,, ., E,mg)) N {Up = 0}.
This concludes the proof. Il
0

Remark 2.5. We consider proposition 2.16(iii) as the special case B =
T = id of proposition 2.19.

9

2.7 Main invariants.

Let s € SpecS and y € n7(s). The purpose of this section is to attach to y
a resolution complexity

() = (m(y), wly), k(y)) € {1,....,p} x Nx{1,... 4} (2.59)
with certain invariance properties. Auxiliary numbers
(t(y), 7' (y)) €{1,...,n+1} x {1,...,n} (2.60)

are similarly attached to y.

The pair (m(y), 7(y)) are the standard multiplicity and Hironaka 7-num-
ber of X at y (definition 2.15). The pair (w(y),7'(y)) play the role of a
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differential multiplicity and differential 7-number attached to n : X — SpecS
at y. The behavior of the function + under blowing up is studied in theorem
3.6 below.

In all definitions that follow it can be assumed without loss of generality
that s = mg by localizing S at s, since our assumptions (G) and (E) are
stable when changing (S, h, E) to (Ss, hs, Es) (notation 2.2).

Definition 2.15. (Multiplicity). Let z € 7' (mg). We have already defined
h(X) <p.

m(x) = ordpg .

Let M, C S[X] be the ideal of x, G, := Spec(gry,; S[X]|nm,) and H, be the
initial form of h in (Gy)m(). From definition 2.12, we let

7(z) == 7(Hy,).
If m(x) < p, welet t(z) := (m(x),0,1).

Note that m(y) < p whenever s = n(y) ¢ E (definition 2.11 and following
comments). If m(y) = p, we have

s=n(y) € B, n7'(s) = {y} and k(y) = k(s)

by proposition 2.10.

Applying proposition 2.16(iii) (resp. proposition 2.19(ii)) to S if ip(x) = p
(resp. if ig(x) = p — 1) proves that (w(z),x(x)) is well-defined. We recall
that T'F,, ; = F,,  whenever iy(z) = p (see remark 2.5).

Definition 2.16. (Adapted order). Assume that m(x) = p, where {x} =
n~'(mg). Let (u1,...,u,; Z) be well adapted coordinates at z. We let

w(x) =

e(x)—1 if V(T'F,z,E,mg)#0
e(x) if V(TF,z,E,ms)=0 "

We define:
k(z) = 11if (w(x) = €(z) and ip(z) =p —1).

Otherwise, we simply let x(z) > 2.
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Remark 2.6. It is obvious from this definition that w(x) is not determined by
the characteristic polyhedra Ag(h;us,...,u,; Z), even for unspecified well
adapted coordinates (uy,...,u,; Z).

For example, take n = 3, p > 3 for simplicity and k(x) algebraically
closed of characteristic p > 0. Suppose:

iy h = ZP + U UUY + UP? £ U 4 cUsULUP, E = div(ugus),

where ¢ € k(x). Let (u},u),ul; Z') be well adapted coordinates such that
div(u;) = div(u}) for j = 1,2. Then

Ag(h;ul, uy, uy; Z') = Conv({vy, vo,v3}) C{x1 + 22+ 23 =06(x) =1+ 2/p}
is independent of ¢, where

vi = ((p+2)/p,0,0), va:= (0, (p+2)/p,0), v5:= (1/p,1/p,1).

But w(z) = p+ 2 (resp. w(x) =p+ 1) for ¢ =0 (resp. for ¢ # 0).

Remark 2.7. This definition is different from the one used in [27] chapter 1,
definition I1.4 when G # 0. Let (uy,...,u,; Z) be well adapted coordinates
at x. There is an obvious implication

w(z) =€(x) — 1= V(F,z,E,mg) #0.

The converse is however false, even if it is assumed that V(F), z, E,mg) # 0
for every possible choice of well adapted coordinates (uy, ..., u,; Z) at x and
this is the reason for this difference. For n < 3, this phenomenon is easily
dealt with, vid. [27] chapter 1 I1.3.3.1 and I1I.3.3.2; proof of I1.5.4.2(iv);
theorem I1.5.6.

In chapter 4, we define the projection number x(zx) € {2,3,4} when

n = 3 and state that «(z) = (m(z),w(z), k(x)) can be decreased by Hironaka
permissible blowing ups w.r.t. E (projection theorem 5.1 below).

We now turn to the definition of the adapted cone and directrix and the
attached invariant 7/(z). Applying proposition 2.16(iii) (resp. proposition
2.19) if ig(x) = p (resp. if ig(x) = p — 1) proves that Max(x), Dir(z) and
7'(x) are well defined.
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Definition 2.17. (Adapted cone and directrix). Assume that m(x) = p
and w(x) > 0, where {z} = n~'(mg). Let (uy,...,u,;Z) be well adapted
coordinates at . We define a reduced subcone Max(x) C SpecG(mg) by:

M | Max(V(TFyz, E,mg))N{Up =0} if w(z)=c¢
ax(z) == { Max(J(TF,z, E,ms)) N {Up =0} if w(z)=e(z)

We define an affine subspace Dir(xz) C SpecG(mg) by

[ Dir(V(TE,z, E,ms),Up) if w(z)=

: () —1
Dir(z) '_{ Dir(J(TFE,z, E,ms),Ug) if w(x) '

€(z)

We let Vdir(z) to be the underlying vector space of Dir(z) and
7'(z) = dimy(,) Vdir(z).

Remark 2.8. We will use the invariants Dir(z) and 7/(z) only when Dir(z) =
Max(z) (last statement in proposition 2.15 and following remark).

Let S C S be a regular local base change, S excellent. Recall notation
2.1 and notation 2.2. It has been explained when defining conditions (G)
and (E) that they are stable by such base changes and by localization at a
prime. Let § € SpecS and ¢ € 77(5). In order to relate «(3) and t(y) (2.59),
where y € X is the image of §, we may thus assume that s = mg, § = mg.

Let (u1,...,un; Z) be well adapted coordinates at x € n~'(mg). Then
(u1,...,u,) can be completed to a r.s.p. (ui,...,us) of S which is adapted
to E. There is an inclusion

G(ms) = k(x)[Un, ..., U] C G(mg) = G(ms) Q) %[Unﬂ, .., Uz
i (2.61)

Theorem 2.20. Let S C S be a local base change which s reqular, S ex-
cellent. Let & € 77 '(mg) and x € n~*(ms) be its image. The following
holds:

(1) we have (m(z),w(z)) = (m(z),w(x));
(2) if m(x) = p, then
(i) H(z) = H(x)g, io(Z) = ig(x), and (k(Z) =1 < k(x) =1);
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(i1) we have () > €(x), and () > e(x) if and only if
inmsh =7+ sz, sz S (k’(f)[Ul, Ceey Un])p

where (uy,...,u,; Z) are well prepared coordinates at x. When
this holds, we have n. > n, €(z) = e(x) + 1 and

i h =27+ Y Ui@i(Us,..., U)+U(Us, ..., Uy) € G(mg)[Z],

j=n+1

with ®; # 0 for some j > n+1 and ®; € k(z)[U7,..., U} for
every j > n+1, where (u, ..., uz; Z) are well prepared coordinates
at T.

Proof. The theorem is trivial if m(z) = 1: then m(&) = 1 because S C S is
regular.

Assume that m(z) > 2 and pick well prepared coordinates (u1, ..., uy; Z)
at x, then complete (u1, ..., u,) toar.s.p. (uy,..., u;) of S which is adapted
to £. We have §(z) > 0, so h € (Z,uy,...,u,), and k(z) = S/mg by
proposition 2.10. Applying (2.61) to the local base change S[Z]gz) €
T[Z](myp,z) which is also regular gives

m(z) = ord,h(Z) = ordzh(Z) = m(%).

This concludes the proof when m(z) < p and we assume from now on
that m(z) = p. In particular we have {Z} = 77! (mg), k(Z) = S/mg. Let

p
ingh =27+ F22"" € G(ms)[Z],

i=1

be the corresponding initial form polynomial. Let x € RY, be a vertex of the
polyhedron Ag(uy,...,u,; Z). We denote by

X = (X,O,;..,O) € Ag(uy, ..., up; 2)
the corresponding vertex in Ag(uy, ..., us; Z). Note that X may be a solvable

vertex of the latter polyhedron. We have:

% solvable < ingh € ((gr,S)[Z])?

«
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with notations as in definition 2.3. Therefore we have
x solvable & (ingh = ZP + F, zx,x € N, F, 7 = AU, X\ € k(Z)P).
We deduce for the initial form polynomial that
§(z) > 6(x) & (ig(z) = p and F, 2 € (k(z)[U1,...,U,])P). (2.62)

_ Since the fiber ring S/mgS is geometrically regular over k(x), the ring
S[Y]/(Y?—1) is regular for every unit [ € S with residue [ € k(x)?. Therefore
if [ € k(Z)?, we have

Vie g,f} =P —]€ mg == U is a regular parameter in S.

Such v restricts to a regular parameter of S / mgS , so the previous formula is
refined to:

¥ is a regular parameter transverse to div(u; - - - u,) C SpecS. (2.63)

This equation implies in particular that 7 > n. Let & € Spec(S/mgS)
be the generic point. Applying the above remarks to the regular local base
change S C S shows that k(£)? N k(z) = k(z)P.

Let s; := (u;) € SpecS, 1 < j < e, and apply this remark to the reg-
ular local base change S(u].) - g(uj). This proves that the field inclusion
QF(S/(u;)) € QF(S/(u;)) is inseparably closed.

The polynomial in, yhs, € QF(S/(u;))[U;][Z] is not a p*™-power by propo-
sition 2.4. Therefore in(,hs, is not a p-power in QF(S/(u;))[U;][Z). Turn-
ing back to definition 2.9, we get

H(#) = H(x)S. (2.64)
Definition 2.9 now shows that ¢(Z) > e(x) and that
€(Z) > e(x) © (ig(z) =pand F, 7 € (k(Z)[Uy,...,Un))P). (2.65)

This proves the first part of (2.ii). To go on with the proof, we consider two
cases.
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Case 1: assume that ig(z) < p. By (2.65), we have €(%) = €(z), so the
proof of (2.ii) is already complete. Let ¢ € S be such that Ag(uy, ..., uz; Z)
is minimal, with Z := Z — ¢ and ord,, ¢ > d(x). We have

p
g =20+ Y F, ;2" € G(mg)[Z],

=10

with F; ; = F, z by proposition 2.9. Therefore io(7) = io(z) and it is
sufficient to prove that w(Z) = w(z) in order to complete the proof of (1) and
(2.1) in the theorem (still under the assumption ig(x) < p). This is obvious
if e(x) = 0, since

0<w(®) <e(@) =w(x)=0.

Assume that e(x) > 0. We have ig(z) = p—1 and —F, 17 = G, with
< G >=< UP > for some b € N* N E by theorem 2.14(2) (in particular
d(z) € N). We have

\OTF, 7 } .
8Uj e+1<j<n

Note that the truncation maps 7" and T associated with the local rings S and

S (definition 2.14) commute with the inclusion G(mg) C G(mg) by (2.64).
Since F, z € G(mg) = k(x)[Uy,...,U,], we have

V(TF, 7, E,mg) =< {H‘

. . _OTF, 3
V(TFyz, E,mg) =< {H 1sz} >=V(TF, 7, E,ms) Qi) k(7)
] .
Jj=e+1

with obvious notations, taking (2.64) into account. There exists © € G(mg)
such that . 3
E,;=F,z+6"-G"'e.

By lemma 2.17 applied to F, ; € G(mg), we deduce that
V(TF, 7, E,mg) = V(TF,z,E,ms) ®) k(). (2.66)

This completes the proof of the theorem when w(x) = e(x) — 1, applying
definition 2.16. If w(z) = €(z), (1) and the last statement of (2.i) in the
theorem also follow from (2.66) and the proof is complete.
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Case 2: assume that io(x) = p. The proof runs parallel to that of case 1
(with B =0, T =id, ¢f. remark 2.5) provided that ¢(Z) = €(x). Assume now
that €(z) > e(x). To complete the proof, we have to show that

(i0(7), w (7)) = (p, w(®)),

as well as the last statement in (2.ii). By (2.65), we have w(x) = €(x),
d(z) € N and there is an expansion

Foz= Y AX)U™ € (@)U, ..., Uls@)"s Mx) € k(z).
|x|=4(x)

Note that this situation possibly occurs only if k(z) is not inseparably closed
in k() (in particular n > n). We have x € N for every x such that \(x) # 0.
Without loss of generality, it can be assumed that \(x) ¢ k(x)P for every x
such that A(x) # 0. Let [(x) € S be a preimage of \(x). By (2.63), we may
pick for every such x a unit {(x) € T such that §(x) := I(x)? — I(x) is a
regular parameter of S transverse to div(uy - - - u,). Expand

p
h=2"+>" fizZ"" € 8Z), ordugfiz > id().
=1

For 1 < i < p — 1, the above inequality is strict, since io(z) = p. On the
other hand, we have §(z) € N, so we deduce that

odnsfiz o sy 4t s s@y+ L 1<i<p-t. (2.67)
i i p
Let 3 .
Z:=7Z+ Z l(x)u*
|x|=6(x)
By (2.67), there is an expansion
foz=— Y, W +g+37, (2.68)
Ix|=4(x)

with g € S, ord,,g > pé(x) +1and j € S, ord, g > pd(x) +1 . We deduce
that

S(hiu, ... uq; Z) = 0(x) + l
p
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Since () + % ¢ N, Ag(h;uq,. .., uq; Z) has no solvable vertex within its
initial face {X € Rﬁzo % |=0(x) + 5}
Let (uy,...,un; Z1) be well adapted coordinates at z. Without loss of

generality, it can be assumed that Z; = Z — 6; with ord,, 91 >6(x)+ 1. By
(2.68), we get

i =20 — > VE)U™+ G, ..., U,) € G(mg)[Z)] (2.69)
Ix|=4()

and (2.ii) is proved. We have iy(Z) = p, 0(%) = 0(z) + % and €(7) = e(z) + 1.
Finally, we have

oF, ; oV (x)
p,Z1 X . ~
= ur ek( )[U1a>Un]7n+1§]§na
o |x|;(x> v,
so V(F, 2, E,mg) # 0 and w(F) = () — 1 = w(x). O

Remark 2.9. Theorem 2.20 reduces computations of w(x) to the case where S
is strict Henselian, i.e. Henselian with separably algebraically closed residue
field S/mg by changing S to its strict Henselianization S, dimS = n = dim$.

Applying the theorem to a tower S of smooth local base changes of the
form S C S[Y]ungyr—yy With [ € S a unit with residue I ¢ (S/mg)? also
reduces computations of w( ) to the case of an algebraically closed residue
field for some S with dimS > n = dimS, vid. comments before notation 2.1
for the excellent of such .

The cone Max(z) and directrix Dir(x) have no such good behavior w.r.t.
regular local base changes.

2.8 Resolution when w(z) = 0.

In this section, we prove that the multiplicity of X can be reduced at any
point x such that (m(x),w(z)) = (p,0). This is achieved by combinatorial
blowing ups in a way which is similar to the equal characteristic zero situa-
tion. This resolution algorithm does not depend on the choice of a valuation
centered at x and we formalize Hironaka’s A/B game as follows:

Definition 2.18. Let (S, h, E)) be as before, z € X and L = Tot(S[X]/(h)).
Suppose that for every valuation y of L centered at x, a composition of local
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Hironaka-permissible blowing ups (definition 2.7)
(X, z) = (X, x0) «— (X1, 21) — -+ — (X, ;) (2.70)

is associated, where x; € X is the center of u, 0 < ¢ < r. The sequence
(2.70) is said to be independent if the blowing up center ); C (&, z;) does
not depend on the chosen valuation p having center in x;, 0 < i <r —1.

Let (uy, ..., un; Z) be well adapted coordinates at z € n7(mg). If €(z) >
0, recall that n71(mg) = {x}, k(x) = S/mg, and that

in,h=2"-GP'Z+F,; € Gmg)[Z] = k(z)[Uy, ..., U,)[Z]
by (2.46). The initial form of H(z) in G(mg) is denoted H as before.

Lemma 2.21. Assume that m(z) = p and €(x) = 1, where {z} = n7'(mg).
Let (uy,...,un; Z) be well adapted coordinates at v € n~*(mg). If

H'F,; < Ui,....U. >,
then w(z) = 0.

Proof. According to definition 2.16, we must show that V(T'F}, z, E,mg) # 0.
Expand

H71Fp7z =< ZajUj >C G(ms)l, Q; € k(ﬂf)
j=1

By assumption, we have a;, # 0 for some jy, e +1 < jo <n, so

OF,

04 H ' =22 CV(E,z E,ms). (2.71)

ano
If ig(z) = p, we have T'F, z = F, 7. If ig(z) = p — 1, then H'G? =< U;, >
for some j1, 1 < j; < e, by theorem 2.14(2). Comparing with definition 2.14,
we have x € A = px;, > H,,, therefore F, , — TF,, € HU;,. So (2.71)
implies that V(T'F, z, E,mg) # 0. [

Proposition 2.22. Assume that (m(z),w(z)) = (p,0), {z} :=n"(ms). Let
Y C (X,x) be a Hironaka-permissible center w.r.t. E, m: X' — (X,x) be
the blowing up along Y and ¥’ € 7~ 1(x).

If W := n(Y) is an intersection of components of E or if €(y) = €(z),
then (m(z'),w(z’) < (p,0).
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Proof. According to definition 2.16, there are two different cases to consider:
(1) e(z) = 0;
(2) e(z) =1, V(TF, 2z, E,mg) # (0).
To begin with, we have 6(x) > 1 by proposition 2.3(ii). Let (u1, ..., un; Z)

be well adapted coordinates at x with I(W) = ({u;};es) for some subset
J C{1,...,n}. By definition 2.9, we have:

¢(x) = min {orde(H.(x)_Z 2 } . (2.72)

1<i<p ?

Case 1: e(x) = 0. By (2.72), we have

H(x)™"ff, Cmg, 1<i<ip(z)
H(z) 0@ fr . =5, (2.73)
H(x)™'ff, CS, dplx)<i<p.

By proposition 2.7, there exists a commutative diagram
xX X
| !
SpecS <& &
where 0 : 8’ — SpecS is the blowing up along W. Let
’I]l . X/ — 8/, 8, = 77/(27,), S/ = 05/75/, El = (U_l(E)red)Sl.

Since W C FE, it can be assumed after possibly reordering coordinates
that

(J,)E = {2,...,60}, J:{1,€0+1,...,n0}, 1§60§€§n0.

Furthermore, it can be assumed that s' € Spec(S[ueys1/U1, ..., Upy/u1]) Or
that s € Spec(Su1/Ung, Ueg+1/Ungy - - - » Ung—1/Ung|) With ng > €.

We first prove the proposition when s € Spec(S{tuey+1/U1, - -, Ung/U1]).
Let

Wi=u"h=2"+ fipZ" " 4+ frz € S7],
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where 7' := Z/uy, fiz = ul_ifivz € S for 1 <i<p. We have

. Uey+1 Ue
E' =d gy S 2.74
R 27
and (S', 1/, E') satisfies both conditions (G) and (E) by propositions 2.10

and 2.13. There exists an adapted r.s.p. of S’ of the form

r ro / / / L ro_
(U] =g, ... Uy, = Ueq Uggt1s - - - 5 Unp s Ung a1 7= Ungls - - -5 Uy = Up)-

Since we do not assume that 2’ is a closed point, we have eqg < nj < ng in
general, with
n' = dimS" =n — (ng — ny).

We emphasize that the number of irreducible components e’ of E’ satisfies
eg < € < e and that ¢’ # e in general because some of the u;/uy in (2.74)
may be units. After reordering coordinates, we may also assume that

E' = div(u) - uy) and uj = uj/up, eg+1 <€ <e.

Since Y is Hironaka-permissible at =, we have (see definition 2.10):

ordy H(z) = pZdj > p.

jeJ
Therefore I' := u; "H(z) C S’ and this ideal is monomial in (uf, ..., u.), i.e.
I'=: (M. cul, ). We let:
1 .
x' = (Hy/p,...,H., /p,0,...,0) € =N"
p
where
H{:p(Zdj—l) and H; = H; = pd;, 2 <j <€ (2.75)
jeJ
Then (2.73) gives:
I'7'f?,, CmgS 1<i<ig(z)
I e =S (276)
ey, CS  igla) <i<p.
This shows that
Ag (W5uy, .. uy; 2" :x’—i—Rgo. (2.77)
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If ig(z) < p, orif 3 ;c; dj & Norif dy ¢ N for some j', 2 < j' < ¢,
then x' is not solvable (definition 2.3) by (2.77), hence Ag, (h';uf, ..., uy; Z’)
is minimal. Therefore we may compute €(z) from (2.77) and get €(2') = 0,
so the proposition is proved in this case.

If (io(x) = p, D jes, d; € Noand dy € N for all j', 2 < j" <€), write

fpz =yuP* v € S aunit and x := (dy,...,d.,0,...,0) € %N“. We have

inh' = 2" + A( H AU (2.78)
j=e'+1

where A\ € k(x) (resp. \; € k(2')) is the residue of v (resp. of u;/u;). We
let:

X=X ] A" €k(@), N #£0.
j=e'+1
If N & k(2")P, then x’ is not solvable and we also have e(z’) = 0.
If N € k(z')?, let

: k(2)[Z, U1, Ueginy - U\ — . I
C" = Spec( (H)+ , H:=in,,;h =2 + A H Ul

j=e/+1
We claim that the affine cone C” is regular away from the torus

T:= A ™\V(Z [ Uy)
Jj€JE

To see this, let (A;)ea, be an absolute p-basis of k(z). By [54] theorem 30.5,
the ideal of the singular locus of C” is:

o — OH oH
I(SingC”) = (H, {a_Al}lera {a—Uj}e'HsJ‘Se) :

If dj N for some j, ¢ +1 < j < e, then g—(z does not vanish on T.
Otherwise, we have \ & k(z )p because x is a vertex of Ag(uy,...,u,; Z) and
is not solvable. Therefore B qoes not vanish on T for any [ € Ao such that
6—/\1 # 0 and the claim is proved. We deduce that there exists a unit I’ € S’

such that
l/p“"}/ H ( )

j=e/+1
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is a regular parameter of S’ transverse to
/L : / !/ / / / /
By = div(u] - ugug, oy, By D E

We may thus take u., ., := v' in our r.s.p. of S" adapted to E'. Let Z] :=
Z' — I'W'" | so the polyhedron Agi (W, ... ul; Z1) has a vertex

Y n’

1
x| = (H{/p,...,Hé,/p,l/p,O,...,O)GEN” (2.79)

which is not solvable, since x| & N*'. Let Z} := Z, — ', 6’ € S', be such that
Ag (h5uy, ... ul; Z5) is minimal. We deduce from (2.76) and (2.79) that

H(z') = (™), e(@’) =1 and H' 'F,z ¢< Uj,... .Ul > .

We get m(z') = 1if X' = 0, and (m(2'),w(z’)) = (p,0) otherwise by lemma
2.21 as required.

If s € Spec(Su1/tng, Ueg+1/Ungs - - - 5 Ung—1/Uny]), it can be furthermore
assumed that s" € Spec(S[uey+1/U1, - - ., Uny /u1]), 1.€. Uwj/Uy, I8 not & unit in
S’ for j € Jg. The proof is now a simpler variation of the above one: (2.74)
is replaced by

U Ue

U
T eo+1
E =div(—ug -+ Ugg———++ — Uy, )-

Uy Uny Ung

The polyhedron Ag (h';u}, ..., u,; Z") in (2.77) is minimal except if (d; € N
for each j, 1 < j < e, and A € k(2')?) with notations as above. We have
e(2’) = 0 (resp. €(z’) = 1) in the former (resp. in the latter) situation. This

concludes the proof in case 1.

Case 2: ¢(x) = 1. The proof runs parallel to that in case 1 and we only
indicate the necessary changes. By assumption, W is an intersection of com-
ponents of E (case 2a) or €(y) = e(z) = 1 (case 2b).

To begin with, let v € S be such that H(z)™'f, z = (v). By assumption,
we have V(T'F, 7, E,mg) # (0), so v is transverse to E.

In case 2a, we may assume that (uy, ..., Ue, U, Ueyo, - .., Uy) is an adapted
r.s.p. of S after renumbering variables. Since xo := (dy, . .., d, %, ..,0) €N"
is the unique vertex of Ag(h;ui, ..., Ue, VU, Ueta, ..., Up; Z) induced by f, 7,
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this polyhedron has no solvable vertex. In other terms, it can be assumed
that v = uey.

In case 2b, proposition 2.4 implies that v € I(W), so (uq, ..., ue,v) can
be completed to an adapted r.s.p. of S such that (W) = ({u;},es) for some
subset J C {1,...,n}. The polyhedron Ag(h;ui, ..., Ue, U, Ueso,. .., Up; Z)
has no solvable vertex either and it can also be assumed that v = ue,q.

We remark in both cases 2a and 2b that, if Ag(h;us,...,u,;Z) has a
vertex distinct from xg, then it has exactly two vertices: this follows from
theorem 2.14(2), the other vertex being then given by

( D, D,
pp—1)" "plp—1)
After blowing up, we obtain a (S’, h’, E’) again satisfying conditions (G)

and (E).
In case 2a, there exists an adapted r.s.p. of S’ of the form

,0,...,0), (Discz(h)) =: (uf*---ule). (2.80)

X1 = e

! . ! !/ !/ /! e !
(U] i= UL, Uy 2= Uy, Ug g1y oy Uy U = U1y - - -y Uy = Up),

with J = {1,e0+1,...,e} and E' = div(u] - - - ul,) after reordering variables,
1<ey<e <e <e. Then Ag/(h;uy,...,ul;Z") has again a vertex

x' = (H!/p,...,H./p,0,...,0,1/p,0,...,0) ¢ N*—(e=e1),
thus x’ is not solvable. We deduce that ¢(z') < 1 and w(z’) = 0 follows from
lemma 2.21 if (m(z'),e(z’)) = (p, 1).
In case 2b, it can be assumed after reordering variables that
(JNg:=1{2,...,e0}, J={l,eo+1,....,n0}, 1 <eg<e, e+1<ny.
We let u;, :=uy; for j* € J' and consider three distinct situations depending

on 7/, up to reordering coordinates:

(1) s' € Spec(S[uegs1/U1, .-, Uny/u1]) and vey1/u; € mg. We may com-
plete the family ({uj };cs) to an adapted r.s.p. of S" by adding

(Uy 7= U, Uy g gy Uy s Uy g 2= Uer1/ug), 0 i=dimS" = n—(ng—ey).

Then Ag (h';uf, ... ul; Z') has a vertex

) n’

x' = (H!/p,...,H./p,1/p,0,...,0) & N",

thus x’ is not solvable. We conclude that e(z’) < 1 and that w(z’) =0
if (m(z"),e(x")) = (p,1) by lemma 2.21.
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(2)

s € Spec(S[ur/Ung, Ueg+1/Ungs - - - s Ung—1/Ung)) aNd Uer1/Up, € Mg,
where ng > e + 1. After dealing with (1), we may assume further-
more that u;/u,, € mg, j € Jg. We complete the family ({u; };er)
to an adapted r.s.p. of S’ by adding

/ e / . / / / .
(Ugy i1 7= Ueot1/Ungy - - -5 Ug g = U1/ Ungs Uy, s -y Uny 1 Upy = Ung),

with n' := dimS" =n — (n; — e — 2). We conclude as in (1).
I(W)S" = (te1). We complete the family ({u; };c;) to an adapted
r.s.p. of S’ by adding

(U} 7= Ueq1, Ugy 1y - Uy, )s 1 i=dimS = n — (ng — ny).

Let E' =: div(u) ---ul,) and consider two situations as in case 1:

If L+ ey, di € Norifdy ¢ N for some j/, 2 < j/ < ¢, then the
polyhedron Ag, (h/;uf, ..., u,; Z') is minimal and we have e(2’) = 0.

If (% + ZjeJE d; € Nand dy € N for every j/, 2 < j' <€), the initial
form polynomial in, A’ has the form

inh' = 27 — U 00T AU
j=e'+1

where A € k(z) (resp. A\; € k(2')) is the residue of 7 (resp. of w;/uci1),
vid. (2.78). We have p # 0 in the above formula precisely if

Urea=0) — 1 /U, 11, wjy/Uer1 € S" a unit

for some joy, eg + 1 < jo < e with notations as in (2.80). Then pP~! is
the residue in k(') of

€ U Ap—lvj
]
vz 11 ( )

U
j=e'+1 e+1

with notations as in theorem 2.14(2). The end of the proof goes along
as in case 1.

This completes the proof of (3), hence the proof of the proposition in case

2.

]
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Remark 2.10. This proposition is a lighter version of theorem 3.6 where it is
assumed that w(x) > 0 and that the blowing up centers are permissible of
the first or second kind (definitions 3.1 and 3.2 below).

Theorem 2.23. Assume that (m(z),w(x)) = (p,0), where {z} = n~'(mg).
For every valuation p of L = Tot(S[X]/(h)) centered at x, there exists a
finite and independent composition of local Hironaka-permissible blowing ups
(2.70) such that m(x,) < p.

Proof. We will produce a Hironaka-permissible center J C (X, z) w.rt. E
satisfying the assumptions of proposition 2.22 and such that the following
holds:

(*)let m: X' — (X, z) be the blowing up along Y and 2’ € 7~ (x). Then
§(a") < o(x).
Applying proposition 2.22, the center x1 € X’ of a given valuation p again

satisfies the assumptions of the theorem if m(x;) = p. Iterating, any finite
sequence (2.70) induces a sequence

d(xy) < 0(zpeq) < -+ < d(x)

provided that m(z;) = p, 1 <i <r—1. Since d(x;) € %N, we have d(z,) < 1
for some r > 1, hence m(z,) < p by proposition 2.3(2), so the theorem fol-
lows from claim (*). In order to construct ) with the required properties,
we consider two cases as in the proof of proposition 2.22.

Case 1: ¢(x) = 0. We have §(z) = >°7_,d; > 1. Therefore there exists a

subset
JC{l,...e}, ) di>1,
jed
with smaller possible number of elements among all subsets of {1, ..., e} with

this property. Let W := V({u;};es) C SpecS and remark that
ordy H(x) = pZdj > p.
jeJ
Hence Y := n~'(W) = V(Z,{u;}jes) is Hironaka-permissible w.r.t. F

and W is an intersection of components of E. By (2.75), we have

ordy, H(x') < p(d(z) + Y dj—1), (2.81)
j€N\{jo}
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where I(W)S" = (uj,). The minimality property required of J implies that

Z d; < 1 for every j; € J (so Zdj <2if | J|>2). (2.82)

je\i} =

If €(2") = 0, we deduce from (2.81) that
pd(z') = ordy,, H(z') < pd(x)

as required in (*). Note that if | J |= 1, we have A = X in (2.78) and S = 5,
hence X ¢ k(2')? = k(x)P. Since €(z') = 0 in this situation, we may now
assume that | J |> 2.

If e(z') = 1, we are in the situation discussed in (2.79). We may then
take jo = 1, E' = div(u} - - - u.,) and have

» d;eN, djeNfor2<j<e.
JjeJ

2), we have } . _;d;j =1,d; =0 for 2 < j < ¢, so H(z') = (1) and
1. This concludes the proof in case 1.

||Oo

By (2.
m(x')

Case 2: e(x) = 1. We have §(x) = % +2 5 di > 1L
If §(x) > 1, there exists a subset

JC{l,...e}, ) di>1,

jed

with smaller possible number of elements among all subsets of {1, ..., e} with
this property as in case 1 and we also let W := V({u;};es) C SpecS. The
proof goes along as in case 1, with

pd(z') — pd(x) < ordpy,, H(x'") — ordygH(x) < 0.

If §(x) = 1, we may assume that H(z) 'f,z = (ue+1) and that (2.80)
holds if Ag(h;uq,...,u,;Z) has more than one vertex. In this case, this
polyhedron has exactly two vertices and we have

H(zx)™ (- 1)f71z = (u;o)"” ! for some jo, 1 < jo<e
by theorem 2.14(2). We deduce that

H(l,>—l z??Z g (ujmue—l—l)ia 1 S i S p (283)
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by definition of Ag(h;uy,...,u,; Z). Welet J:={j:d; >0}U{e+ 1} and
W= V({u;}jes) C SpecS, Y =0~ (W) = V(Z, {u;}je.).

We have ordy H(xz) = p, so ) is Hironaka-permissible w.r.t. FE. Since
H(z) ™ fp.z = (tes1), we have €(y) = €(z) = 1 by (2.83), where y € X is the
generic point of ). Thus proposition 2.22 applies and gives m(2’) < p — 1
under either assumption (1)(2) or (3) in the proof of proposition 2.22.  [J

3 Permissible blowing ups.

3.1 Blowing ups of the first and second kind.

In this section, we introduce a notion of permissible blowing up which is well
behaved w.r.t. our main resolution invariant y — «(y) on X. We assume
that

m(z) =p, {} =n""'(mg) and w(z) >0

in what follows since theorem 2.23 rules out the case w(z) = 0.

Definition 3.1. Let ) C X be an integral closed subscheme with generic
point y. We say that ) is permissible of the first kind at x if m(y) = m(x) =p
and the following conditions hold:

(i) Y is Hironaka-permissible w.r.t. E at = (definition 2.7);

(i) e(y) = e(x).

If y € X satisfies m(y) = p, it follows from the definition that )} := {y} is
permissible of the first kind at y. It also follows from (ii) that a permissible
center of the first kind has codimension at least two in X.

The main result of this chapter (theorem 3.6 below) will require compar-
ing the initial form polynomials inyh and in,, h. We keep notations as in
section 2.4: given well adapted coordinates (uq, ..., u,; Z) at z, we let

W= (), I(W) = {u;}jes): (3.1)
We denote: ,
inwh = 2% + ZE,Z,WZp_i € G(W)[Z]

=1
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and (proposition 2.16(i) since €(z) > 0)
in, h=2° -G’ 'Z +F,z € G(ms)[Z].
There are associated homogeneous submodules
Hw C G(W)a,, (resp. H := H,,,, € G(W)y)

by (2.43), with

j=1

je€JE
A word of caution is required at this point: formula (2.43) defines the mono-

mial ideal Hy, which is the initial form of H(z) in G(W') and is different in
general from the ideal H(Z) associated to the triple

(G(W)E, inwh, Ew), E = ({Uj}jej) + mgw.

Corresponding to the above choice for Hy, (resp. to H), there are asso-
ciated Syy-submodules

—

V(Fpzw, EW) S GW)ey-1, J(Fpzw, E,W) € GW),,,
(resp. k(x)-vector subspaces
V(Fp,Z7 Ea mS) - G(mS)e(x)fl; J(Fp,Zv E7 mS) - G(mS)E(I))

given by (2.44).

Notation 3.1. We first recall notations and definitions from section 2.4. We
denote

Jp:=Jn{1,....e}, J:={1,....n}\J and (J)g :={1,...,e\JE.

The image Mg of mg in Sy has regular parameters (u;);e, the respective
residues of the corresponding parameters of S.

Let now d € N be fixed and

F=Y fU*e GW), = Swl{Uy}sesla.
la|=d
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Note that grmSG/(V?) ¢~ gy G(W)q and that it has a structure of graded

gl Sw-module. For any dy < ming{ordmy fa}, F has an initial form in
g G(W)4 by taking

Fi=> (clay fa) U € (87, G(W)a) - (3.2)
jal=d

This notation requires specifying dy to avoid ambiguity. We extend the no-

tation to homogeneous submodules M C G(W), as follows:
M =< F, FeM>C (grmSG(W)d)dO

for fixed dy < min{dy(F'), F' € M} with obvious notations. For fixed d, dy,
there is an inclusion of S/mg-vector spaces:

G(ms)d+do
{Uj}jen)Ht 0 G(ms)asa, >

Proposition 3.1. Let ) be permissible of the first kind at x € Y. Then for
any well adapted coordinates (w1, . .., un; Z) at x such that (W) = ({u;};e),
the initial form in,, h € G(mg)[Z] satisfies

(81, G(W)a)ao © — (3.3)

H™' <GP F,z >C k(@)[{U;}jes]ew)-

Proof. The existence of well adapted coordinates (uy,...,u,; Z) such that
I(W) = ({u;};es) follows from proposition 2.4. This theorem furthermore
implies that the polyhedron

Ag(hi{u;}jes; Z) = prj(As(h;ug, ..., up; Z)) is minimal, (3.4)

where pr; : R™ — R’ denotes the projection on the (u;);e -space.
By (ii) of definition 3.1, we have e(z) = €(y). Therefore

H_i‘FiI,)Z = ClO(HI;/i‘F;ZjZ,W) - G(ms)lf(l’) = k(x>[U17 ceey Un]ze(z‘)

is simply the reduction of H;[}sz 2w modulo Mg for 1 <4 < p, ie. taking
dy = 0 in notation 3.1, via the inclusion (3.3)

k(@) {U;}jerliew) = (8 GWicty))o € G(ms)iewy) = k(@) [UL, - - -, Unlie(a)-

We get respectively (H*GP)P~!, (H'F, z)? for i = p — 1,p and this com-
pletes the proof. Il
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The following corollary will be required in the proof of the blowing up
theorem below. The adapted cone Max(z) C G(mg) is defined in definition
2.17.

Corollary 3.2. With notations as above, let ) be permissible of the first
kind at x. The defining ideal IMax(z) C G(mg) of Max(z) satisfies

IMax(x) = (IMax(x) N k(z) [{U;}je]) G (ms).

Proof. This follows from proposition 3.1 and definition 2.17. Note that the
truncation operator 7' used in the definition of Max(z) does not affect the
conclusion of the corollary since it is obvious from the definitions that:

V(Epz, E,ms) C k(@)U }eslaa-1 = V(TF,z, E,;ms) C k(@){U}jesle@-1-
The same implication holds for J(F), z, E,mg) and J(T'F, z, E,mg). O
We now define a second kind of permissible blowing up.

Definition 3.2. Let }J C X be an integral closed subscheme with generic
point y. We say that ) is permissible of the second kind at x if m(y) =
m(x) = p and the following conditions hold:

(i) Y is Hironaka-permissible w.r.t. E at z (definition 2.7);
(ii) e(y) = e(z) — 1 and io(y) < ip(x);
(111) 7(Fp,Z,W7 E, W) = CIOJ(Fp,Z,Wa E, W) 7é 0.

The following important example constructs a threefold X’ such that ev-
ery resolution of singularities X — X which is a composition of Hironaka-
permissible blowing ups does actually involve blowing up a permissible curve
of the second kind.

Ezample 3.1. Let k be a perfect field of characteristic p > 0, A := k[uq, ug, us),
P € k[z]\k[2P] and take

h = ZP + P(ug)ul) + b € A[Z], E = div(uy).
Let Y := V(Z,uy,up) C Sing, X with generic point y. Let 7 : X — X be

any composition of Hironaka-permissible blowing ups with X regular. Since
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y is an isolated point of Sing, X, the map 7 factors through the blowing up
o along Y above y. Define a nonempty Zariski open subset & C ) by:

7 factors through my above x
reld &
ord, P'(u3) =0

For x € U, there exist well adapted coordinates (uy, ug, vy; Zp := Z — Yyusz)
at z, 7, € Ay(z) a unit such that

h = Z£ + Uxug + uﬁ)—H c An(x) [Zx]

Then Y is permissible of the second kind at every x € U since

7 an7Z(L'7W

J(Fp,zx,w, E, W) = B = Ug) 7é 0, FP7Z3¢,W = 523U§ < G(W)p

with notations as in definition 3.2(iii). This is dealt with in the course of the
proof of theorem 1.4 in proposition 7.14 when applying lemma 7.13 (k(z) = 2
in this example, cf. definition 5.1).

When n = 3, permissible blowing ups of the second kind only occur in
propositions 7.14 and 7.21 (k(z) = 2).

Proposition 3.3. Let YV be permissible of the second kind at x. For any
well adapted coordinates (uy, ..., u,; Z) at x such that I(W) = ({u;}jes),
the initial form in,, h € G(mg)[Z] satisfies

HAG C Upk(@)[{U;}jeslugy for some jo € (J')

H'F,z = <3c0Up®i({Ujkjer) + Y({Uj}jer) >C G(ms)ew)
(3.5)
with ®; # 0 for some j' € J\(J')g. In particular e(y) = w(z).

Proof. We argue as in the proof of proposition 3.1 and build up from (3.4).
By (ii) of definition 3.2, we have €(z) = €(y) + 1. Therefore

clo(Hy'FFyy) =0, 1<i<p.

This shows that H;[/iE‘I;Z,W C msSw{U;}jeslicty)- We have e(y) > 0, so
Fizw = 0,1 <4 < p—2 by theorem 2.14. For ¢ = p — 1, we have

76



—F, 12w = GY! for some Gy € G(W)sq, (so Gw = 0if §(y) € N). We
deduce that

Hy (G, Fpzw) C MisSwl{Ui}jesslew)- (3.6)
If io(z) = p, we have H 'GP = 0 so the first part of (3.5) is trivial. If
io(z) = p — 1, we have ig(y) = p — 1 by definition 3.2(ii), so Gw # 0. The
first part of (3.5) then follows from (3.6), i.e.

H™'GP = oy (Hy' GYy) C Ujpk(2)[{U;} jeslew)
for some jy € (J')g.

Going back to the definition of J(F, zw, E, W) in (2.40), we deduce from
(3.6) that

OF, .
J(E, zw, E,W) =< clo(Hy}! a%?’w), 7€ I\ e >C k@) {U;}ieslew-
]/

Taking classes as in (3.2) with dy = 1, we get

ch(Hy!' Fpzw) € Y Upk(2) (Ui} jes)ew)-

j/eJl

Since cly(Hy' F, zw) is a homomorphic image of H'F, 7 € G(msg)(x) as
described in (3.3), there exists an expansion (3.5). For j' € J'\(J')g, we

have oF oF
27 = clo(Hy! =227

U, Vo ouy )
Collecting together for all j € J'\(J')g, we get

H*l

_ OF, .
J(Fpzw, B,W) =< H™! 8(5’7»/2"7, € J\N(J)e >C k(x)[{U; }tieslew)
J

and the second part of (3.5) follows from definition 3.2(iii).

Note that €(y) = w(z) is an immediate consequence of definition 2.16 if
io(mg) = p. If ig(ms) = p — 1, we must introduce a truncation operator
T : G(ms)sz) — G(ms)s) in order to compute w(x). The first part of (3.5)
now shows that there exists jo € (J')g such that

H Y (Fyz —TF,z) € Ujk(2)[{U;}jes)ew)-
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Since J(Fyzw, E,W) C k(z)[{U;}je]ey), we thus have:

_ aF 7 _ aTF A
H 1 ps H 1 b,
oU; oU,
for every 5/ € J'\(J')g. This proves that w(z) = €(y). O

Note that it follows from the above proposition that a permissible center
of the second kind has codimension at least two in X, since ¢(y) > 0. We now
introduce the adapted cone associated to a permissible blowing up. Recall
the definition of B from (2.52) (c¢f. also definition 2.16). We have B = () if
io(mg) = p, and

B = {j: U; divides H 'G"} if ig(mg) =p — 1.

Definition 3.3. Let YV C X', with generic point y, be a permissible center
at z. We define a subcone

C(x, ) C Spec(k(x)[{U;}je])

as follows: if ) is of the first kind, we let:

- k(2)[{U;} e :
C(x,)) := Spec ((IMax(:E) N k(x)[{Uj}jeJ])) 7

if ) is of the second kind, we let B; := B\{jo} with notations as in propo-
sition 3.3 and define:

C(%’, y) = MaX(j(przyw, E, W)) N {UBJ = O}

In both cases, we denote the associated projective cone by PC(z,)) C IP’L‘](I_)I.

Theorem 3.4. Let S C S be a local base change which is reqular, S excellent.
Let & € 7 (mg) and x € n~(mg) be its image.
If Y C X is a permissible center (of the first or second kind) at x, then

j::yXSSpecS’gA?:X XSSpecg

is permissible (of the first or second kind) at Z.
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Proof. We denote (S, h, E) and (uy, ..., us) as in notations 2.1 and 2.2. Since
W has normal crossings with E at z, W := 7()) has normal crossings with £
at Z. Since ) is permissible at x, we have m(y) = p. Any generic point § of
Y has m(§) = p by theorem 2.20(1), and Y itself is irreducible by proposition
2.10. Theorem 2.20(2) applies to g (with n(y) = n(y)) and to & and states
that

(y) = e(y), €(@) = e(x), io(y) =io(y), i0(Z) = io(x)
Cases of inequality €(Z) > €(x) are classified in ibid.(2.ii).

Suppose that €(Z) > €(z). Then
F,z € k(x)[U7,...,UF] and ig(mg) = io(mg) = p.

Then Y is permissible of the first kind since F, 7 € k(z)[U7,...,UF] is in-
compatible with the conclusion of proposition 3.3. Note that

e(y) = e(x) = e(x) — 1.
We claim that )7 is permissible of the second kind at .
To prove the claim, note that definition 3.2(i) and ig(g) < io(Z) = p are
already checked. We have
L OF, 2

H
o,

= H'®,(Uy,...,U,) #0, (3.7)

with notations as in theorem 2.20(2.ii) for some j', n +1 < j" < 7. Since
H(Z) = H(z)S by theorem 2.20(2.i), and H'F, z C k(z)[{U;};eslew) by
proposition 3.1, we have

H'F, 5 €Y Uk(@){U;} el
j=1

This proves that definition 3.2(iii) holds for Y at Z. On the other hand this
implies that €(g) = ¢(y) because

H'E, 3 € k(2){U;}jes)e@)

follows obviously from (3.7). So definition 3.2(ii) is also checked and Y is
permissible of the second kind at z.
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Assume now that €(Z) = e(z). If Y is permissible of the first kind at x,
we have €(fj) = €(Z), so ) is also permissible of the first kind at Z.

If Y is permissible of the second kind at x, definition 3.2(ii) is checked.
Finally by proposition 3.3, the polyhedron Ag(h;us, ..., u,; Z) has a vertex
x such that x; € N for some j' € J'\Jg. The corresponding vertex

x:=(x,0,...,0) € Ag(uq,...,up; Z)

n—nm

is thus not solvable. We hence get x € Ag(uy, ..., us; Z ) and definition
3.2(iii) is checked. Hence Y is permissible of the second kind at & as required,
since H(%) = H(z)T. O

3.2 Blowing up theorem.

Let m: X’ — X be the blowing up along a permissible center ) (of the first
or second kind) at x € Y, {z} = n~!(mg). Our objective is to relate w(x’)
to w(z) for points 2/ € 7 ().

We keep notations as in proposition 2.7 and proposition 2.10. Then o :
S’ — SpecS denotes the blowing up along W and there is a commutative
diagram (2.15). Let

n: X =8, s =n9)eo(ms), S =0s4.

We denote by W := ¢ (W) and E' := 0 '(F),q. We do not change
notations to denote stalks at §', i.e. we will write ' : Xy — SpecS’ for
the stalk at s’ of the above map 7', and W’ E’ for the stalks at s’ of the
corresponding divisors. By proposition 2.10, we have /"' (s') = {2} if 2/ is
not a regular point of X".

For the purpose of computations, we shall pick well adapted coordinates
(u1,...,uy; Z) such that

I(W) = ({ujtjer), Y =V(Z{u}jer)

with notations as in (3.1). We denote by u € S’ a local equation for W,
which can be taken to be some u;,, where j; € J depends on s'. We have
X" = Spec(S'[X']/ (1)), where

Wi=uPh=X"4fixX? 4 4 fx € SIX, (3.8)
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and .
X' =Zu, fix =u'fize S forl <i<p. (3.9)

Since )Y is permissible, we have €(y) > 0 so the initial form iny h reduces
to :

inywh =29 — GY.' Z + F, 2w € G(W)[Z], (3.10)

with Gy € G(W)s) and Fpzw € G(W),s (in particular Gy = 0 if
d(y) € N). Since o~ }(IW) = ProjG(W), the restriction map

GW)a =T (W', Ow:(d)) — T(W\V(U), Ow(d))
gives an inclusion
U™'G(W)a = Swl{U;/U}jesl<a € Owry = §'/(u) (3.11)
for each d > 0. There is an identification:
U=G(W")a = (Swl{U;/U}jes))y = '/ (w). (3.12)

Finally, we note that Dy = D(W') by (2.41) since W' is a component of E'.
These remarks are essential for stating the blow up formula in proposition
3.5(v) below.

Proposition 3.5. (Blow up formula) Let m : X' — X be the blowing up
along a permissible center Y at z, {z} = n~'(mg) and 2’ € 7 (x). With
notations as above, the following holds:

(i) there exists a r.s.p. (u},...,u,,) of S" which is adapted to (S',h', E');
(i) ing b = XP — GEL X+ By xowr € GW')[X'] and is given by

Gw =U"'Gw € GW')s)-1, Fpxrw = UE,zw € GW)yi5)-1);
(iii) the polyhedron Ag (h';u; X') is minimal;
(iv) we have H(x') = u*@~PH(z) C S';
(v) there is an equality of ideals of g’/(u) :

Hy \GY = (UWHGY) o ,

J(Fpxrwn, B W' = (UWJ(E, zw, E,W)S'/ ().
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Proof. Statement (i) is proved in proposition 2.7. The formula in (ii) is
obvious from (3.8), (3.9) and (3.10).

If io(W) =p—1,1ie. Gw # 0 in (3.10), we have Gy~ # 0 by (ii), so
Ag (W;u; X') € Rxp is minimal.
If ig(W) =p, then F, zw & G(W)?, i.e.
5(y) & pN or UWE, 7y & k(W')P.

Note that G(W)?P = (k(W")[U, U~ )’ NG(W) since G(W) is integrally closed.
By (ii), Fpx'w = U PF, zw so F, x:w' ¢ G(W')? and this proves (iii).

To prove (iv), first consider those irreducible components W, = div(u;)
of £, 1 < j <e, whose strict transform W passes through s’. We may pick
ars.p. (u),...,u,,) of S" which is adapted to (S’,h’, E'), containing u and
uf = wu;/uif j € Jp (resp. t and v := u; if j € Jg) for each such j. Let

inw,W(Z) = 2" + Fy zw, 2" + -+ F, 2w, € S/ (u;)[U;][Z].

We have iny/h' = inw,uPh(uX’) € 5'/(u})[Uj][X"], since u is a unit in

SEu;) = S(u;)- Since Ag(h;uy, ..., uy; Z) is minimal, we have

Asq,, (hiu; Z) = Ag, | (W55 X)

Y Vi

minimal as well by proposition 2.4, hence ord,)H (z') = ord(,,) H(z).
By (ii) and (iii), we have ord,)H (z') = p(d(y) — 1). Therefore

ord,H(z") — ordyH(z) = p(0(y) — 1) —ordw H(z) = e(y) — p

and the conclusion follows.

We now prove (v). The first part of the statement follows immediately
from (ii) and (iv). With notations as in (2.42), we have

J(FEyzw, EW) = HFJTE,zw,E, W) C GW)
J(Fpxiwn, B'W = HAT (Fpxown, B, W) C 0 GWY),.
Applying (ii) and (iv), we get:
Fyxiw =U"PF, 2w, Hyr = HyUWPGW').
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Since D-U? = ( for every D € Dy, (v) can be written in the following form:
Uz (B, B, W) = (U528 T (F, g0, E,W)S'/ (). (3.13)

We have G(W') = GW){Vi}iengnls, Vi = U/U € GIW')o, 5 € J\{j1}.
Pick an isomorphism Sy =~ k(z)[[{u; };er]] (2.36). By (3.11), there are
inclusions

k(@) [{Us}ses] C R@)UAV: Yenun] 8/ (u, {Ty Y e U] = GOV /(T }yrer)-

Let A := k(2)[{U;}jesl, A" = k(x)[U,{V;}jeniy)- The A-module

jeJ\{j1}

is generated by collecting together dU/U, {dV;/V;}jc gy and the pullback
of QY /R, For F € A, we deduce the following standard formulee in A" up to

linear combinations of the 2 [ € Ag:

8)\’

F 8F

By (2.40), the G/(V[?)—module Dy is generated by adjoining the family
0 0
{Uja—Uj}jeJEa {Uka_Uvj}keJJEJ\JE (3.15)

together with ({ﬂj'g?j,}j/e(J/)E7 {g?j,}jlejl\(f)lw {g_)\l}lel\o)' Takmg F e Ad,
d € N, we have for j € J\Jg,

OF , oF _
(U*d{Uk }keJ)A = (U~ dUW)A

Collecting together this equation with (3.14) and (3.15), we get
U™ T (F, B W) = (UTT (F, E,W))S'/ (u)

which proves (3.13) as required. O

83



We now state the main theorem of this section. Recall that the function
y — w(y) and k(y) € {1,> 2} have been defined for given (S, h, E) andy € X
(definition 2.15 and definition 2.16). By proposition 2.13, (S’, h/, E’) satisfies
again conditions (G) and (E). The values of €(z'), ¢(z’) are computed w.r.t.
the adapted structure (S’, b/, E’).

Notation 3.2. Choice of coordinates: by proposition 3.5(i), there exists a
r.s.p. (u},...,ul,) which is adapted to (S, ', E') for some n’ < n. We take
u) = u. Let

/ uj;

. . . . Uy
U= 2 <i<ep, Where{]Q,...,jeg)}::{jEJE:iems/}'

Let {jer 11,5 der} = (J)e, {Jevrs - dng b =0 I\(J) e We take

I o / . /
u; 1= uj,, eg+1 <1< ng.

Let

r. Uy, / 1<i<n h . . [ JJUJ

wp= ks gt lsismg, w ere {Jn/ 1,5 Jn, } = 1J € \E.EEmSI}
and complete (uj,...,uy, ) toarsp. (u,... u,) of 5.

Notation 3.3. Let
5= Oy sy = S/, {uy ) = k(@) {T5/U el
where m’ denotes the ideal of the restriction of s’ to o= (myg):
m' = ({u}ier), F:={2,...,ep}U{nl+1,...,n'}.
For I' C 5'/(u) an ideal, we denote by

! . ! . / ! o /_/
ordl" := ordm§//<u>l = g[lel?/{ordmél/(u)go }, ord!l” := ord-I'S".

For every_[’ C g’/(u), we have ordI’ < ordI’ < +oc0. If furthermore d’ is
given, d’ < ordl’, we write

T C (gt = b Ul bier o

for the initial part of degree d’ of the ideal IS’
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The cone C(z,)) C Spec(k(z)[{U,};es]) is given by definition 3.3. For
the associated projective cone, there is an embedding

PC(z2,Y) — o ' (msg).

Theorem 3.6. Assume that m(z) = p, w(z) > 0, where {z} = n~'(mg). Let
m: X' — X be the blowing up along a permissible center Y (of the first kind
or second kind) at z, ' € 771 (z) and ' : X’ — SpecS’ be with notations as
above, where s' =n'(z'). Then

(m(z),w(z), 5(z")) < (m(z), w(z), K(x)). (3.16)

If equality holds in (3.16), then s’ € PC(z,)).

If e(2') > e(x), the following holds:

(1) we have ig(mg) = p, €(y) = e(x) = w(x), d(y) € N, Hj € pN for every
j e (J)g and

Fp,Z € (k(x/)[Ub sy Un])p[{Uj}jGJE\{jZ ~~~~~ jea}];

(2) let (uly,...,ul;; Z") be well adapted coordinates at x’. Then

H' ™ By € k(@)U Ul ® ({Uligr) N Gmg )y (3.17)

and there exists " € k(2")[U}?, ..., U{I,lp] [’

W U/ ]ps(ary such that

H ™ (Fpz —®) € ({Ulkigr) N Glmg )y (3.18)

Proof. Since Y is permissible, ) is Hironaka-permissible at « and this implies
that m(2’) < m(xz) = p in any case. We are done unless equality holds, so
assume that m(z") = p.

The polyhedron Ag (h';ul,... ,ul,; X') need not be minimal. We must
take Z' = X' — ¢, § € S’ such that the polyhedron Ag/(h';uf, ... ul,; 2Z") is
minimal in order to read off e(z’) and w(z’) from in,, A"

By proposition 3.5(iii), we have ordg,)H(z') = p(d(y) — 1). The initial
form Hy of H(z') in G(W”) is given by proposition 3.5(iv):

e/

Hyyr =< UPC0-D T w ™ > . (3.19)

)
=2
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We have 0" € H(x') since f,x € H(z'). Let © € G(W')s1-1 be the
initial form of @ (in particular ©" = 0 if §(y) ¢ N). Then

ing b = 2% — GV 7+ By xow + O — GVO € GW)[Z] (3.20)

where Gy = U 'Gw, F, x'w = U PF, zw by proposition 3.5(ii). Accord-
ing to our notations, we have:

Eyzw = Fyxow + 0" — Gy 6).
Note that derivatives in Dy decrease orders by at most one. Since Hy
is the initial form of H(z') in G(W’), we have:
e(z") < min{ord,,,,

HyGYy), 1+ ordyg, T (Fy 2w, B W)} (3.21)

/(U)( )

Inequality may be strict, since the H(2')~"f’,,, 1 < i < p may acquire terms
of lower order not coming from iny h. Moreover, some derivatives in Dy do
not decrease orders and give a sharper bound in (3.21).

Recall that if M C G(W),, d € N is a submodule, and dj is given, there
are associated initial forms

G(W)d) - G(ms)dtd,

M C
< (er b = U Le )™ N Gms)ara, >

mg
under the conditions described in (3.2) and (3.3). Note that

(8rms GW)a), = T(07 (ms), Og1(mg)(d) = k(z)[{U; }jes]a
for dy = 0.

Since 0" € H(z'), we have ©” € Hy in (3.20). We have © = 0 or
d(y) € N and

1 1 e _ | Hy
Gh.'e e Gy [Hﬂ , [HM =< U5<y>-1HuJ v W >
i=2
Since D - ©'7 = 0 for every D € Dy, we deduce from (3.20) that
1
J(Eyzrwr, B!, W') = J(Fy i, E', W) mod Hyp G2/ [H{;,,-‘ . (3.22)
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Note that if ig(ms) = p, or if H; ¢ pN for some j’ € (J')g, we have
Gw = 0 or ord,,)(Hy' G),) > 0 for some j' € (J')p (3.23)

by applying proposition 2.11(iii) in the latter case. In this case, we obtain
the following from proposition 3.5(v) and (3.22):

(Hyr GBS =0, J(Fpzrw, B, WS = J(E, xowr, B, WS (3.24)

Case 1: ig(mg) = p and Y is of the first kind. In order to get an estimate of
(') from (3.21), we take:

M=JF,zw,E,W), d=¢(y) =¢e(zx), dy = 0.
Remark 3.1. By proposition 3.1, there is an equality
H'F, 7 = clewyHy' Fpzw C k(@) {U;}jes)e@),
but we emphasize that the induced inclusion
J(Fpz, E,mg) C clewyJ (Fpzw, E,W). (3.25)

is strict in general.

By proposition 2.16(ii) and the remark, we have
0# J(Fpz, E,ms) € M C k(x){Uj}jeslew):
Let I' = J(F,xw, E',W') C S’/(u), d" = ordI’. By proposition 3.5(v),

we have

(U= J(F, 2, E,mg))— C I'S".
Since ig(mg) = p, we obtain from (3.24) that:

(U@ J(Fyz, E,ms))— C I'S' = J(Fy 2w, By, WS (3.26)
If w(x) = €(x), definition 2.17 gives
IMax(z) = (J(Ey 2, E, ms))Glms).
We deduce that ordI’ < w(x) and
s’ ¢ PC(z,Y) = ordl’ < w(x). (3.27)
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If w(xz) = e(x) — 1, definition 2.17 gives
IMaX(x) = (V(sz, E, ms))G(ms)

Since U;,V (£} z, E,ms) C J(F, z, E,mgs) (recall that u = uy, ), we also de-
duce that ord!” < w(z) and (3.27) holds. We have:

e(x)y <14ordl’ =1+d <1+ ordl,
by (3.21). We have proved that
e(z) <1+ordl’ <1+ w() (3.28)

with strict inequality on the right hand side under the assumption of (3.27).
The proof is now an easy consequence of the following claim:

e(r') =1+ ordl' = w(a') = e(2) — 1.

Namely, assuming the claim, we have w(z’) < w(x) and this inequality is
strict under the assumption of (3.27). The first part of the proof is complete
since ig(mg) = p implies k(x) > 2. To prove the claim, let

i, h=2"—G" "2 + F,, € Glmg)|Z]

be the initial form polynomial. Since it is assumed that (') = 1+ ord/’, we
have I’ # 0 and:

an,Zl
U]

7 =< {Hll } > mod({U;,}j/gF) N G(msl)d/. (329)
Jj=ny+1

To compute w(z’), we must introduce a truncation operator
T": G(ms)psary — G(ms)ps(a)
as in definition 2.16. By (3.19), we have

/

H = clp(;(z/),e(x/)H(x') =< Up(é(y)_l) H U,{Hji >c G(ms/).
=2
Going back to definition 2.14, we have

4 Hj,
szl — T/sz/ e< G,p_lUé(y)_l H U;{p—‘ > .

=2
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Since ip(mg) = p, (3.24) applies and implies that
H' N (Fpz —T'F,z) € ({Uf}igr) N G(msy)e(wr)- (3.30)
Comparing with (3.29), there exists ¢, ny + 1 < i < n' such that

10T Fo

70 (3.31)

since I’ # 0. This proves that w(2’) = e(z') — 1 as claimed.

To conclude the proof in case 1, assume that e(z’) > e(z). If some
inequality is strict in (3.27), we have €(z') < w(z) < €(x): a contradiction.
So w(z') = w(z) and by the above claim, we get

e(r) =w(z) = w(@) = e(z’) — 1 = ordI’ = ord[’. (3.32)

We use notations as in (2.37). Suppose that there exists j' € (J')g such
that H; ¢ pN. By proposition 3.1, we have

H- 1U/an»

v, 70

Going back to (3.26), we have

oF, —
gbj’ = (U—E(ff H 1U’ al;Z) g J(prz/7W/7E/,W/>S/'

]/
Applying the transformation rule in proposition 3.5(v), we have

_ aF Z! W \&7
b = (Hilm S

Since ordg; < €(x), we deduce that

—_— OF, 7w
G(l',) S Ord(HI}/l,F VA W/) d(H‘;},ﬂj/M <

ou, ) S e(z).

This is a contradiction with (3.32). Hence Hj; € pN for every j' € (J')g.
Suppose that d(y) € N. Similarly, by proposition 3.1, we have:

H'D-F,;#0, D:= ZU € Der(G(W)).

jedJ ]
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Note that we have © = 0 in (3.20) since (y) & N. We deduce from (3.14)
that

~ F / /
¢p = (UWHD . F, ;) S/(u) = Hy} by gé W
Arguing as above, we get a contradiction from:
/ -1 -1 an,Z’,W’
e(x") <ord(Hy Fp 2 w) < ord(Hyy, T) < e(x).

Let now ¢ € {2,...,¢,}. By (3.26), we have

OF _
i = (U @ HU, (,),Upz)g J(Ey 7w, By, WS,
Ji m/’

Applying once again (3.14) and since €(2') > €(x) = w(x), we get

1 OF, zw
1 90D,
(@) ({ Hypr L

If ¢; # 0 for some i, 2 < i < ¢, we get

Yocicey) = cle@) ({@ita<icey) mod({Uj }irgr)NG(ms) (x)-

oF /
e(2') < ord(Hv_Vl,FnZ/’W/) < ord(H;V%ﬂi%) < e(x),
(%

again a contradiction. Since e(x) = w(x), we have agg;z = 0 for every
j € JN\Jg.

Finally, assume that F,z & k(z/)P[Uy,...,U,]. With notations as in
(2.37), we pick a maximal subset A; C Ay such that the family of elements
(dX\)ea, in Q}C(x,) sv, is lincarly independent over k(z'). Let (Xm,),,€A6 be

a basis of Ql(m/)/Fp, Ay C A, and pick a preimage Ay € S'/(u) of Ay for
'€ A\AL.

By assumption, there exists [ € Ay such that an Z = 0. Arguing as above,
we get
oF, / —e(x o0F,
Cle(z)(HW% gfw ) = Cle(x) (U () H™ 1 af\z) mod({U }/gp)ﬂG(mS/) (x)>
l ! m’

a contradiction and the proof of (1) in the theorem is complete.

We now proceed to prove (2). By proposition 3.5(i), we have
HI/_VI/Fp,X’,W’g = (U_e(x)Hv_Vle,Z,W)W = (U_e(I)H_leyZ)W
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By (1) in the theorem and proposition 3.1, there is an expansion

Foz =TI U2 | 3 BozalUshien) TT UF, A N2,

i=el+1 acA jEN
with Jl = {j27'"ajeé)ajnf)-f-l)"'ajn'l}a ']{ = J\Jb Fp,Z,a S k(x/)p[{U]}]EJ{]
We deduce that

(U@HTE, ) =H (Z nza{=* }JeJI)H(%)”’”), (3.33)

acA jeS

_ , \ Hj, _ _
with 77 = (][, (UU) ") €T, Since (HyiG%)S = 0 by (3.24), there
exists 0’ € S’/(u) such that

Hy oS = Hypy (B xwr + 07) S (3.34)

We deduce from (3.33) that there exists a finite subset A’ C N/t) A C A" and
elements

U,
S k(m)[{ﬁj}jeji] for every a € A’
such that (letting Fp,z,a({%}jeJ{) =0 for a € A"\ A) we have:
-1 o ! Ui /P Ui \pa;
Hyyi by zrwiS" = H Z(FpZ,a({F}jEJ{) +0,) H(F) :
acA’ Jje

Let dy := e(m’)—FZfiQ H; —p|alforae A Since ord(Hy Fy, 7z w) = e(z')
we have

_ U,
Ord<Fp,Z,a({U]}jeJ{) + Qgp) > da

for every a € A’. Taking classes in G(m/), we define:

U.
@, 1= clu(Fyzall T hien) +0%) € K@) Uigans- - Ulas

To conclude the proof, let I :={2,...,ep,ny +1,...,n]}. We take

e/

@ = U{p(ls(y)*l) H UZ/H]Z Z (I)/a H Ui/paji

i=ey+1 acA’ i€l
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and claim that @ satisfies (2) in the theorem. By the above definition and
(1) in the theorem, we have ®' € k(z")[U/?,. .., U;l,lp][U;l,l, o Ul ps(ary- Also
(3.18) follows immediately from (3.34).

With notations as in the above proof of (1), we have

. OF, OF,
J(Fyz,E,mg) = H ' < {Uja—UP,j}jeJE\{j2 ,,,,, Jupa b {a—il}ler\Al.

Applying once more (3.14), we get

_10F ’
Cle(m)({HWI/gTE/;W}H'ISiSn/)
= CIE(I)(Ufe(m)J(Fp,Z, E, ms))ﬁ mod({Ui’,}i/gF) N G(msl)e(x).
Since J(F), z, E,mg) # 0, we obtain that

H'/_1 an’Zl

for some i, nj <i < n', and the conclusion follows. This concludes the proof

of (2).
Case 2: ig(mg) =p—1 (so Y is of the first kind). We first take d = €(y) and
M := Hy'GY,, dy = 0.

By proposition 3.1, there is an expansion H 'GP =< Hjej UJ’-’Bj >. With
notations as in definition 2.16, we have
pb; —H; =pB;, je€Jand B={j € J:B; >0} (3.35)

We deduce: o
(0) #M = (JTU7™) < k(@) {Us}sesleo.

jeB

Let I} = Hy,/GY,, diy = ordl}. We have:

IS = <U‘E($) 1T UfBj) . (3.36)

jEB

m/

This proves that e(z') < ordl}) < e(z) and equality holds only if

k(z)[{U;} el
A > . (3.37)
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Suppose that e(z’) < e(z). Then :

w(r') <e(@) <e(z) —1 < w(z).
If w(z') = w(z), then w(x) = e(z) — 1, so k(z) > 2. On the other hand,
we have w(2’) = €(2') and therefore x(z') = 1 by definition 2.16. Hence
inequality is strict in (3.16). In other terms, it can be assumed from now on
that (3.37) holds and that

e(x') = e(x). (3.38)

We now resume the argument used in case 1 by taking
M = J(Fp,X,W,Ewa W), d= 6(@/) = 6(1’), do =0.

To begin with, (3.26) holds whenever (3.24) applies, i.e. if H; ¢ pN for some
j € (J)g or if 6(y) € N. Suppose that d(y) € N and H; € pN for every
j" € (J")g. In this case, (3.22) reduces to

S
J(Fp,Z’7W’7E,7 W/) = J(anl?W/,E,, W/) modK'@, (339)
€ H,;.
(p—1)bj, —Hj;+| =7
K (L ] s

i=2
with notations as in (3.35). We let :

H.
Ko=) ((p —1)b; — H,; + [—?D = ord,, , K.
jed p
Going back to definition 2.16, we have
(—bs+[
Fpz—TF,z € (H Uj ’ [ 1G(mS))pé(ﬂf)
j€J
and we deduce now from (3.39) that

J(Eyzrwr, Ewr, WS = (U@ J(TE, 7, E,ms))— modK'S".  (3.40)

m/

Note that the previous equation remains valid when H; ¢ pN for some
j" € (J)g or when 6(y) ¢ N. The proof now goes on as in case 1 and we
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deduce that ordl’ < w(x); joining (3.37) and (3.40), we obtain that (3.27)
holds, i.e.

’ roi k(x)[{UJ}JGJ] OT / wlx
¢ ¢ Proj (<1Max<x>nk(@[{Uj}jgn) = ordll <wlo).

Equation (3.28) now follows, while (3.29) gets replaced by

an,Z/
U

7 =< {H/_l } > mOd(({U]{/}jlgp) —+ (Clk/K,)) N G(mSl)d/.
Jj=n{+1

(3.41)
Finally, we obtain that

H'N(F,z = T'F,z) € ({Uf}igr) + (i K')) N G(ms:) e
and this concludes the proof of the claim, hence of the theorem, as in case 1.
Case 3: Y is of the second kind. First recall from proposition 3.3 that
e(z) — 1 =w(z), so k(z) > 2 in particular. Let I}, := HyG%.,, dy = ordI}.

Suppose that ig(mg) = p — 1. By proposition 3.3, there exists an expan-
sion

H 'GP =< Uj1 H U]ij >, J1 € (J/>E, Bj >0 fOI‘j € By,
JEB;

with notations as in definition 3.3. By proposition 3.5(v), we have:

1S/ (u) = T, (UE@ 11 Uf3f> . (3.42)
ieb s’ (u)
This proves that e(z') < ordlj) < e(z) and equality holds only if

(UBJ)

Suppose furthermore that e(z’) < e(z). We have:

s’ € Proj (

w(r') <e(d) <e(x) —1=w(w).

If w(z') = w(x), then w(z’) = €(2') and therefore k(z’) = 1 by definition
2.16, so inequality is strict in (3.16). Therefore if io(mg) = p — 1, it can be
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assumed that €(z’) = e(x) and in particular that (3.43) holds.

Going back to the general situation of case 3, we now take
M = ‘]<Fp,X,Wa EVV?W)a d= 6(9)7 dO =0.

Note that (3.24) is always valid in this case 3: we either have io(mg) = p or
(3.23) holds for j' = jo. Applying proposition 3.5(v) gives:

J(Fp,Z’,W’a Ew, Wl)y = (Uie(y)j(Fp,Z,Wa Ew, W))W
With notations as in proposition 3.3, we have

(0) # J(Fpzw, Bw, W) =< {®;;({U;};e)}iresnuns > -
We deduce that

J(Fy 2w, Ewr, WS =< {(U W, ({Us}jes)) it iesnms > - (3.44)

Since definition 3.3 gives

C(z,Y) = Max(J(F, zw, E,W))N{Ug, = 0},
we deduce that ordJ(F, z w, Ew:, W') < w(z) and equality holds only if
s € PC(z,)). We obtain:

E(I/) S 1 + OI‘dJ(F%Z/’W/, EW/, W’) S 1+ mJ(Fp’Z/,W/, EW/, W/) S G(ZE)
(3.45)
Suppose that ' ¢ PC(x,)) and w(z’) > w(z). Formula (3.45) shows that
e(2') = w(z') = w(z). If ig(ms) = p — 1, we get k(2') = 1 so inequality is
strict in (3.16). If ig(mg ) = p, we may pick j' = j; € J'\(J')g, €'+1 < i < n},
such that
ord (U=, ({U}jes)) 5 < w(2).

By (3.44), we have H’ _16?&{2/ # 0. This is a contradiction with the assump-

tion €(z') = w(a’). Thus it can be assumed that s’ € PC(z,)).

We get w(z’) < e(2') < w(z) unless all inequalities in (3.45) are equalities.
In this case, we claim that w(z’) = e(2’) — 1 and this will conclude the proof.
To prove the claim, we may pick j; € J'\(J)g, ¢ +1 < i < n, such that
®;.({U,};es) # 0 by proposition 3.3. Arguing as above, we have

H'™ 222 =< o) (U W05, ({Uj}jes)) 5 > mod(({Uf}jrgr)NG (M )usia)
(3.46)
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and this proves that H' ™' 85’[’]’,2/

If ig(mg) = p — 1, we must introduce a truncation operator

# 0. If ig(mg) = p, we get w(z') = w(z).

T G(ms )po(ar) — G(msr)psar)
as in definition 2.16 in order to compute w(z’). In any case, we have
H'ZG" € (Ulgr) N G(msr)eter, (3.47)
which follows from the identity 1)S’/(u) = 0 (resp. from (3.42)) if ig(mg) = p
(resp. if ig(mg) = p — 1), ¢f. beginning of the proof of case 3.
Going back to definition 2.14, we have
H' ™ (Fyz = T'Fyz) € ({Uihigr) N Gmg)wr):

It now follows from (3.46) that

W OT'E, 7 .
H' 18—U1.)’7 =< clo@) (U"We;,({U;}e))— > mod(({U)}jrgr)NG(msr)u(a).-
This proves at last that H’_laT;Z?Z/ # 0, so w(x') = €(2') — 1 and this
concludes the proof of the claim, hence of the theorem. O]

3.3 Consequences of the blowing up theorem and con-
structibility.

In this section, we prove some basic properties of our main invariant

y = (m(y),w(y), 5(y))

and of our notion of permissibility. The following theorem expresses the
persistence of permissibility under permissible blowing ups.

Theorem 3.7. Assume that m(z) = p, w(z) > 0, where {x} = n~(msg).
Let Yy C Yy with respective generic point yo,y1 be permissible centers at x
and 7w : X' — X be the blowing up along Y.

The strict transform Y} of Yy is permissible at every ' € 7~ (x).
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Proof. By definition of permissibility, we have m(yy) = m(y1) = p. Let
W; = n(Y;), i = 0,1 be with notations as in the previous theorem. There
exist associated subsets Jy C J; C {1,...,n} such that I(W;) = ({u;};er,)
for a certain choice of an adapted r.s.p. (uy,...,u,) of S. Let (uq,...,u,; Z2)
be well adapted coordinates at x. By proposition 2.4, the polyhedron

Ag(hi{ustjes; Z) = pry (As(h;uy, . .., un; Z)) is minimal,

where pr; : R" — R denotes the projection on the (u;);es,-space, i = 0, 1.
In particular, we have Y; = V(Z,{u;};cs,), i = 0, 1. The strict transform W]
of Wy at s’ has normal crossings with E’ := 07! (E),eq. Since m(z') > m(yo)
for every 2’ € ), this proves that ) is Hironaka-permissible w.r.t. E’.

Applying again proposition 2.4, we have

€(yo) < €(y1) < (@), e(yo) < e(2'), (3.48)

On the other hand, theorem 3.6 applied to 7 gives €(z’) < e(z) 4+ 1 while
classifying equality cases in (1) and (2). Thus ) is permissible of the first
kind except possibly in the following two cases:

Case 1: ) is of the first kind and e(2') = e(x) + 1;
Case 2: )y is of the second kind and €(z’) = €(z).

Since 2’ € ), we have, with notations as in theorem 3.6 (c¢f. notation
3.2):

(Jo)e € {ji, 2<i < ey}, Jo\(Jo)r € {jiy ng+1<d<ni} (3.49)
Also, letting Fy :={2,...,ep} U{ny+1,...,n}}, we have (¢f. notation 3.3):
Proof in case 1: an immediate consequence of theorem 3.6(1) is that :

0F, 2z

o, =0,j€Joporj>e+1.

iO(mS) =D,

This is incompatible with definition 3.3(iii) applied to Yy, so )y is also of the
first kind. By proposition 3.1 we deduce that

H_le = 0, H_le,Z Q k(x)[{Uj}jEJ()]E(I)' (351)
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Since €(yo) = e(a’) — 1, we also have
H™' < G” Fpz >C (AU} e0) ™ N Gms)ew. (3.52)

We claim that )| is permissible of the second kind at x’. To prove the
claim, note that (3.51) implies that

Hyt Gy, C (W) G(Wh)e(a) for some j' € (J7)g.
Since ) is permissible of the first kind at x, we actually have
Hy Gy, € (@) S/ ({ug}jen ) H{Uj b))
Letting j" =: jir, € +1 < ¢’ < e, proposition 3.5(ii) then shows that
Hh Gl € (@) () (U ), W1 o= 0™ (W),
In other terms, we have
H'™'G" C (U, Un)k(z"){U]} jien).

and this proves that ) satisfies property (ii) of definition 3.2. Finally, ap-
plying (3.52) gives an expansion

/

H ™ Bz =< Y UR({Ul}j,e0) > -

i=1
Then definition 3.2(iii) is equivalent to:
Jie Jyn{e+1,...,n'}: ®; #0.

By equation (3.17) in theorem 3.6(2), there exists i > n} + 1 (hence i € J))
such that ®; # 0, since j; € Jyo = i’ < n) by (3.49) and this completes the
proof in case 1.

Proof in case 2. Since ) is permissible of the second kind, the initial form
in,,h € G(mg)[Z] satisfies (3.5). The corresponding integer j, satisfies
Jjo & Jy and the corresponding family (®;({U;}jes,)) ey is such that @5 # 0
for some j" € J\(J})g. In order to prove that ) is of the second kind at 2/,
we consider two subcases:
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Case 2a: Y, is of the second kind at z. Then j, € J; and ®;; # 0 for some
j" € J\(J])g. By assumption €(z’) = ¢(z), and we deduce from (3.42) (resp.
from (3.47)) if ig(mg) = p — 1 (resp. if ip(mg) = p) that the initial form
ing, b € G(mg)[Z'] satisfies

H™'G" C Ujs k(2" )[{U] }jicd0le(yo) for some jg € {1,eq +1,...,€'}  (3.53)

and definition 3.2(ii) is checked for ) at 2’. Similarly, definition 3.2(iii) is

checked from (3.46): we have H,-ﬁ?{,}{z/ # 0 for any i, ¢ +1 < i < n{ such

that j; € JI\(J])r and @, # 0; take j; = j' with notations as above.

Case 2b: ) is of the first kind at . Then j, € J; and ®; = 0 for any
j' € Ji. By proposition 3.3 and our assumption €(x’') = €(x), we have

w(z) = e(yo) = e(x) =1 = e(2) = 1 < w(a').

Therefore theorem 3.6 implies that w(z’) = (x) We have k(z), k(z') >
2 since w(zr) = e(x) — 1, w(x) = €2’) — This is the equality case
(m(z"),w("), k(2")) = (m(x), (x), k(x)) dlscussed in theorem 3.6.

If iy(ms) = p, we are in the equality case of (3.28). Then (3.53) holds
and there exists i, nj +1 < i <n’ or (ny+1 <i <nj and @;, # 0) such that

H/ lanZ’

50 £0 (3.54)

by (3.31). We may take here j; := j' € JI\(J))g. This checks definition
3.2(ii) and (iii) respectively.
If ig(ms) = p — 1, the initial form in,, A" € G(mg)[Z'] satisfies

™G C UL e

where j;, = jo € J§, 2 < iy < e and definition 3.2(ii) is checked. Equation
(3.54) also remains valid for some i, nj,+1 < i < n/, in this case: this follows
from (3.31) which is still valid (end of the proof of case 2 of theorem 3.6
where (3.41) replaces (3.29). This checks definition 3.2(iii) and the proof is
complete. Il

Remark 3.2. The conclusion of the above theorem fails in general if it is only
assumed that )y C ), is such that ) is permissible at x, ); Hironaka-
permissible at = w.r.t. E.
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A counterexample with n = 4 is given for charS = p > 0 by taking:
h = 2P + ugul + uguy, E = div(uiugus), Sing,X =V (Z,uy, us).
Then (uy,...,us; Z) are well adapted coordinates. Taking
Vo=V (Z,ui,us) C Y =V(Z,uy,u9,uy) C {x} =V(Z, ur, us,us, uy),

we have €(yg) = €(y1) = €(x) — 1 = w(z) = p. Note that ) does not satisfy
definition 3.2(iii). There is a unique point

= (2" ul, uy, uz, uly) = (2 ug, uy fug, us/ug, us, ug) € Vo = VI(Z' uy, ub).
A local equation for the strict transform X’ of X at x is:
W = 2" +up’ +usul?, B = div(u)ubusul).

Thus €(z') = w(2’) = p+ 1 > w(x) and ) is not permissible at 2’ since
€(yo) = p < €(a’).

It is easily seen that such counterexamples exist only for ), of the second
kind and n > 4.

We now turn to formal arcs on X and their image. Recall that it is
assumed all along this chapter that m(z) = p, w(z) > 0 and {z} =5~ (mg).

Definition 3.4. A formal arc on (X, x) is a local morphism ¢ : SpecO —
(X, x), where (O, N, 1) is a complete discrete valuation ring. We denote the
closed (resp. generic) point of SpecO by O (resp. &) and call support of ¢

the subscheme Z(p) := {p(§)} C (X, z).
The arc ¢ is said to be well parametrized if the inclusion

O¢ == 0N k(p(€) € O

induces an isomorphism @ ~ (. The arc ¢ is said to be nonconstant if

©(&) # = p(0).

Given a nonconstant formal arc on (X,z), and 7 : X’ — & a blowing
up along a permissible center ) C X at x such that Y C Z(p), there exists
a unique lifting ¢’ : SpecO — X’. Let

i = ¢(0), (X,m) = (X',2) and g = SpecO — (X1, 1)
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be the induced morphism. The arc ¢; is again nonconstant, so the process
can be iterated. Let

(X, z) =: (X, z0) «— (X1, 21) — -+ — (X, ) — - -+ (3.55)

be a sequence of such local blowing ups and centers with

T €Y G ZT(QD) = {907"(&)} C X, (356>

Note that the local ring Oy, ,,(¢) is independent of » > 0. In particular,
m(er(€)), €(pr-(§)) and w(e,(€)) are independent of > 0. An important
case of such sequences is when taking Y, = {z,} for every r > 0; then (3.55)
is called the quadratic sequence along .

In any case, given a sequence (3.55), we let

If m(z) = p and w(z) > 0, theorem 3.6 implies that
(m(z1), w(zr), (1)) < (m(2), w(z), k(7).

If m(x,) = p and w(z,) > 0 for every r > 0, we let
m(p) = p, wlp) = min{w(z,)} > 0.

Proposition 3.8. With notations as above, let ¢ : SpecO — (X, z) be a
nonconstant well parametrized formal arc on (X, x) whose quadratic sequence
is such that m(¢) = p and w(p) > 0. Then l|k(x,) is algebraic for r >> 0.

Assume that l|k(x,) is algebraic with finite inseparable degree for some
r > 0. Then there exists ro > 0 such that the following holds: the support
Z.(p) is Hironaka-permissible at x, and €(x,) = €(z,,) for every r > ro;
furthermore exactly one of the following conditions is satisfied:

1) Z, 1s permissible of the first kind at x, for everyr > ry;
(1) Y p Y
(2) there exists a finite sequence (3.55):
(XTOVITO) = (X/7I/) — (Xllvxll) o (Xrlpxiﬂl) = (.)E',i’)

of local blowing ups with permissible centers of the first kind contained
in and of codimension one in the successive strict transforms of Z,, (),
such that the quadratic sequence along p:

(X, 7) = (X, o) — (Xy, 1) — -+ — (X, 3,) — -+

has the following properties for every r > 0:
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(a) 6(‘%7“) = G(ZETO);
(b) dimOZT(SD);T = dim@zro(@)

T

> 2;

7$7‘0
(¢) Z.(p) is permissible of the second kind at &, (resp. w(i,) =0) if
€(zr,) > 2 (resp. if e(z,,) = 1).

Proof. 1t can be assumed without loss of generality that
d(¢) = dimOy,, m(z) =p and w(z) = w(p) > 0.

Since m(y) = p and w(p) > 0, we let 1, : (X, z,) — SpecsS, be the corre-
sponding projection, I.(¢) C S, be the ideal of W,.(¢) := n,(Z.(¢)). We drop
the reference to ¢ in what follows in order to avoid cumbersome notations.

For f € mg,, f & Iy we denote by f € O, f # 0 its image by ¢*. Let v
be the discrete valuation associated with @ and let

Mr = {U(?)7 f € Sr\]r}

be the semigroup of values of S, w.r.t. v. The group generated by M, is the
value group of the restriction vz to K = QF(S/I,), hence independent of
r > 0, and is denoted by aZ C v(N)Z, a € N.

Suppose that My # aN. Let a > 2, 8 € N\aN be defined by:

ac := min{ M\ (0)}, af := min{M,\aaN}. (3.57)

We pick u,w € mg, such that v(u) = aa, v(w) = af. Obviously u is a
regular parameter of S and wu™' € mg,. Suppose M; # aN. There are
associated integers oy, 0 as in (3.57) which satisfy (a4, 1) < (o, 3) for the
lexicographical ordering. This can repeat only finitely many times so we get
M, = aN for some » > 0. W.l.o.g. it can be assumed that M, = aN.

Let (u1,...,u,) bear.s.p. of S = Sy which is adapted to F = div(ug - - - u).
Without loss of generality, it can be assumed that v(u.) = a. Up to renum-
bering coordinates, there exists e(p), 0 < e(¢) < e such that

(U1, ..y Ue(p)) © 1 =1y, u; I fore(p) +1<j <e.

For j, e(p) +1 < j <e—1,let v(u;) =: aaj, a; > 1. Note that ujuc ™ is a
unit in S,;; in other terms, replacing S by Smax{a,}, it can be assumed that
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e(p) =e—1.

Let f € mg,\Ip and write f = u?r(f)fr € S,., where u, does not divide f,
in S, and note that

fr € ms, = v(f) > a.(f)v(u.) > ar.

Since Mo = aN, there exists r > 0 such that f, is a unit. This implies that
for every ideal J C Sy/Iy, JS,/I, is a principal ideal for » >> 0. This is a
well known characterization of valuation rings, i.e.

Oue = | Se/ 1 (3.58)

r>0

Let Iy be the residue field of the valuation vz. Then [|ly is algebraic (of
degree at most p) and ly|k(z,) is algebraic for r >> 0 by (3.58). This proves
the first statement in the theorem. We thus may assume from now on, again
by (3.58), that

lo|k(x0) is separable algebraic. (3.59)

Let S*! be the strict Henselization of S, so [*! := S /mga is the separable
algebraic closure of [. The residue action induces an isomorphism

Gal(S™"|S") ~ Gal(I*"|k(x))

where S™ is the Henselization of S. Let S be the fixed subring of S by
the inverse image of Gal({*"|ly) under the previous group morphism. Then
S c S is a local ind-étale map such that [, = S/ms In particular S C S is
regular [47] theorem 1.8.1(iv). Since O is Henselian and [y C [ = O/N, the
morphism ¢ factors through S.

Recall notation 2.1 and notation 2.2 for the regular local base change
S c S. We apply theorem 2.20 with § := mg and get:

m(zZ) = m(z) =p, w(Z) =w(p) >0 and €(Z) = e(z) > 0,

the right hand side equality holding because 7 = n. Applying theorem
2.14, X = Spec(S[X]/(h)) is irreducible, so in the separable case (case (b)
of assumption (G)), the G = Z/p-action extends uniquely to X and (G)

holds for (S, h, E). This proves that (S, h, E) satisfies the assumption of the
proposition, all other assumptions being trivially satisfied.
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Now Wy Xy Speclyp may be reducible, but W, Xy, Specly is irre-
ducible for » >> 0. After possibly changing indices, it can be assumed
that W := Wy Xy, Specly is irreducible. Then W has normal crossings
with E at z if and only if W := W xg SpecS has normal crossings with E
at 7. Let Z := Z x4 SpecS and Z be the generic point of a component of
Z. By theorem 2.20, we have m(%) = m(z), so Z is Hironaka-permissible at
# wrt. Eif and only if Z is Hironaka-permissible at z w.r.t. E. In other
terms, we may replace S by S and thus assume that ly = k(zo) in order to
prove the second statement.

Let now
I, +m?
ey 1= dimk(%)r—QSr >e—1,t,:=e,—(e—1)>0
mST
for r > 0. It can be assumed w.l.o.g. that (tei1,...,Uest,) C Lo. We have
e,41 > e for every v > 0 and let e, := max,>o{e,}. It can be assumed

w.l.o.g. that ey = €.
Since lo = k(z,) and M, = aN for every r > 0, the ring morphism
S, — 0,

factors through S, to a surjective morphism

’UlK
Dy 5} — @;
Let fT be the kernel of ¢,, so we have
IS, Cl,and I, =1,N5,. (3.60)
After possibly replacing So by S, for some r > 0, it can be assumed that the
curve Spec(Sy/Io) is transverse to E = div(u; ---u.) C SpecSy. We claim
that
IO = (ul,...,ue_l,ue+1,...,ue+t0). (361)
To prove the claim, suppose that Iy # Jo := (U1, ..., Ue1, Uet1, - - -5 Uetty)-
We let 4, :=u;, 1 < j <e+tyand pick a basis
Iy = Jo + (liegtgss - - - lin) (3.62)

of Iy. Since S, is excellent, the ring (5'0 /1) f, is regular, hence reduced. By
assumption, Iy # Jo, so there exists f € Ip\Jo such that f restricts to a
regular parameter f in S := (So/Jo)j;:

ord; f =1, ordm§7 =1. (3.63)
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Let F € grfo(go) ~ So/Io[{U;};zc be the initial form of f. There is an
expansion
F =Y FU; F; €S/
ife
By (3.63) we have F; # 0 for some j, 1 < j < e +t;. Suppose that

Jjo, 1 <jo<e+ty| m:= m;n{ord(ﬂﬁ)Fj} = ordg,) Fj,-
j#e

Replacing f with f — v, uj,u for some unit 7;, € Sy preserves (3.63) while
increasing ordg,)Fj,. Applying finitely many times this procedure, it can be
assumed that

m = m;n{ord(ae)Fj} < min {ord,)Fj, }- (3.64)
j#e

Jjo<e+to

By lemma 3.10 below, there exists » > 1 and a writing

fr=u""g,, g, & (uc)S,, ord,,g gr = 1.

~

Furthermore the last statement in 4bid. shows that in; g, € (gr; S,); is trans-
verse to the initial forms w_"U;, 1 < j < e+tg, j # e by (3.64). Since g, € I,
this implies that e, > ey: a contradiction, so claim (3.61) is proved. Since
(3.61) is stable by further blowing ups, this proves that W, is transverse to
the reduced preimage of div(uy - - - u.) for every r >> 0.

Let (1, ..., 0,; Z) be well adapted coordinates at z. There is an associa-
ted expansion

h =2+ fl,ZZpil + At foz, iz Sz € 30-

We factor out f; z = ul"g; z, 1 <i < p, with g; » = 0 or (u. does not divide
gi.z, mi € N). The formal completion S; of the local blowing up S; has a
~1

r.s.p. (d),...,a,) given by

)’ 'n
A~/ N A/ N .
Uy, = Ue = U and U = Uj/ue, j # e.

Let Z' = Z/u., ' := u;Ph € S1[Z'] define the strict transform (X}, x;),
since m(yp) = p. We thus have

fiz=u"fiz, 1<i<p. (3.65)
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By proposition 2.6, the polyhedron Ag (A4, ..., u,; Z') is minimal. Ap-

I ni

plying again lemma 3.10 below, it can be assumed w.l.o.g. that

ordeOgi,z =ord; giz, 1 <i<p. (3.66)

Let Zy := V(Z', fo) C (éﬁo,f) and Z be its generic point. Suppose that
0(2) < 1 and let ig such that igd(2) = ordy, fi, z < 0. Applying (3.65) gives

ordp fig,zr = Mig + i0(6(2) — 1) < my,.

This can repeat only finitely many times, a contradiction with m(p) =
Hence 6(2) > 1, i.e. m(2) = p. By excellence, this implies that m(z) =
Therefore Z, is Hironaka-permissible at x, for every r >> 0.

p.
p.

Similarly, replacing Sy by S, for some r > 0 and arguing as above, it can
be assumed that

This proves that Z; is permissible of the first kind at #. Note that this fur-
thermore implies that €(z,) = ¢(2) for every r > 0 and the second statement
of the proposition is proved.

In order to prove that alternative (1) in the last statement holds, we may
also replace S by S as above and thus assume that lo = k(zo). If €(z) = (%),
then Z, is permissible of the first kind at z, (definition 3.1(ii)). This proves
that alternative (1) in the proposition is fulfilled or €(2) > €(z) which we may
assume from now on.

By theorem 2.20(2.ii), we have dimZ, > 2 (statement n > n of ibid.
applied under the assumption Iy = k(z)) and

€2)—1=w(z)=¢cz) =€) —1=€(x) =1, ix(2) =io(z) =p. (3.67)

We pick again well adapted coordinates (uq, ... ,ﬂn;Z) at Z. Since Zy is
permissible of the first kind at Z, proposition 3.1 (with notations as therein)
gives the following property for the initial form inmgoh € G(mg,)[Z]:

A A~ ~

Hy'\Gh € k(@)U ..., Uer, Usr, - - - Unlea)-
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Since ip(2) = p, we have Gy = 0, i.e. ig(2) = p. This proves that definition
3.2(ii) is satisfied in any case.

To prove that alternative (2) in the proposition is fulfilled, we first assume
that Iy = k(xo) as before, then push down the result from S to S. Let
(u1,...,un; Z) be well adapted coordinates at = and consider the initial form
inWOh = /P + Fp,Z,Wo c G(W())[Z] Let

J:={l,...,e—1l,e+1,....,e+1}.
Since €(Z) > €(z), we have §(z) € N and
G(Wo) = So/Iol{U;}ses]s Fpzwo € (So/Io[{U;}jesls:))" (3.68)
by theorem 2.20(2.ii). By proposition 2.4, the polyhedron
Ag (h; {u;}ier; Z) = prj(Ag(h;w, ..., up; Z)) is minimal,

where pr; : R™ — R’ denotes the projection on the (u;);cs-space. Let

JF,
q)j = HV_[%% g G(WO)E(Z)7 CIOCI)j = 07 j g Jy.] 7é €, (369>
U
since €(z) = €(z) + 1. The local blowing up S; has a r.s.p. (u},...,u}) given
by
u; = ujfu. if jeJ
u, = Ue
u; = ujfu.—0; if jEJjFe

where §; € Sy is a unit or zero since we are assuming that [y = k(zo). Let
Z"=Zu.—0, 0 €Sy, h:=uhe S[7]

define the strict transform (X3, z1), with Ag, (54}, ..., u); Z’) minimal and
consider the initial form

iny, h = 2" + F, 2w, € GWL)[Z'], GW1) = S1/L[{U}}jes)-

It is easily derived from (3.68)(3.69) that

— = ﬂe—e(:v)q)j C G(Wl)E(Z)’ ] ¢ J?] 7& €.
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Applying again lemma 3.10 below, it can be assumed w.l.o.g. that
(O, =uV;, clgU; #0)or @, =0, j & J,jF#e. (3.70)

This equation is valid when [y = k(x¢) and holds for S if and only if it holds
for S. We may therefore replace S by S as before.

Let x = (z1,...,2,) € N” be a vertex of Ag, (h;uy,...,u,; Z) mapping to
a vertex of Ag, (h; {u;}jes; Z) with 3, ;25 = 6(y). By (3.68) we have z; € N
for 5 € J. Suppose that z; € N for every j # e. Since S'O/fo ~ k(z)[[u.]],
(3.68) implies that x is solvable: a contradiction. Taking j such that z; ¢ N,
there exists j € J, j # e such that ®; # 0. This proves that

ri=min{m;,j € J,j #e: ®; # 0}
is well defined and that we have
Q, 2wy = ﬂ;nH[;/(l)Fp,Z,Wo C GWo)etz), ci®pzwy & (Ue) G(Wo)e(z)- (3.71)
If 71 = 0, then alternative (2) is fulfilled (definition 3.2(iii)) since
J(Epzwe, E,Wo) =< {clg®;} 2 j2e >F# 0.

by (3.71). Note that this situation does not occur if €(x,,) = 1, since w(yp) >
0.

Otherwise, we define Vy := V (u,, Iy) and Yy := ;' (Vo) C Zy. Then Yy
is Hironaka-permissible at xy and its generic point yo has €(yo) = €(z) by
(3.71). Let X, be the blowing up of A; along Yo and note that ¢ lifts to the
point Z; on the strict transform Z1 of Zy. Let h = u_Ph € Sl[ | define the
strict transform (X, ) of (X, z), Wy = i (Zy). By proposition 2.6, the
initial form

inWlh Z + F WA €G<Wl>[ ] G(Wl)zgl/il[{ﬁj}je]]

satisfies a relation (3.71) with assoclated integer 7y = r; — 1. Iterating 7
times this procedure, we get some (X, Z,,) with initial form

ing, hy = 28 + F, 7w, € GOW)[Z,], GOW,) = S0/ L[{Uj}e]
with U;,, = @,"U;, j € J. We have
b, = HG'F, 5 w,) € GWo)ey, ch®y & () G(Wo)eo): (3.72)

By proposition 3.3, we now have w(Z,,) = €(z) = €(z,,) — 1 > 0. Thus
w(Zy,) > 0 if €(z,,) > 2 and we are done by the former case r; = 0. Other-
wise, €(x,,) = 1 and w(Z,,) = 0 and the conclusion follows. O
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Ezample 3.2. Take S = klu1, U2, U3, Us (u; us,us,ue) With & a field of character-
istic p > 0. We let:

h = ZP + uuguf + usui € S[Z].

Then (uy, us, us, uq) are adapted to (S, h, E), E := div(ujug) (definition 2.6)
and (uq,us, us, ug; Z) are well adapted coordinates at the closed point z =
(Z,u1,ug, us, uy) of X = Spec(S[Z]/(h)) (definition 2.8). Indeed, it is easily
seen that:

Sing, X 1= {y € X : m(y) = p} = V(Z,uy,u2) UV(Z,u1,u3), w(z)=p.

Let 9(t) := 3,5, Mit" € K[[t] be a power series which is transcendental
over k(t). We define a nonconstant well-parametrized k-linear formal arc on
(X, x) by:

p(Z) = p(ur) = p(uz) =0, (uz) = uz, P(us) =V(t)".

Let u§0) =uj, 1 < j < 4. For r > 1, well adapted coordinates at z, are
uy) = ugr_l)/UQ, j=1,3, ug) := U9 and
of =y (uy — Z Nud), T, = uy"(Z + (u{)? Z Nug).
ip<r ip<r

Then ¢ lifts through
(X, ) = (Spec(S, T3]/ (hr), 1), S» = S[ugr),ug),uy) Oy
and the strict transform h, of h is given by
e = T4 () () ()7 + ) ).

We have Z, := V(T,,u\"” ,u{?) for every r > 1. Note that Z, is not permis-
sible at z,.. Therefore ¢ fulfills alternative (2) of proposition 3.8.

Remark 3.3. We do not know if the conclusion of proposition 3.8 is still valid
for n > 4 when removing the assumption “I|k(z,) is algebraic with finite
inseparable degree for some r > 0”.

When n = 3, it can be proved that the above assumption is actually
implied by “m(¢) = p and w(p) > 07. This is a (very) special case of
the proof of theorem 5.1. The following elementary corollary will be used
repeatedly.
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Corollary 3.9. Assume that n = 3. Let (S,h, E) be as before and x € X.
Let
(X, 2) =: (Ko, wo) = (X1, 1) o = (X 1) — - (3.73)

be a (possibly infinite) composition of local blowing ups at closed points with
(m(z,) = p, w(z,) >0 and k(z,) = k(x)) for every r > 0. With notations
as in proposition 2.7 and notation 2.2, assume that (S,, E,., h,) is such that
E. is irreducible for every r > 0. Then (3.73) is finite.

Proof. Let E = div(uy) and (uy, uéo),uéo); 7)) be well adapted coordinates
at z. Since k(x,) = k(x) and E, is irreducible for every r > 1, S, has well
adapted coordinates

(ur, u§ o=y ™ fuy =457 u =l Y fuy = A 20 = 207D fuy — )

where 15", 74", ¢ € S. Suppose that (3.73) is infinite. We let
Uy = ug — Z%’”)ug’”) €5, j=23 and Z:=2Z — ¢, ¢ := Zgb(r)uy) es.
r>1 r>1

The induced morphism

~ A

¢ : Spec(S[Z]/(tg, U3, Z)) — (X, x)

is a nonconstant well parametrized formal arc on (X, z) with | = k(x) and
whose associated quadratic sequence is (3.73). By proposition 3.8, Z.(p)
is Hironaka-permissible for some r > 0: a contradiction with (E), since

Z.(p) € E,. O

The following lemma is elementary and well-known.

Lemma 3.10. Let S be a regular local ring (not necessarily excellent) of
dimension n > 1 with r.s.p. (uy,...,u,) and

C:=V(uy,...,up_1) C (So,s0) := SpecS
be a regqular curve. Let
(S0, 80) < (S1,81) =+ (Si,8) -+

be the composition of local blowing ups such that S; is the blowing up of S;_1
along s;_1 and s; € S; 1s the point on the strict transform C; of C' for i > 1.
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Let f € S, f # 0 and denote d := ordcf. There exists m,ig € N such
that for every v > ig, there is a decomposition

f=u"g g €S;:=Os,, and orde,g; = ordy,g; = d.

Furthermore, the initial form inc,g; € (gr;, Si)a is the strict transform of
iIlcf € (gl"[CS>d >~ S/(Ul, . ,Un—l)[Ula ey Un—l]d-

Proof. We have S; = Sl 1[u1 b ,uni) 1](u§i) O where ug-i) = ug.i_l)/ugf_l),
1< <n-1, u;) ._un foreveryz> 1, Wlthu() = wuj, 1 <j <mn. Then

C; = V(ugi), . 7(1) 1) with these notations. There is an expansion

f :( (’L ))mz 191 1, gz 1 = Z,y (Z 1 ’L 1))1'1 (uy(;_l))xn E S,L-_17

x€ES

where (x)~1 € S;_; is a unit for each x € S, S € N” a finite set, m;_; € N,
i1 & (uq(f _1)). Since ord¢ f = d, it can be assumed without loss of generality
that

d= I){lelgl{wl + -z}

Therefore

d=ordeg,_,gi-1 < dj—y :=ordy,_,gi—1 = filelél{‘ x |}.
Note that the initial form ings, | f is given by

e, f= Y. FEE@)m(Uf)m e (u))m,

T1++Tn—1=d

where 7(x)0~1 71 ¢ Si_l/(ugi_l),... ui! ) denote the classes of the

» Yn—1
corresponding elements in S;_;. After blowing up, we get an expansion

f= (uni))mi_ﬁdi_lgi? gi = ZV(X)(i—l)(ugi))m o (ug)il)mnfl(u:)ﬁxpdi_l €S,
x€eS

Let A,y :={x€S:az+ - +x,1 <d;j_1}. Foreachx € A;_;, we have
| x| =d;—1 < z,,. We deduce:

< :
0< )r(ré%{xn} < xrerixlﬁl{w”}'
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This proves that there exists 7y > 0 such that A; = () for every i > ¢y. Then
d; = d for i > 15. This proves the first statement in the lemma, taking
m = m;, — dip > 0. Finally, this construction preserves the initial form
ingf, i.e.

: _ ——(m+di) —i 77(9) —i 77(%)

ing, f =1, (ing f) (unU1 s, U ) ,

and this concludes the proof. n

Theorem 3.11. Let Y C (X, x) be an integral closed subscheme with generic
point y. The set

Q) ={y €Y: (my),w®) k) = (my),w(y),xy)} SV

contains a nonempty Zariski open subset of Y.
Let furthermore Z O Y be an integral closed subscheme with generic point
z such that Z is permissible (of the first or second kind) at y. The set

Perm(Y, Z) :={y € Y : Z is permissible at '} C Y
contains a nonempty Zariski open subset of ).

Proof. Our function (m,w, ) refines the multiplicity function m on X, and
our notion of permissible blowing up refines the Hironaka-permissibility. We
may thus apply the well known openness of these properties. It is therefore
sufficient to prove the first statement when m(y) = p. For the second state-
ment, we take a nonempty Zariski open set (; C ) such that Z is Hironaka
permissible at every y' € U;.

Let W :=n()), s :==n(y), Wz := n(Z) for the second statement. We pick
an adapted r.s.p. (ug,...,u,,) of S5, where E; = div(u; - - u.,). For every
y' € U, there exists an adapted r.s.p. (ug,... ,uny,) of Sy (ie. By =
div(uy - - ~uey,), ey > eg) such that S is the localization of S, at some
prime

I<Wy’) = ({uj}jEJy/)v Jy © {17 s 7ny’}'
After possibly shrinking U; C ), it can be assumed without loss of generality
that e, = e, for every y' € U;.

We now choose any point yo € Uy. Let (uq,...,u,,; Z) be well adapted

coordinates at yo, So := 17(yo), So := Ss,- There is a corresponding expansion

h=2°+ fLzZ" ' + -+ foz € SolZ], frz,-- -, fpz € So.
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After possibly restricting again U, we may assume that the rational functions
Uy .oy Ung, f1.2, -, [pz are regular at n(y') for every y' € U;. Moreover, we
have in Sﬁ(y)

I(W) = ({u;}jes) (and I(Wz) = ({u;}jes.) for the second statement)

with Jz C J ={1,...,n}, ny > n, subsets which do not depend on y’. We
fix an associated expansion at sg:

Jiz = Z v(i, x)ult - u;f;"o €Sy, 1<i<np,
x€ES;

with S; C (:N)" finite and 7(i,x) € Sy a unit for cach x € S;. After possibly
restricting again U, it may also be assumed that each 7(i,x) appearing in
some f; 7z, 1 < i < p, is a regular function at 7(y’). By proposition 2.4, the
polyhedra

Agy(h;{u;}tjes; Z) (and Ag,(h;{u;j}jesz; Z)) are minimal. (3.74)

We define 4; C (1N)7 (and A;z C (;N)’= for the second statement)
to be the respective images of S; by the projections pr; : R™ — R’ and
pry, : R" — R7z. Given a € A;, we let:

v(i,a) := Z v(i,x)Hu;-zj € So.

pr;(x)=a j&J

By definition of €(y), we have:

€(y) = p min min{| a |: v(i,a) # 0} — ZH (3.75)

1<i<pa€cA;

Let B C Q™ be the set of (i,a) achieving equality on the right hand side
of (3.75). The initial form polynomial in,, _h is thus of the form

g h=2"+ > A(i,a) [[U;" 27" € G(ms,)[2], (3.76)

(i,a)eB jedJ
where 7(i,a) denotes the image in k(y). Let

By :={(i,a) € B:3(i,a) € B,i #por (i =pand a¢gN’)}.
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Case 1. Suppose that By # . We define:
U= {y €U :V(i,a) € By,7(i,a) is a unit in S,(,)}.

Since 7(i,a) is nonzero for (i,a) € B by (3.75), U is a nonempty Zariski
open subset of V. To ¢y € U, we associate x € Asnw,)(h;ul, o ,uny,;Z)
(depending on (i,a)) by

T; = 4y if jeJ

Computing initial forms from definition 2.2 with o, := (1,...,1) € R"/,

0o, (Piur, ... upn 3 Z) = (y), the corresponding initial form polynomial
p .
ing, h=2"+> Fiza,2"" € Gms, )2 (3.77)
i=1

is such that Fjz,, # 0 for some i # p or Iy, 70, & k(y)[U7,.... UL ]
Therefore §(y') = §(y) and we deduce that

e(y') = e(y) for every y' € U. (3.78)

To prove the first statement, note that we are already done by (3.78) if
€(y) = 0. Assume now that e(y) > 0. If ig(y) = p — 1, there exists some (p —
1,a9) € By for some ag € N7. Let 3/ € U and pick well adapted coordinates
(ug, ... s Un Z,) at y'. The corresponding initial form polynomial

-1
h = ZS/ — Gg/ Zy/ -+ Fp,Zy/ c G(mgn(y,>)[Zy/]

Hlmsn(y’ )

is such that < Gy >=< U > (resp. Gy = 0) if ig(y) = p — 1 (resp. if
io(y) = p). We have

Fp,Zy/ = Z )‘y’ (p7 a)Ua + \IJ?J' C G(mS'r](y/))e(y)7

(p,a)€Bo

where Ay (i,a) € k(y), \y(i,a) # 0, Uy € k(y)[{U}'}jes] for every (p,a) €
By and every 3y € U. Comparing with definition 2.16, we have w(y') = w(y),
k(y') =11if k(y) =1 for ¥ € U. This proves the first statement in case 1.
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For the second statement, we are also done if €(z) = €(y), i.e. if Z is of
the first kind at y. Suppose that Z is permissible of the second kind at .
In particular, we have e(y) > 0. There exist j;(y) € J\Jz and j'(y) € J\Jz,
J'(y) > es + 1, satisfying the conclusion of proposition 3.3. Let ¢ € U and
pick well adapted coordinates (uq, ... ) Un,,s Zy) at y'. The corresponding
initial form polynomial (3.78) again satisfies

Hy_/lel - Ujl(y)k‘(y/)[Uh ceey Un /]€(y)

Y

and there is an expansion

H,'Foz, =< Y Up®i({Uj}ies) + Y({Uj}jes) >C Glms,, ew)

j/eJI

with @) # 0, hence ) is permissible of the second kind at 3 and the
conclusion follows.

Case 2. Suppose on the contrary that By = ). By (3.76), we have

inneh=2"+ > Fp.a) [[U/" € G(ms,)[2) (3.79)

(p,a)eB JjeJ

and this proves that
6(y) €N, w(y) = €(y) and £(y) > 2. (3.80)

Since ({u;}jes; Z) are well adapted coordinates at y, there exists a vertex
ag € Ag,(h;{uj}tjes; Z), (p,ap) € B which is not solvable, i.e. F(p,ag) &
k(y)?. Let B; C By be the nonempty subset defined by

By :={(p.a) € B:7(p,a) & k(y)"}.

Given (p,a) € By, we define a morphism:

. o Oul [T]
N(p,a) - y(p,a) := Spec ((Tp — ﬁ(p, a))) —

Note that V. is integral and 7, ) is finite and purely inseparable. We
define:

U:={y el :V¥(p,a) € By, n(_ljjla)(y')red is a regular point of Y, a)}-
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Since V(p.a) is excellent, its regular locus is a nonempty Zariski open set. We
deduce that U/ is a nonempty Zariski open subset of ).

For v/ € U; and (p,a) € B, we denote by A\, (p,a) € k(y') the residue of
(p,a). The property

“Ny 1a) (¥')rea is a regular point of YV, "

is equivalently characterized as follows: either (a) A\, (p,a) € k(y')?, or (b)
there exists §,/(p,a) € Oy, such that

vy (p,a) :=75(p,a) — oy (p,a)’
is a regular parameter at 3/’
We now prove the first statement. Let 3/ € U and pick well adapted
coordinates (uq,. ..  Un; Zy) at y'. Let
B(y') :={(p,a) € By : (a) is satisfied}.

Suppose that B(y') # 0. We get §(y') = d(y), i0(y') = p and the initial form
polynomial in,,, ( /)h € G(ms, )| Zy] is
n(y my

ez Y Mt w

(p,a)eB(Y)

where A\, (p,a) € k(y')P and W, € k(y')[{U] }es]. This shows that

lnmsn(y’

w(y') = e(y) = ely) = w(y),
the right hand side equality by (3.80). Moreover x(y") > 2, so y' € Q(Y).
Suppose on the contrary that B(y') = 0. We get

5(y') = 3(y) + }9 io(y') = p (since 3(y) & N)

and the initial form polynomial in,, ( /)h € G(ms, )| Zy] is
mny

y')

. _ =p a

mmSn(y’)h =Zy+ Z Vy(p, 2)U" + 0y,
(p,a)€B1

where Vi (p,a) €< Us,...,Un, >\ <{Uj}jes >, ¥y € k(Y)[{U;}jeslpsy)+1-
This shows that w(y') = €(y')—1 = €(y) = w(y), applying again (3.80). More-
over k(y') > 2, s0y" € Q(Y). This concludes the proof of the first statement.
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For the second statement, note that Z is necessarily of the first kind at y
in case 2, since (3.79) is not compatible with proposition 3.3. With notations
as above, Z is then permissible of the first kind (resp. of the second kind)
at ' if B(y') # 0 (resp. if B(y') = 0). O

Corollary 3.12. With notations as above, the function

v X = {1,...,p} x Nx{0,1,> 2}, y— (m(y),w(y), (y))

is a constructible function on X. In particular, it takes finitely many distinct
values.

Proof. This follows from the previous theorem and Noetherian induction on

X. [l

Remark 3.4. The constructible sets X, , :=={y € X : (m(y),w(y)) > (p,a)},
a € N are not in general Zariski closed (example 3.3 below). See next propo-
sition for closedness of the set A, ;.

We do not know if the sets Perm()), Z) as in the theorem are constructible
subsets of ). An important issue about permissibility is addressed below in
question 3.1.

Theorem 3.11 is sufficient for the required applications to Local Uni-
formization. About a possible extension of our methods to a global Resolu-
tion of Singularities statement, we remark the following: let S be an excellent
regular domain,

n: X—3S§

be a finite morphism, z € A be such that (X, z) — S, satisfies the as-
sumption of theorem 3.11. It is easily seen that its conclusion extends to
some affine neighbourhood U of x on X.

Ezample 3.3. Let S = k[[u1,ug, us]], k& a (nonperfect) field of characteristic
p>0and A\, u € k be p-independent. We take:

h =27 — (uyus)P 1 Z + Ml + usult ™ 4 p € S[Z), E = div(uyuy).
The coordinates (uq, us, ug; Z) are well adapted to (S, h, E). Let
x = (Z,uy,us,uz), y:= (Z,u1,us).
We have H(z) = (1), m(z) = m(y) = p, and compute:
iy h = ZP + NUP + UsUP ™ + pU?P, ig(x) = p, w(z) =e(z) —1=p—1.
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On the other hand, we have:
g =27 = (U1)" ™ Z+ NUS + UsUP ™+ U, io(y) = p—1, ey) = p.
In order to compute w(y), we must introduce a truncation operator

Ty : k(y)[Ur, Uslp — k(y)[Ur, Us]

as in definition 2.16 and get T, F}, 7, = AU}, so w(y) = p > w(z). This proves
that the set &X{,,) == {z € X : (m(2),w(2)) > (p,p)} is not Zariski closed.

Proposition 3.13. Let (X, x) be as in the theorem. The set

QLX) ={y e X: (m(y),w(y) > (p,0)} S X
1s Zariski closed and of dimension at most n — 2.

Proof. Let & € X be the generic point of an irreducible component of ™1 (E).
Then (m(€),€e(&)) < (p,0), so & & Q. (X). Therefore it is sufficient to prove
that Q. (X) is Zariski closed.

We will use the Nagata Criterion to prove openness of X'\, (X). By
theorem 3.11, it is sufficient to prove that Q0 (X’) is stable by specialization.
Let yo ~» y1 be a specialization in X and assume that y; € Q. (X). We
must prove that yo & Q. (X), so we are reduced to the case m(yo) = p. Let
Vo = {yo}-

By localizing n at n(y;), it can be furthermore assumed that y; = x.
Arguing by induction on the dimension of )}, it can be furthermore assumed
that ) is a curve. Let

(X, 1) =: (X, 20) — (Xp,21) - — (X, 1) — - -

be a sequence of local blowing ups at closed points belonging to the strict
transform of ). We have m(z,) > m(yo) = p, so m(z,) = p for every r > 0.
Since S is excellent, the strict transform of ), in X, is Hironaka permissible
for » >> 0. By construction, these maps induce local isomorphisms at .

We then have (m(zx,),w(z,)) < (p,0) by proposition 2.22, hence w(z,) = 0
since m(x,) = p for every r > 0. In other words, after possibly replacing
(X,z) by (X, x,) for some r > 0, it can be assumed that )} is Hironaka
permissible. Then there exist well adapted coordinates (uq,...,u,;Z) at x
such that

I(Wo) = ({u;}jen), Wo := n(db)
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with Jo = {1,...,n}\{j'} for some j’ (since )y is a curve). We let s¢ := n(yo),
So := Ss,- By proposition 2.4, the polyhedron Ag(h;{u;};es; Z) is minimal,
so we deduce that €(y) < €(x).

Since w(xz) = 0 by assumption, we have w(yy) = 0 except possibly if
€(yo) = e(x) = 1. Since w(x) = 0, the initial form polynomial iny,h €
G(mg)[Z] then satisfies

HitFyzwy =< Y 24U; >C G(Wo)1 = S/T(Wo)[{Us}jen):

J€Jo

and there exists jo € Jy, e + 1 < jo < n such that v;, is a unit in S/I(Wp).
This gives w(yo) = 0 if io(y) = p. If io(y) = p — 1, we must introduce a
truncation operator

Ty G(mSo)p5(yo) - G(mSo)pJ(yo%

as in definition 2.16 in order to compute w(yy). However, T proceeds from
definition 2.14 in the special case pd(yo) = 1 + Zjejo H;. Lemma 2.17 then
implies that

HyKerTy €< {U;}jes,i<e >C G(misy)pocyo)-

Since jo > e+1, we thus have Hy, U;, € KerT, and this proves that w(y) = 0
as required. Il

A very special case of the following question (for p a discrete valuation
with some extra assumption) has been answered in the affirmative in theorem
3.8 above. See also theorem 6.1 for a related result.

Question 3.1. Let Y = )y be an integral closed subscheme with generic point
y, m(y) = p, w(y) > 0, and let & be a valuation centered at mg. Does there
exist a finite sequence of permissible local blowing ups along pu:

(X,ZL’) = (X()?xo) — (thl) o (X?"?xr)

with centers Z; C (V;, z;), Vi denoting the strict transform of Y in (A}, x;),
0 <i < r, such that Y, is permissible at x,.7
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4 Application to Resolution in dimension three.

In this chapter, we deduce theorem 1.1 from theorem 1.4 and prove the corol-
laries. Achieving condition (E) allows us to use all results from the previous
chapters.

We assume that dimS = 3 from section 4.3 on.

All results are extensions of [26]. The proofs are based on the following
three characteristic free results which can be found respectively in [2] theorem
3, a special case of [25] theorem 0.3 (with B = ) and [26] proposition 4.2:

Proposition 4.1. (Abhyankar) Let (R,m) and (R',m’) be reqular two-
dimensional local domains with a common quotient field and such that

RCR, mNR=m.
Then R' is an iterated quadratic transform of R.

Proposition 4.2. (Cossart-Jannsen-Saito) Let S be a regular Noethe-
rian irreducible scheme of dimension three which is excellent and X — S be
a reduced subscheme.

There exists a composition of blowing ups along integral reqular sub-
schemes o : 8" — S such that the strict transform X' — S" of X has strict
normal crossings with the reduced exceptional divisor E of o. Moreover o
restricts to an isomorphism

7 X'\o (SingX) ~ X\SingX.

Proposition 4.3. (Cossart-Piltant) Let S be a reqular Noetherian irre-
ducible scheme of dimension three which is excellent and Z C Og be a nonzero
ideal sheaf. There exists a finite sequence

S=80)«—S8() - —S8(r)
with the following properties:

(i) for each j, 0 < j <r—1,S(j+1) is the blowing up along a regqular
integral subscheme Y(j) C S(j) with

Y(j) € {s; € S(j) : IOs(j),s, is not locally principal}.
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(ii) ZOs(yy is locally principal.

Proof. The assumption “X/k is quasi-projective” is not used in the proof of
[26] proposition 4.2. The equicharacteristic assumption is used only via the
power series expansions used for defining E and the characteristic polygon
“A(E;u1,us;y) prepared” on pp.1061-1062 of ibid.. But this is also charac-
teristic free by [28] theorem II.3. O

4.1 Reduction to local uniformization and proof of the
corollaries.

We now reduce theorem 1.1 to its local uniformization form (LU) below.
Let (A, m, k) be a quasi-excellent local domain with quotient field K. Re-
call that quasi-excellent rings are Noetherian by definition [37] (7.8.2) and
remark (7.8.4)(i). We consider the following Local Uniformization problem:

(LU) for every valuation v of K, with valuation ring (O,, m,, k,) such that
AcCO,C K, m,NA=m, k,|k algebraic,

there exists a finitely generated A-algebra T, A C T C O,, such that Tp is
regular, where P :=m, N7T.

Proposition 4.4. Let X be a reduced and separated Noetherian scheme which
15 quasi-excellent and of dimension at most three. Let Xy, ..., X. be the irre-
ducible components of X. Assume that (LU) holds for every local ring of the
form A = Oy, 5, which is of dimension three, 1 < i < c. Then theorem 1.1
holds.

Proof. This is an enhanced version of Zariski’s Patching Theorem [69] Fun-
damental theorem on p.539. Suppose that (i) and (ii) in theorem 1.1 have
been proved. Apply proposition 4.2 to

X =711 (SingX),eq C X,

then blow up along X’: we get (iii). There remains to prove (i) and (ii).
Step 1: it can be assumed that X is irreducible of dimension three.

There is a finite birational morphism
f: H X, — X,
i=1
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isomorphic above RegX’. The theorem holds for & if it holds for each Aj.
Resolution of singularities is known if dimX < 2 [52], so we may assume that
dim&X = 3.

Step 2: it can be assumed that X = SpecA is affine.

This is based on lemma 4.5 below. Consider open sets U C X satisfying (i)
and (ii) in theorem 1.1, i.e. there exists my : U’ — U proper and birational,
such that

Regl’ = U’ and ;' (Regl ) ~ Regld. (4.1)

We assume furthermore that a finite affine covering Y = Uy U- - -UU, is given
such that

7, (U;) — Uj is projective. (4.2)

Claim: if two open sets U; and U, satisfy (4.1) and (4.2), so does Uy U Us
w.r.t. the union of their respective coverings. Since X is Noetherian, this
claim completes reduction step 2.

We now prove the claim. Let V :=U; NU,. Denote by m; : U] — U; the
given resolutions of singularities satisfying (4.1) and (4.2). Let

FiCcUunm (V)
be the fundamental locus of the birational map
prUiNm (V) — Uy (V)
and F; C U] be its Zariski closure in U]. By (4.1), we have:
T (?1) C Singl;.

In particular, we may replace U] by any blow up along a regular center
contained in F;. We apply lemma 4.5 below to m; 1(Uj,j,) — Uj,j,, i = 1,2
for each Uj,;, := U;, NUj;, with obvious notations.

When some Z; in lemma 4.5 is a curve, it can be assumed that Z; is
regular away from (the inverse image of) 1V by blowing up closed points be-
forehand. Furthermore the sequences (4.6) for distinct Uy, ;,’s glue together,
which follows from the definitions (4.7)-(4.8). We may thus assume that

p is a morphism. (4.3)

Let 7, C Uy N, ' (V) be the fundamental locus of p~! and consider the
associated sequence (4.6). We will only perform step 1 in the proof of lemma
4.5.
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When Z; is a closed point mapping to V, we apply proposition 4.3 be-
forehand to Z(Z;)Oy in order to preserve (4.3).

When Z; is an irreducible curve with generic point &;, whose image in V
has dimension one, the ideal Z(Z;)Oyy is invertible above &; by proposition
4.1. Applying proposition 4.3 beforehand to Z(Z;)Oy;, we also preserve (4.3)
while U] is unchanged away from the inverse image of finitely many closed
points of V. It can be assumed that Z; is regular away from the inverse image
of V by blowing up closed points beforehand as above.

Summing up, it can be assumed that (4.3) holds and that p~! is a mor-
phism (hence an isomorphism by (4.3)) away from

7y H(21),. .., T (wk), x1,..., 7 €V finitely many closed points.  (4.4)
We may then glue U] and Us\{my ' (x1), ..., 75 (zx)} along

a tOV\{xy, .. 2)) =m0 P (VN {2, -, 2 ))

to some proper morphism my : W' — W := U; UlU,. By construction,
my satisfies (4.1) and (4.2) for each U;, C U;. Let U;, C Uy be fixed, so
7y (U;,) — Uj, is projective. Now 7, ' (Uj,;,) — Uj,j, is projective for each
U, €U, so my(Uj,) — U,, projective follows from (4.4). This concludes
the proof of the claim, hence of step 2.

Step 3: achieving (i) in theorem 1.1 with 7 projective for X = SpecA affine.

The Riemann-Zariski space of valuations
Zar(X') := {v valuation of K : A C O,}

is quasi-compact by [72] theorem 40 on p.113 and Noetherianity of A. The
assumption on v in (LU) means that v is a closed point of Zar(X'). Regularity
is a nonempty open property for any reduced )} which is of finite type over
X because A is excellent. This applies in particular to any projective closure
of SpecT’, T as in (LU). Hence theorem 1.1(i) is reduced to the following
patching problem: let

X; — SpecA, Xy — SpecA

be projective birational morphisms. There exists ) — SpecA projective
birational and morphisms m; : Y — A}, 1 = 1, 2, such that

7 ' (RegXy) U m;, ' (RegXy) C Reg)).
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As indicated in [69] on p.539, Zariski’s Patching Theorem only requires
proposition 4.1 and lemma 4.5 (here in our characteristic free context) in
order to deduce step 3 from (LU).

Step 4: achieving (ii). Let m : X" — X be as in step 3, i.e. projective
birational with RegX’ = RegX. Let F C & be the fundamental locus of
7=t We define

Fi := Zariski closure in X of F N RegX’.

Note that F; has dimension at most one. We only sketch the argument
and refer to [22] (see also [59] section 6) for the details. There exists a
commutative diagram

X' L y/
l l (4.5)
X &y

such that e (resp. €’) is a composition of blowing ups with regular centers
mapping to SingX (resp. to 7—!(SingX)). Let 7' : )}’ — Y be the resulting
morphism. This diagram has the following property: let G C ) be the
fundamental locus of 7’ _1, and F| C G be the strict transform of ;. Then
any connected component of G containing points of Sing) is disjoint from
Fi (in particular F| C Reg)’). This is achieved as follows:
(a) by iterating finitely many blowing ups of X at intersection points of F;
and SingX', then applying proposition 4.3, we first obtain e, e’ such that
F] C Reg).
(b) by applying the techniques of step 2 above those irreducible curves C' C G
only such that
C ¢ F, CnF #0,

then applying proposition 4.3 to get ¢/, we disconnect F| from components
of G containing points of Sing) .

By (4.5), there exists U4 C Reg) such that the fundamental locus of
7 (U) — U is a projective subscheme (of dimension at most one) containing
Fi. We define Z C )’ xx Y by composing the diagonal embedding

Ay'i yl—>yl Xxy/

with the second projection 1 x 7’ above )’ xy U. Then Z — X has the
required properties. ]
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Lemma 4.5. Let A be a reduced excellent Noetherian domain of dimension

three and
X — SpecA, Y — SpecA

be projective birational morphisms. Denote by p: Y --- — X the birational
correspondence and F C Y its fundamental locus. There ezists a sequence

y::y()(—ylH"'(—yT‘i,l:y/ (46)
of blowing ups along regular centers Z; C Y; such that
(i) Z; is fundamental for p;: V- — X, 0< i <,

(ii) p o m is a morphism on 7w '(F N Reg)), where m : Y — Y is the
composed map.

Proof. This lemma rephrases [26] proposition 4.7, using the characteristic
free proposition 4.3. We denote by

F° .= FNReg), dimF° < 1.

Let F C F be the Zariski closure of F° in YV and G C F be its one-
dimensional component (possibly G = 0)). We construct 7 as a composition
of blowing ups along regular subschemes mapping to F.

Step 1: let
T Vi =V (4.7)

be the minimal composition of blowing ups at closed points such that the
strict transform G’ of G is a disjoint union of regular curves, followed by the
blowing up along G’. Let

pr: Vi — X
denote the composed map p o my, F; its fundamental locus. We now denote
Fy = F Nnmt(Reg))

and F; C F its Zariski closure in YVi,. Let furthermore G; C F1 be the
union of its one-dimensional irreducible components whose image in Y has
dimension one.
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We now iterate this construction. Applying a classical result on quadratic
sequences in regular local rings of dimension two (e.g. [72] appendix 5, the-
orem 3 and (E) on p.391), we construct 7, : };, — Y such that pom, is a
morphism away from

T (F N Regd))\{z1,...,z1}),

where x4, ...,z are finitely many closed points.

Step 2: let Z be the closure of the graph of p o m,. Since X is projective, Z
is isomorphic to the blowing up of ), along a certain ideal sheaf Z,, C Oy, .
Since 7, ' (Reg)) C Reg),, there exists Z C Oy, with

V(I) Cm () U...Um, ), dimV(Z) < 1, (4.8)

such that Z is isomorphic to the blowing up of V;, along Z above 7, *(Reg))).
Applying proposition 4.3 to Z C Oy, concludes the proof. O]

Proof of corollary 1.2: A is excellent by [37](7.8.3)(iii).

Proof of corollary 1.3: let ) be any projective O-scheme with generic fiber
VYr = X, e.g. clearing denominators in ¥. By generic flatness [37](6.9.1),
there exists U C SpecO such that s~! () is flat over U. Apply theorem 1.1
to the Zariski closure of s7}(U/) in ), where

s: Y — SpecO
is the structure morphism.

Remark 4.1. Corollary 1.3 can be strengthened in the obvious way: given
any proper and flat O-scheme ) with generic fiber Vr = ¥ and an open
set U C SpecQ, there exists a proper and flat O-scheme X isomorphic to )
above U and regular away from U.

4.2 Reduction to cyclic coverings.

In this section, we reduce the local uniformization form (LU) of the previ-
ous section to theorem 1.4. This reduction is performed in two steps: first
to complete local domains, then to cyclic coverings of degree p in residue
characteristic p > 0. The first step is adapted from the descent methods of
[26] proposition 9.1 for (LU) inside the Henselization of finitely generated
algebras of dimension three. Descent from complete local rings to Henselian
local rings, i.e. algebraization of (LU), is proved in any dimension in [47]
proposition 6.2, but this does not imply proposition 4.6 below.
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Proposition 4.6. Assume that (LU) holds for every complete local domain
of dimension three. Then theorem 1.1 holds.

Proof. By proposition 4.4, it is sufficient to prove that (LU) holds for every
quasi-excellent local domain A of dimension three. Let v be a valuation of
K as in (LU). Denote by

L, :=K*/OF, r:=dimgy(l', ®z Q)

v

the value group and rational rank of v. To begin with, we may assume
that dimO, = 1, i.e. ', C (R, >), applying [57] theorem 1.1 (valid in all
dimensions) or using the dimension three techniques in [26] proposition 5.1.
Although this reduction may not preserve the property “k,|k algebraic”, we
may assume that it does since transcendental residue extensions provide a
reduction in dimA after blowing up.

Since A is local quasi-excellent, its formal completion A w.r.t. my is
reduced [37](7.8.3)(vii) and remark (7.8.4)(i), so

K = Tot(A) = HK” K, = QF(A/E)

=1

and the P;’s are minimal primes. Let © be an extension of v to, say K, after
possibly renumbering. Note that dimQ; > 1 and that inequality is strict in
general. We have
r<d:=dim(A/P).
Let X := SpecA, X = SpecA and f : X — X be the completion
morphism. By assumption in this proposition and proposition 4.4, theorem

1.1 holds for X. Let ) )
T Y —=X

be the corresponding resolution of singularities. Let § € ) be the center of
0. Since k,|k is algebraic and A/P; is universally catenary, we have

d = dimOyﬂ}.

By [37](7.8.3)(v), we have SingX = f~'(SingX). Therefore there exists
g € A, g # 0 such that 7 is an isomorphism above )Eg = Specflg by theo-
rem 1.1(ii). Let also fi,..., fr € A such that v(fy),...,v(f.) are Q-linearly
independent in I', and set h :=gf;--- f, € A. We have:
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Lemma 4.7. With notations as above, it can be assumed that

1055 = JmaOs = (i), (4.9)

where (i, ..., Uq) is a r.s.p. of Oy 4. In particular

0(ty),...,0(u,) €'y @7 Q
and these values are Q-linearly independent.

Proof. This is [26] proposition 6.2, taking into account proposition 4.2. Note
that it is not necessary to assume here that dimQ; = 1 because h € A. [

We now conclude the proof which is easily adapted from [26] proposition
9.1. By elementary linear algebra, there exists an r X r matrix M € M(r,Z),
a = detM > 0 such that

gi =" =00 € Oy, NK, (4.10)
=1

where Sj € (’)5,’@ is a unit, 1 < j <r. Let
Q;:=(a,)NA, r+1<j<d

By construction (4.9), we have Oy, ; = AQj, so (u;) is the strict transform of

Qj at . Since A is dense in A for the m4-adic topology, the right-hand side
equality in (4.9) implies: there exists g, ,,,...,g; € A and positive integers
msj, 1 <i<r,r+1<j<d, such that:

r

Y ~—Myj .
up =gy [[a™ € Oy,

i=1
and (@, ..., U, Uy, ..., uy) is a1.8.p. of Oy ;- Let now
T T
gi=g"[[o™ =" 1[5, € 05,n K (4.11)
i=1 i=1

and T be the integral closure of Algy, ..., g4 in K. By [37] corollary 7.7.3,
T is a finitely generated A-algebra. Furthermore, we have

ACTCOy,NKCONK =0,
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by (4.10)-(4.11). To complete the proof, it must be proved that Tp is regular,
where P := m, NT. By [37] lemma 7.9.3.1, it is sufficient to prove that
T' =T @4 A is regular at the center P’ := myNT" of v. Since Tp is normal,
T}, is also normal ibid. and (7.8.3)(v). There are inclusions

AcTy C Oy
By (4.10)-(4.11), the right-hand side inclusion satisfies
P’ (95,7@ = my,
so Oy, = % and the proof is complete. n

Proposition 4.8. Theorem 1.4 implies theorem 1.1.

Proof. By proposition 4.6, it is sufficient to prove that (LU) holds for every
complete local domain (A, m, k) of dimension three. Let (O,, m,, k,) be the
given valuation ring as in (LU). We may assume here that chark, = p > 0, the
equicharacteristic zero version of theorem 1.1 being known. As in proposition
4.6, it is sufficient to deal with the case dimQO, = 1.

By Noether normalization [54] theorem 29.4(iii), there exists a complete
regular local domain S C A such that A is a finite S-module, dimS = 3.
We will prove that the equal characteristic techniques of [26] extend to our
situation. Let I’ be the quotient field of S, so the field extension K|F' is
finite algebraic. By [37] corollary 7.7.3, the integral closure of A in any finite
extension of F'is a finite A-module.

Let K*® C K be the separable closure of F', so K |K*% is trivial (charK =
0) or a tower of purely inseparable extensions of degree p = charK. If (LU)
holds for the integral closure A% of A in K®P, then (LU) holds for A.
Namely, it can be assumed that

charK = p, K = K*P(zVP), x & (K5P)P.

By proposition 4.3, we may take x € TP where 75 is given by (LU) for
A%P. So
hi= X -z € T*P[X]

satisfies the assumption of theorem 1.4(i). From now on, we assume that
K|F is separable.
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Let K|K be a Galois closure and 7 be an extension of v to K. Ramification
theory of valuations [72] section 12 provides a diagram of fields

K C Kt ¢ K C K

T I (4.12)
F C F* C F7

as in the proof of [26] theorem 8.1. The left-hand side (resp. middle) in-
clusions in this diagram are unramified (resp. totally ramified Abelian of
order prime to p). The extension K"|F" is a tower of totally ramified Galois
extensions of degree p.

Remark 4.2. Theorem 1.4 is actually required only to deal with those ramified
extensions of degree p which are immediate (same value group and same
residue field) w.r.t. the corresponding restrictions of . For extensions of
degree p which are not immediate, a much simpler proof is available, vid.
[26] proposition 6.3 in the equicharacteristic case.

In order to connect ramification theory of valuations and ramification
theory of S-algebras essentially of finite type, we restate [26] theorem 7.2 in
our context as proposition 4.9. For ramification theory of local rings, we refer
to [3] (see also [26] section 2 for a quick summary of the required notions and
notations).

Definition 4.1. A normal local model of O,|S is the localization Bp of a
finitely generated S-algebra B, S C B C O,, QF(B) = K such that B is
normal, where P :=m, N B.

Let K'|K be a finite field extension and v’ be an extension of v to K.
Given a normal local model Bp of O,|S, we define a normal local model B’
of Oy|S by localizing the integral closure B of B in K’ at P' := m, N B.

Note that B’ is actually a normal local model because S, hence B, is
excellent. Also note that if B’ is a normal local model of O,|S and K'|K is

Galois, then B' N K = B'®1) ig a4 normal local model of O,|S.

Proposition 4.9. (Galois Approximation). Let K'|K be a finite Galois
extension and v’ be an extension of v to K'. There exists a normal local model
By of O,|S such that for any normal local model B of O,|S with By C B,
the following holds:

(1) G*(v'|v) = G*(B'|B) and G'(v'|v) = G'(B'|B);
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(2) the normal model B" := B'S"'") of ©,.19 satisfies
B"/mpr = B /mp,

where B* is the inertia ring of B' over B, i.e. B* = B'Gi(B/‘B), and v"

is the restriction of v' to K" := K'Y Moreover the representation
p: G(V[0)/G"(v]v) = GL(mp: fmb,), g — (% — 7)
15 faithful.

We now prove that theorem 1.4 implies (LU). To emphasize the depen-
dence on v, we say that (LUv) holds if (LU) holds for a particular v. With
notations as in (4.12), we denote by vy, v}, v5,v*,v" the respective restric-
tions of ¥ to F, F, F", K* and K". The strategy is to prove successively the
implications

(LUv) = (LUv}) = (LUv;) = (LUv") = (LUv") = (LUw).

Note that (LUwvg) holds by construction since S is regular.

Firstly, (LUv}) holds follows immediately from proposition 4.9 (1) as in
[26] corollary 7.3. Then (LUv}) holds because F"|F* is a tower of ramified
Galois extensions of prime degrees [ # p: the proof relies on the Perron
algorithm as in [26] proposition 6.3 and this is characteristic free.

To prove that (LUv") holds, we may assume that K"|F" is a single Galois
extension of degree p. Let x € O, be a primitive element with minimal

polynomial

hi=XP 4+ fiXP ' 4+ f, € Og[X].
By proposition 4.3, we may take fi,...,f, € 1", where T" is a local uni-
formization, since (LUv{) holds. Theorem 1.4(ii) states that (LUv") holds.

Proving that (LUv"), then (LUv) hold is an easy adaptation of [26] propo-
sition 9.3. This relies on proposition 4.9 (1)(2) and [26] proposition 9.1 (as
revisited in proposition 4.6) which are characteristic free. O]

4.3 Normal crossings divisors conditions.

In this section, we consider a pair (S, h) satisfying the assumptions of theorem
1.4, i.e. such that (G) holds. We construct a sequence 7 : X’ — X of blowing
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ups along Hironaka-permissible centers in such a way that every ' € 7~ (x)
has either m(2’) < p, or (m(2’) = p and 2’ satisfies condition (E)). This is
proved in corollary 4.13 below. Assumption (G) is not required here and we
prove a more general version for arbitrary multiplicity in proposition 4.11.

Lemma 4.10. Let S, h € S[X] (2.1) and n: X — SpecS be given. Assume
that dimS = 3 and that h s reduced. There exists a composition of Hironaka-
permissible blowing ups (2.15) w.r.t. E=0:
xX L X
| |
SpecS <& &
such that 7(Sing,,X’) C n~*(mg).

Proof. This statement means that there exists a diagram

X=X & ox & 2 ox, =X
! | | (4.13)
SpecS =Sy <& 0§ L. S =8

where each morphism 7;, 0 < ¢ < n —1, is the blowing up along a Hironaka-
permissible center J; C X; w.r.t. the reduced exceptional divisor E; of 7 :
X; — X. It can be assumed that dim(Sing,,X) > 1.

Let y; € &; denote the generic point of such a Hironaka-permissible center

Y, C X; wr.t. E;. We define:
A’i = {y c Slnngl - dim Oth = dim OX,ﬁ(i)(y) — 1},

d; = max{d(y),y € A;}, N; :=t{y € A;: d(y) = 9}
Let 7 > 0. We claim that

(5i+17 Ni+1) = ((SZ, Nz) if dim OX,ﬂ(i)(yi) Z 2
(4.14)
(5i+17 Ni+1) < (51 Nz) if dim OX,W('i)(yi) =1

Namely, this is an obvious consequence of the definition if dim Oy a0,y > 2.
If dim Oy i)y, = 1, let y € Xy with mi(y) = y;. We have

(m(y),d(y)) < (m(y:), 6(y:) = 1)
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by proposition 2.6 applied for n = 1 and the claim follows

Pick y € A; with §(y) = §; and denote Y := {y} C X;. By proposition
4.2, there exists a composition of blowing ups X;; — X; with regular centers
contained in the successive strict transforms of ) such that 7;/()”’) has normal
crossings with Ej;, where )’ denotes the strict transform of ) in X;. Then
V' itself and each blowing up center in Xy — X; are Hironaka-permissible
w.r.t. Ey because m(y) = m.

We have (8, Ny) = (d;, N;) by (4.14). Taking as blowing up center Yy :=
V' also gives (011, Nyy1) < (6;, N;) by (4.14). Since A; is a finite set and
0; € %N, there exists an index ¢; > ¢ such that A;, = () and this is preserved
by further Hironaka-permissible blowing ups w.r.t. £ = ().

Since A;, = (), we are done unless 7(")(Sing,, X;,) = C, where C has pure
dimension one. Let C' C SpecS be an irreducible component of 7(C) and s
be its generic point. Note that the stalk (X;)s at s of the S-scheme X; is
embedded in the regular scheme of dimension three SpecSs[X]| for i = 0 and
in an iterated blowing up along regular centers of the former for ¢ > 1. By
proposition 4.2, there exists a composition of Hironaka-permissible blowing
ups X! — (X;,)s w.r.t. (E;,)s such that Sing, X! = 0.

Let Vs C (X;,)s be a Hironaka-permissible center and ) C X}, be its
Zariski closure, so in particular we have ) C Sing, X;,. Since A; = 0,
Y is either (1) a curve mapping onto C, or (2) a surface mapping to some
irreducible component of £, .

In situation (1), there exists a composition of blowing ups along closed
points Xy — A&, such that 7y () has normal crossings with Ej, where )’
denotes the strict transform of Y in Xifl .

In situation (2), Y itself is Hironaka-permissible w.r.t. FE; and we let
iy = 1.

In both situations, we may blow up &, along J’" and iterate: this produces
an index 75 > ¢; and a composition of Hironaka-permissible blowing ups
X, — X;, wr.t. E; such that n~1(s) N 7 (Sing,,X;,) = 0. Applying this
construction to the finitely many irreducible components of 1(C) proves the
lemma. O

Proposition 4.11. Let X’ satisfy the conclusion of lemma 4.10 and E' C S
be the reduced exceptional divisor of . Let D C 8’ be a reduced divisor.

There ezists a composition of Hironaka-permissible blowing ups (2.15)
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w.r.t. E':

X' (W_/ X"
! !
S’ <U_' S

such that the strict transform D" of D is disjoint from 1" (Sing,,X"), where
n" (X", 2") — 8" is the local projection at " € Sing,, X".

Proof. We take &’ = SpecS. The problem is to find a sequence (4.13) which
monomializes P :=I(D) C S, i.e. such that P, := POg, is a monomial with
components at normal crossings with F,,.

Let us write P, := H;(Q); where H; is a monomial whose components are
components of F;. At the beginning, H = Hy = 1. The strategy is to get
P,=H,, Q, =1 at the end.

We consider the idealistic exponents (h, m) and (@, b) living in SpecS[Z],
where b =ord,,,(Q)). We make a descending induction on b: the case b =0
means that we get the conclusion of 4.11. Each pair of blowing ups m;, o; is
locally centered at some Y; and 7(Y;) respectively, and is Hironaka-permissible
for h (resp. Q;) w.r.t. E;.

Let P11 =: H;y10Q);+1 where (Q; 11 is the strict transform of ();. This means
that (Qi41,0) is the transform of (Q;,b). When ord,,,, (Qit1) < b, we have
strictly improved and we go on with the new idealistic exponent (Q;41,0),
with 0" :=ord,,,, (Qi+1). To define a sequence of o; is a consequence of [25]
Theorem 0.3 (Canonical embedded resolution with boundary), the problem
is the sequence of 7;, i.e. to define the pair (o, ;).

To avoid cumbersome notations, from now on, z;, .S;, &X;,etc.; are denoted
by z,S, X,etc. and x;,1,Sii1, Xip1,etc.ip1 by 2/,5, X' etc’. Let us define
Vdir(z, D) as Vdir(h) + Vdir(Q). This is a vector space of codimension
7(z, D) in the Zariski’s tangent space of X at x. Of course, 7(x, D) > 2.

Lemma 4.12. Let w be the blowing up along Y which is permissible for both
(h,m) and (Q,b). Let 2’ € 7' (x) be such that m(z') = m(x) = m and
ordy Q" =b. Then ' is on Proj(S/IDir(z, D)). In particular, 2’ is on the
strict transform of div(Z).

Proof. By proposition 2.15 and remark 2.4, we have Dir(F') = Max(F') except
if p=2 and

F = XNZ%+ XNUE + MUZ + MU, [P (M, A) K =4 (4.15)

134



up to a linear change of variables, A # 0, a > 1. Since m(z') = m(z), we
have

x = V(Ul2 + )\1U§, U22 + /\2U32> 7% + )\1/\2U32)

on ' (z) = Proj(k[Z, Uy, Uy, Us] /(F)).
Since ord,/(Q)" = b, the initial of ) cannot satisfy (4.15) (only the last
three variables occur). Therefore

z' € Proj(S/IDir(h)) N Proj(S/IDir(Q)) = Proj(S/IDir(x, D)).
[

Let us come back to the proof of proposition 4.11. We discuss according
to the value of 7(x, D).

When 7(x, D) = 4, the blowing-up centered at x makes b strictly drop.

When 7(z, D) = 2 or 3, then, if we blow up along z, then 7(z’, D") >
7(z, D). In case 7(z, D) = 3, we make only blowing ups at closed points.
Either for some n, (m(z,),ord,, (Q,)) <ix (m,b), then we stop at this n;
or we have equality for n > 0. Then, 7(x,,D,) = 3, n > 0, by an usual
argument, the x, are all on the strict transform of a curve C, which, for
n >> 0 is permissible for both (h,m) and (Q,b) and 7(C,) is transverse
to E,. Then at step n in (4.13), we blow up along C,. By lemma 4.12
(m(@n41),01ds, 1 (@nt1)) <iex (M, b).

When 7(x, D) = 2, we can choose Z, u3 such that

Vdir(Q) =< Us >, Vdir(h) =< Z > mod(Us).
Remark 4.3. If there is a component Y of dimension 2 in
Sing(h, m) 1 Sing(Q, b).

then we can choose the parameters so that I(Y) = (Z, u3). Then Q € (z, u3)?,
i.e. Q = u§, up to multiplication by an invertible. Then, if ¥ has normal
crossing with E, we blow up along Y: 7 is the blowing up along Y and o is
the identity. In fact in S, we just add n(Y) = div(us) to E and we get b = 0.

We also note that (h,m) N (Q,b) = (hQ, m +b). In other words, we have

Sing(h, m) N Sing(Q, b) = Sing(hQ, m + b)

and permissible centers are the same for (h@, m + b) and for (h,m) N (Q,b).
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Then we apply those techniques from [25] 10, 11, 12. More precisely,
if for some ng the number b just strictly drops, we call “old components”
the components of E,, at z,, which are components of H and, for n >
no, at x,,n > ng with b(x,) = b(x,,), the strict transforms of this old
components. The first step is to reach the case where x,, is not on the strict
transform of this old components: the invariant is (m, b, o(x)) where o(x) is
the number of these old components. In the language of idealistic exponents,
we desingularize (hQQo, mbo(z)) where Qo is the equation of the reduced
divisor whose components are the old ones. Then we look at the directrix
of hQQo. When its codimension denoted by 7(hQQo) is 3 or 4, we play
the same game that above with 7(z, D) = 3 or 4. We reach the case where
T(hQQo) = 2. This means that either Qo = 1 (no old component) or there
is one old component which is tangent to Q).

Then we look at the characteristic polyhedron A(hQQo, z, us, u1,us) as

in [25] Section 7.
e Case A(hQQo, z, us, u1,us) = @. This is equivalent to hQQq € (z, uz)™*®,
i.e. this is equivalent to dim(Sing(hQQo, mbo(x)) = 2. So QQo = u?bo(w),
call Y := V(z,u3), in fact, at step ng, as b(zg) = b(z), Q was a b(xg) power
and, if at x there is one old component, it is a factor of (): this is impossible,
therefore o(x) = 0.

So, at x, E is a union of components which are exceptional divisors of
the blowing ups o,, n > ng. By [25]Theorem 8.3, they are transverse to
ug: Y is permissible for (hQQo, mbo(z)) and transverse to E. We apply the
first statement of remark 4.3.

e Case where dim(Sing(hQQo, mbo(x)) < 1. Then, we apply [25] Theorem
5.28 which gives the result if chark(xz) > 3. This hypothesis p # 2 is used
just to get Dir(F) = Max(F') at each step, but we showed above in lemma
4.12, that the only case where Dir(F') # Max(F') stops after blowing up the
closed point z. O

Corollary 4.13. Assume that charS/mg = p > 0 and (S, h) satisfies con-

dition (G). There exists a composition of Hironaka-permissible blowing ups
(2.15) w.r.t. E = 0:

X — <L” X”
! !

SpecS AR
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such that n"(Sing,X") C 0" (mg) and condition (E) holds at every s &
n"(Sing,X"), where n" : X" — 8" is the projection.

Proof. This is a direct application of lemma 4.10 in the purely insepara-
ble case ((iii) of condition (G)). If 7 is separable and carS = p, we apply
proposition 4.11 to the strict transform in §" of D := div(Discx (h)) and the
conclusion follows.

Assume that charS = 0. Let D] be the strict transform of div(pDiscx (h))
in &' and D) be the union of those components of E’ of characteristic zero.
We apply proposition 4.11 to D := D]jUD). Let E” be the exceptional divisor
of 0" and s’ € n"(Sing,X"). Since all blowing up centers of ¢’ are Hironaka-
permissible w.r.t. E’, they map to n(x) and are thus of characteristic p =
charS/mg. We deduce from proposition 4.11 that any irreducible component
of E” passing through s’ has characteristic p and that (ii) of definition 2.11
holds. O

5 Projection number x(z) € {1,2,3,4}, projec-
tion theorem.

Let (S, h, E') satisfy assumptions (G) and (E). In this section, we perform
induction on the dimension dimS[Z] = 4 of the ambient space of X, wvid.
introduction. This step is for now far out of reach in higher dimensions
and little more than definitions could be stated. We reduce theorem 1.4 to
theorem 5.1 below (corollary 5.2) which is proved in the next sections.

5.1 Projection number x(z).

For y € X, s := n(y) € SpecS, the assignment x(y) > 2 has sofar been
used to express k(y) # 1; we now distinguish x(y) = 2,3,4 when (w(y) > 0,
k(y) > 2). This completes our definition of the complexity function (2.59):

L2 X = {1 ... p} x Nx{l,....4}, y — (m(y),w(y), k(y))-

The projection number r(y) expresses the transverseness of Vdir(y) w.r.t.
E. We claim no further invariance property w.r.t. regular local base change
than that of theorem 2.20 when x(y) > 2.
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Since our assumptions (G) and (E) are stable when changing (.S, h, F) to
(Ss, hs, E5) (notation 2.2), we may assume that s = mg. The following defi-
nition is for codimension three, the remark afterwards for codimension two.
One has w(y) = €(y) = 0 in codimension one. We denote E = div(uy - - - u,)
as before.

Definition 5.1. (Projection Number). Assume that m(z) = p, w(z) >0
and k(z) > 2, where n~!(mg) = {z}. We let

k(x) :=4if Vdir(z) C< Uy,..., U, > . (5.1)

Assume now that x(x) # 4. We let k(x) := 3 if (w(x) = €(x) — 1 and one
of the following conditions is satisfied):

(1) E = div(uy) and there exists well adapted coordinates (uq, ug, ug; Z) at
x such that

oF,
Vdir(z) €< Uy, Us > and H—IWP’Z C< U™ >
2

(2) FE = diV<U1U2>.
Finally, we let x(x) := 2 if k(z) # 3, 4.

Remark 5.1. When dimOy, = 2, m(y) = p, w(y) > 0 and k(y) > 2, we
define: if E; = div(uus), let k(y) = 4; if E5 = div(uy), let:

2 if w(y) =e(y) and Vdir(y) €< Uy >
Kly) =9 3 if w(y)=€(y) -1 :
4 if w(y) =¢€(y) and Vdir(y) =< U; >

5.2 Projection theorem.

We now turn to the statement of the projection theorem. We assume that
w(z) > 0, so (X, x) is (analytically) irreducible by theorem 2.14. Let u be
valuation of L = k(X') centered at . We will consider finite sequences of
local blowing ups along u:

(X, x) =: (X, x0) — (X1,21) — -+ — (X, x,) (5.2)

138



with Hironaka-permissible centers V; C (A&}, x;), where x;, 0 < i < r, denotes
the center of 1. We require that our assumptions (G) and (E) be preserved
by such blowing ups and that

(m(z;), w(z)) < (M(xi-1),w(wio1)), 1< i<

This certainly holds when the blowing up centers are permissible of the first
or second kind by proposition 2.13 and theorem 3.6. Another example is
blowing up along codimension one centers of the form V(Z,u;) with d; <1,
1 < j < e. In chapter 8, we will use another kind of Hironaka-permissible
blowing up with the same property. We recall that all permissibility condi-
tions (definitions 2.7, 3.1 and 3.2) always refer to the reduced total transform
E; of E in S;, where there are projections

ni « (X, x;) — SpecS;, 0<i<r.

Similarly, w(x;), €(x;), k(x;) are always computed w.r.t. F;.
Finally, we emphasize that we do not require any particular behavior

about the numbers k(z;) along the process (5.2). Our goal is to eventually
achieve k(z,) < k(z) and we may have k(x;) > k(z) for some i, 1 <i <.

Definition 5.2. Assume that m(x) = p and w(z) > 0. Given any finite
sequence (5.2), we say that x, is very near x if «(z,) > (z).

Leta € {1,...,4}. Wesay that x is resolved for (p,w(x), a) (resp. resolved
form(x) = p) if for every valuation p of L = k(X') centered at x, there exists
a finite and independent sequence (5.2) such that ¢(x,) < (p,w(x),a) (resp.
m(z,) < p). We simply say that x is good if x is resolved for ¢(x).

The following projection theorem is proved in the next sections: corollary
6.2, theorem 7.18, theorem 9.6, ibid., for k(x) = 1,2,3, 4 respectively.

Theorem 5.1. (Projection Theorem). Assume that (S,h, E) satisfies
assumption (G) and (E), with m(z) = p and w(z) > 0.

For every valuation p of L = k(X)) centered at x, there exists a finite
and independent composition of local Hironaka-permissible blowing ups (5.2)
such that o(z,) < u(z), i.e. x is good.

Corollary 5.2. Theorems 1.1 and 1.4 hold true.
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Proof. Theorem 1.1 has been reduced to theorem 1.4 for residually algebraic
valuations, propositions 4.4 and 4.8. By corollary 4.13, it can be further-
more assumed that condition (E) is satisfied. Theorem 1.4 is then an im-
mediate consequence of [29] Main Theorem 1.3 (m(z) < p), theorem 2.23
((m(z),w(z)) = (p,0)) and theorem 5.1. O

Remark 5.2. Let p be a valuation of L = k(X') centered at x and consider
an independent sequence of local blowing ups (definition 2.18)

(X, ) =: (X, 20) — (Xp,21) — - — (X, ) — - -

along p. For example, the quadratic sequence along g is an independent
sequence.

Then z is resolved for (p,w(z),a) if for every pu, there exists some r =
r(p) > 0 such that z, is resolved for (p,w(z),a) (the converse follows from
definition 5.2 with r(u) = 0 for every p). This fact is used all along the next
chapters, vid. chapter 7 for a = 2 and chapter 8 for a = 3.

Proposition 5.3. With assumptions as in theorem 5.1, assume furthermore
that Max(inh) # Dir(inh), where inh € k(x)[Uy, U, Us, Z],, is the initial form
of h (proposition 2.15). Then k(x) > 2 and x is resolved for (p,w(z),2).

Proof. By remark 2.4, the assumption holds only if p = 2 and
inh = Z*>+ F, F = XU +MU; + M \U;

with [k(2)%(A1,A2) @ k(x)?] = 4 up to a linear change of variables. We
have H(z) = (1), w(z) = €(z) = 2 and k(x) = 4 (resp. k(z) = 2) if

E = div(ujusug) (resp. otherwise). Since

OF OF
J(F, E,iL‘) =< a—>\2,a—)\1 >=<I U12 + )\1U32,U22 + )\QU:;? >,
we have 7'(z) = 3. Let &’ — (&, x) be the blowing up along = and z’ €
771 (). Since 7/(x) = 3, we have «(z') < (2,2,1) by theorem 3.6. O

6 Maximal contact, resolution of x(z) = 1.

We assume in the whole section that (S, h, E) satisfies conditions (G) and
(E). We consider here any refinement C of the function z — (m(x),w(z)) on
X.
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Fix an irreducible component div(u;) € E. Let pu be a valuation of
L = k(X) centered at x. We consider in this chapter finite sequences (5.2)
of local blowing ups along p:

(X, z) = (X, 20) « (X1, 21) -+ — (X, 1), (6.1)

with permissible centers of the first kind Y; C (X;, z;), where x;, 0 < i <7,
denotes the center of p. It is furthermore assumed that

(1) 7;(;) belongs to the strict transform of div(u;) in SpecsS;, where
n; : (X, x;) — SpecsS;

is the projection, vid. proposition 2.7, and
(2) C is not increasing along (6.1), i.e. C(x;) < C(w-1), 1 <i <.

Definition 6.1. We say that div(u;) € E C & has “maximal contact”
(resp. “weak maximal contact”) for some refinement C if for every p, any
sequence (6.1) (resp. the quadratic sequence (6.1) with ), := {x;}) satisfies
the following:

C(x,) = C(x) = x, maps to the strict transform of div(uy). (6.2)

Remark 6.1. Take C = ¢, where x(z) = 1. Then div(u;) C E has maximal
contact for C if U; divides H 'GP, with notations as in definition 2.16. This
follows from theorem 3.6.

The purpose of this section is to prove theorem 6.1 below: the value C(x)
of any such refinement can be lowered by permissible blowing ups of the first
kind. A direct application proves theorem 5.1 for k(x) = 1. Further appli-
cations are given in chapter 8. The proof of this theorem uses a secondary
invariant y(z) € N which is defined and studied afterwards, wviz. (6.7) and
(6.9).

Theorem 6.1. Assume that div(uy) has mazimal contact for C. Let u be a
valuation of L = k(X) centered at =, where m(x) = p and w(x) > 0. There
exists a finite and independent composition of local permissible blowing ups

of the first kind:
(X,z) =: (X, x0) «— (X1, 21) — -+ — (X}, z), (6.3)

where x; € X; is the center of p, such that C(x,) < C(x) or x, is resolved for
m(zx) = p.
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Proof. By proposition 3.13, the set

QLX) = {y € X (mly),w(y) > (p,0)} C X

is Zariski closed and of dimension at most one. By performing the quadratic
sequence (6.1), it can be assumed that there exist well adapted coordinates
(u1,us,u3; Z) at x such that any one dimensional irreducible component )
of Q4 (&), with n(Y) contained in div(u;) either:

(a) maps to an intersection of components of E, i.e.
77(y> = V(Z’ ulauj)7 dlv(“]) g Ea ] Z 27 or

(b) n(Y) =V (Z,u1,u3), E C div(uyus).

Furthermore, there exists at most one ) satisfying (b) and such )Y is
permissible of the first kind by proposition 3.8(1). Let X' — (X,x) be
the blowing up along such ). Replacing (X, x) by (X', 2'), where z’ is the
center of u, we may therefore assume that any one dimensional irreducible
component Y of Q. (X), with n()) contained in div(u, ), satisfies (a) above.

Consider now the quadratic sequence (6.1) and apply proposition 6.8 be-
low. If alternative (ii) of that proposition holds, the theorem follows from
proposition 3.8(2), since the conclusion of proposition 3.8(1) does not hold by
the above preparation of €, (X). Assume then that alternative (i) of propo-
sition 6.8 holds. Then the conclusion follows from proposition 6.9 below. [J

Corollary 6.2. Projection Theorem 5.1 holds when r(x) = 1.

The arguments are quite similar to [27] chapter 4 pages 1957 and following
and we sketch the argument below. This section may serve as an introduction
to the more involved material in the next chapter.

Notation 6.1. By definition of maximal contact or weak maximal contact, we
may assume that div(ujug) C E.

Cases 1 and 2: e(x) = w(z) and (E = div(ujug) or E = div(ujugug) re-
spectively). Let (ug,us,us; Z) be well adapted coordinates. Consider the
characteristic polyhedron

As(h;ur, us, uz; Z) C R,

in the affine space with origin vy := (dy + w(z)/p, ds,d3)). Perform the
stereographic projection p; from vy on the plane x; = 0, followed by the
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homothety of center (0,0) and ratio ﬁ. Let ps be the resulting map.
Analytically, we have:

1
P2 (w1,72,23) = (Y2,43) == w(2) (29 — da, r3 — d3). (6.4)
= — (@1 —dy)
We denote for simplicity
Ao (z) := po(A(h;ur, ug,uz; Z) N {0 <z — dy < w(x)/p}). (6.5)

There are associated invariants:

Aj(z) = inf {y; | (y2,y3) € Do)}

B(z) = inf {ya+ys | (z2,23) € Ax(z)}

C(x) = B(z)— As(z) — As(x) >0 . (6.6)
Bz) = inf {ys | (As(2),ys) € Do()}

Pa() = sup {ys | (y2,43) € Do(x), 42+ ys = B(x)}

When E = div(ujug), we take as a convention in these formulae that
As(z) = 0. The main secondary invariant is:

max{l, [f(x)]} if E =div(ujus)
V(z) = : (6.7)
1+ |C(z)] if E=div(ujugus)

Note that Ag(xz) # (): this follows from (6.4) and the definition of d.
Therefore
As(x), As(x), B(z) < +oc.

It is easily seen that Ay(x) C RQZO is a polygon. Since all vertices of

Ag(h;uy, ug, usz; X)—(dy, da, d3) have module at least 6;), we have B(z) > 1.

Case 3: €(x) = 1 + w(x), E = div(ujuz). The definition is the same as in
cases 1 and 2 except that vq is replaced by v{ = (dy + w(x)/p,d2,1/p)).
Analytically, we have:

1

AL — () — dy)

P2t (21,32, 23) = (Y2, 43) := (2 —doy, 23— 1/p).  (6.8)

Note that the image set Aq(z) defined by (6.5) may contain points with
negative third coordinate. The invariants As(z), B(z), C(x) := B(z) — As(2)
and B(x) are defined as in cases 1 and 2. We let:

y(z) == max{1 + |3(z)],1}. (6.9)
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These definitions depend in principle on (ug, us, u3), but certainly not on
Z such that (uy,us,us; Z) are well adapted coordinates. Indeed, the above
definition are given in terms of A(h;uy,uq,us; Z). It can be proved that
the numbers A;(z), B(x), C(x), f(z) and y(x) are actually independent of
(u1, uz,us; Z) once the numbering of the components of F is fixed. We skip
this fact here and refer to the next chapter (theorem 7.12 and definition 7.4
in particular) for similar issues.

Remark 6.2. The numbers B(x), A;(x) can be computed directly from the
equation h.
In cases 1-2, let (a,b) be positive real numbers such that

with the convention d3 = 0 when div(us) € E. Define a monomial valuation
V) 00 S[Z] by setting weights:

V) (U1) = @, Viapp)(U2) = Vapp)(us) = b, vapp(Z) = 1.

Then a
B(x) = Sup{g’U(a,b,b)(h) = P}-

The pair (a,b) giving the sup above is said to “define B(z)” (viz. [27] theorem
I.4, equation (3) page 1962). As B(x) > 1, we have a > b. We denote:

Hp:=in,,,, (h) = 2"+ Y _ ®,2"" &; € k(z)[Uy,U,Us],  (6.10)

1<i<p

where (a,b) “defines B(x)”. By theorem 2.14, we have ®; =0, 1 <i <p—2
and —®, ; = GP~! where G is a constant times a monomial in Uy, ..., U..
We expand the corresponding initial form as in (6.10) and let

w(z)
UM U U780, = AUPY + 3 UPO TR (U, Us), A€ R(x),  (6.11)
i=1
where F; € k(z)[Us, Us] is homogeneous of degree iB(x).

More generally, let o9 be a compact face of Ay(x). The topological closure
of the set
0 = AS(ha U, U2, U3} Z) N p2_1<0-2)
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is a compact face of Ag(h;uy,us, us; Z) defined by a weight vector « := ay,.
The corresponding initial form polynomial is written

Hoy=2"+ Y ®a2"7" ®i0 € gr,(9), (6.12)

1<i<p

In case 3, there exists a unique compact face o C Ag(h;uy,us, us; Z)
whose image by ps is the face y; +y2 = B(z), maximal for this property. For
B(z) =1,

Oin ‘= {X € R;O X+ T+ a3 = 5($)}

obviously has this property. For B(x) > 1, we expand the corresponding
initial form as in (6.10) and let

w(x)

UMM U™ 8, = UL (\Us + Ael) + > ULD T E(Un, Uy),  (6.13)

=1

with Ao, A3 € k(z), F; € k(x)[Us, Us] homogeneous of degree 1 + iB(z).

In cases 1-2-3, let (a,b) be positive real numbers such that
afdy + 2y £ pa, — 1.
p
We have similarly:

a
Ag(r) = Sup{g!”(a,b,O)(h) = p},

this suitable pair (a, b) is also said to “define Ay(z)”. We denote:

A S
Hy = iny, o (h) =27+ > 2" ¢ €

1<i<p (u17 UQ)

[Uy, Uy, (6.14)

where (a,b) “defines As(z)”([27] theorem 1.4, valuation p; on page 1962).
We expand the ¢;, 1 <1 < p:

w(z) .
o S
= iU g, b(i,§) = © — jAs(x), di; € ,
(b par 1¥2 ¢,J ( j) b J 2() ¢7J (ubu2)

where § =1+ (di + w(z))As(z).
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All proofs are based on the following elementary lemma:

Lemma 6.3. Let (R,m,k) be a regular local ring of dimension two, m =
(v1,v9), chark =p > 0. Let f € R with initial form

ingf = Vi"V;2F(V1,V3) € G(m), inf & G(m)".

Let furthermore P(t) € R[t] be monic of degree d > 1 with irreducible residue
R =R [@] vy =P (@)
V1| (vy,0) L 01
and define:

P(t) € k[t],
a’ = max{ord,, (f—g")}, € = max{ordy, (vf“/(f—g’p) cord,, (f—¢”") =d'}.
g'ER’ g'E€R’

The following hold:
(1) d = a1 + as, € < 1+ 98|, if equality holds, then degF/d € N,
d/peN,e/pgN, and

degF

J(ing f, div(vivg), m) =< <V1dP (E)> >
Vi

(2) if az =0, then ¢ < max{degF,1}. Equality holds only if degF <1 or
d=1.

Proof. Identical to [27] I1.5.3.2 on p. 1862. Note that it is not necessary to
assume R excellent. O

Now we follow [27] chapter 4. Consider the blowing up 7 : X’ — (X, x)
at x and let 2’ € 7~!(x) be a closed point, with d := [k(z’) : k(z)]. Following
[27] Theorem 1.4 on p.1962, we have:

Proposition 6.4. With hypotheses and notations as above, assume that x is
in case 1-2. Let (uy,uq;us, Z) be well adapted coordinates at x and assume
furthermore that

(') € Spec(S[L, ]2}/ (W)), W = wyh, 2= 2



If C(2") = C(z), we have:
Az(2') = B(z) — 1, y(2') < y(x), (6.15)

and there exist well adapted coordinates (u) = uy/ug, us, ul; Z') at x' such
that the following holds:

(1) if ' = (Z/ug, vy, ug, uz/us), then z' is again in case 1-2 and
C(') < Clx), Ba') < B(a);
(2) if &' # (Z]ug, u), us, ug/us), then ' is in case 1 or 3. We have

1+ L%J if 2" is in case 1
B(z') < , (6.16)

% if 2’ is in case 3

and ®,_1 # 0 implies f(z') = 0 (resp. B(x’) < 0) if 2’ is in case 1
(resp. in case 3).

If moreover x is in case 1 and B(x) > 0, we have

B(z') < f(x) if 2’ is in case 1
(6.17)
B(z') < B(x) if 2’ is in case 3

Furthermore, ' is in case 3 only if k(x') is inseparable over k(zx) (in
particular p divides d).

Proof. Statement (1) is an easy application of proposition 2.6. For (2), we
apply lemma 6.3 to the initial form polynomial Hg in (6.10), where ®; = 0,
1 <i<p-—2and P, is given by (6.13). The initial form polynomial H,
in (6.14) at 2’ has A;(2’) = B(z) — 1. The upper bounds (6.16) and (6.17)
follow from lemma 6.3 and the self evident
1+ V—O(“@)J <j(l+ {%J) jz L
d d
The inequality in (6.15) then follows from definitions (6.7) and (6.9).
If &,y # 0, it is a monomial in Uy, U, (case 1) or in in Uy, Us, Us (case
2) by theorem 2.14 and the conclusion follows.
Finally, assume that x is in case 1 and 2’ in case 3. By theorem 2.20, we
may furthermore assume that k(2') = k(x) if k(2’) is separable over k(z).
But then 2’ is in case 1 by (1) and the conclusion follows. O
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Following now [27] Theorem 1.5 on page 1964:

Proposition 6.5. With hypotheses and notations as above, assume that x
is in case 3. Let (uy,uq,us; Z) be well adapted coordinates at x and assume
furthermore that

7 (@) € Spec(S[L, N2 /(W), B = w"h, Z' = 2.

If C(2") = C(z), we have
() = B(x) — 1, y(2') <~(x),

and there exist well adapted coordinates (u) = uy/ug, ug, uh; Z') at x' such
that the following holds:

(1) if &’ is in case 1, then

B(a') < % +1;

(2) if x' is in case 3, then
B(#') < max{6(z),0}

and B(z') < B(x) if (k(z') # k(x) and 5(x) > 0);

Moreover, ®,_1 # 0 implies f(z') = 0 (resp. [(z') < 0) if 2’ is in case 1
(resp. in case 3).

Proof. We apply lemma 6.3 to the initial form polynomial Hs in (6.10). The
initial form polynomial Hs in (6.14) at 2’ has A;(2’) = B(z) — 1 and the
upper bounds for 3(z’) follow from lemma 6.3.

By (6.9), note that

degF;(Us, Us) — j Ay () < i7y(x)

in (6.13) whenever F;(Us,Us) # 0. One deduces the upper bounds y(z') <
v(z) if B(x) > 0 as well as the sharper bound in (1) for vy(x) > 2, d > 2.

If ¢, 4 # 0, it is a monomial in Uy, U, by theorem 2.14 and the conclusion
follows. O
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Following [27] lemma I.5.3 on page 1966:

Proposition 6.6. With hypotheses and notations as above, let (uy, ug, ug; Z)
be well adapted coordinates at x and assume furthermore that

¥ = (7" = Z/ug,uy := uy/us, uy = us /uz, uz).

If C(2') = C(x), then ' is in case 2, (u},uy, us; Z') are well adapted coordi-
nates at 1,

A3(2') = B(z) — 1, B(a') = As(z) + B(x) — 1, (2') < y(2),
and the following holds:
(1) if x is in case 1, then C(z') < min{B(z) — C(x), C(x)};
(2) if @ is in case 2, we have C(z') < min{B(z) — As(z) — C(x), C(z)}.
(3) if x is in case 3, we have C(z') < min{B(z) — C(x), O(z) — Ba(x)}.

Proof. This relies on the characteristic free proposition 2.6. The argument
in [27] lemma I.5.3 on page 1966 gives all statements except “y(z') < ~(z)”.

Finally, v(2’) < ~v(z) is a trivial consequence of the definitions (6.7) and
(6.9) except if (z is in case 3 and C(z) < 0). But then fy(z) = —1/i for
some i, 1 <i < w(z) and (3) gives

C(z') < Clx) = folw) < 1,
so y(z') <1 as required. O
We now go ahead to prove theorem 6.1. The key lemma goes as follows:

Lemma 6.7. Assume that div(uy) has weak contact mazimal for C. Let
be valuation of L = k(X) centered at x and consider the quadratic sequence
(6.1) along p, i.e. with Y; = {x;} for everyi > 0.
Assume that one of the following holds:
(1) z is in case 1 with: B(x) = 2 and

w(z)

Bpo =Y UL D7D, 0 i(Us, Us)
i=0
has @, .1 # 0 with notations as in (6.12), where o9 == {(A1(2),2)};
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(2) x is in case 3 with f(x) = 1.

Assume furthermore that vy = (Z' := Z/us, v} := uy /ug, uh = us/us, u3),
C(xq1) = C(x) and y(x1) = 2. Then C(x2) < C(x) or y(z2) = 1.

Proof. Note that x; is in case 2 with v(z;) = 2 by assumption. By proposi-

tion 6.6, we get As(x1) = As(z) and respectively:

(1) Clz) = C(z1) = 1, Az(z1) = Az(2), B(z1) = Az(z) + 1;

(2) C(z) =0, fa(x) = =1, C(z1) =1, A3(z1) = A2(z) — 1, B(z1) = As(z).
These facts furthermore imply that

Ao(z1) = {(y1,92) € Réo Sy oy > 13

We are done by proposition 6.6 if x5 is again in case 2. Otherwise, we may
assume that C(x9) = C(x) and apply proposition 6.4 to estimate y(zs). We
get y(z2) = 1 if k(x9) # k(x) by (1) of this proposition.

Assume that k(z2) = k(z). We claim that the following sharper bound
holds, which concludes the proof:

B(x2) <1 (resp. f(az) < 0) (6.18)

if o is in case 1 (resp. in case 3).

There are associated d),d}, d; € 1/pN at xy with d} = d;, d, = dy and
w(x) 1+ w(x)

p

dg:d1+d2—1+ (resp.dg:dl—i—dg—l—i—

)

if z is in case 1 (resp. in case 3).

Under assumption (1), the initial form (6.11) at x; has Fy(Uj, Us) # 0
and is of the form

Fy(Uy, Us) = Uy Us* F (U, Us),
where ag > As(x), az > As(x), and either F' € k(z) or
az = az = Ag(x1) € Nand F = MUy + AUz, A3 # 0. (6.19)
By lemma 6.3(1) with d = 1, we get (6.18) provided

AQ([Bl) + Ag(l‘l) + 1

dy + (w(z) —1)/p&Nor dy+dy + »

¢ N,
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When this fails to hold, we have (6.19) with Ay # 0 and

di+ (w(z) —1)/p eN, 2(dy + )eN (6.20)

by the above calculations. Furthermore, p > 3 (statement ¢’/p ¢ N in lemma
6.3(1)). We deduce that dy + % € N, which in turn implies that

U € J(Uptt a2 grdst 20 port 1y div(uus), m)

with notations as in lemma 6.3(1), applying Ugg—Ug. Then equality is strict
in lemma 6.3(1) and the conclusion follows.

Under assumption (2), note that since fy(x) = —1 we necessarily have
F1<Uév U3) 7A 0 or
Hfle —< Ulw(a:)—lUZI-l-Az(m) > .
In the former case, the proof is parallel to that under assumption (1), ex-
changing the roles of U, Us; in the latter case, we conclude from proposition

6.4 with ®,_; # 0. 0

Proposition 6.8. Assume that div(u,) has weak mazimal contact for C. Let
w be valuation of L = k(X) centered at x and consider the quadratic sequence
(6.1) along p, i.e. with Y; = {x;} for everyi > 0.

If C(z;) = C(x) for every i > 0, one of the following is true:

(i) v(x;) =1 for every i >> 0, or

(i1) there ezists a formal arc ¢ : SpecO — (X, x) with l|k(z) finite alge-
braic, support Z := Z(p) with

n(Z) C div(uy),

n(Z) not an intersection of components of E, whose strict transform
passes through x; for every i > 0.

Proof. Note that (ii) fails to hold if and only if: for every i > 0, there exists
i’ > i such that either k(x;) # k(x;) (i.e. some of proposition 6.4, 6.5 applies
to xy with d > 2) or xy is in case 2.

Assume therefore that (ii) does not hold. By propositions 6.4, 6.5 and
6.6, we have y(x;41) < y(x;) for every i > 0 and inequality is strict for '
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as above if y(zy) > 3. W.lo.g. it can be assumed that y(z;) = 2 for every
1 > 0. We now derive a contradiction by studying different cases.

(a) if x is in case 1 with (z) < 2, we are done by propositions 6.4 and 6.6.

Assume that z is in case 1 with §(z) = 2. If proposition 6.4 applies, we
obtain f(x1) < 2 (B(z1) < 2 if k(z1) # k(z)) if 27 is again in case 1. If x;
is in case 3, we get B(xy) < 1 (strict inequalities follow from lemma 6.3(1) in
case p = 2).

Assume that x is in case 3. If proposition 6.5 applies, we obtain f(x;) <
B(x) (with strict equality if k(z1) # k(x)) if 21 is again in case 3. If x; is in
case 1, we get B(x;) < 2; if furthermore (x) = 1, inequality is strict unless
xy satisfies the assumptions of lemma 6.7(1). We deduce:

(b) if  is in case 3 with 5(z) = 1, we are done: this follows from lemma 6.7
and the previous comments.

(c) if = is in case 1 with f(x) = 2, we are done: we may assume that
proposition 6.6 applies by the previous comments; we reach (a)(b) or the
assumptions of lemma 6.7(1) at x5 since it is assumed that v(z3) = 2.
(d) the remaining cases: x is in case 2 (resp. in case 3 with g(x) > 1).
The result is trivial if x; is in case 2 for every ¢ >> 0. Otherwise, note
that: C(x;) < C(z) if 21 is in case 2; f(z1) < C(x) if xy is in case 3 (resp.
C(z1) < B(z) if 21 is in case 2; [(z1) < B(z) if 21 is in case 3), applying
propositions 6.5 and 6.6. The conclusion follows easily.

[

Proposition 6.9. Assume that div(uy) has mazimal contact for C and that
v(z) = 1. Let p be valuation of L = k(X') centered at x. There exists a finite
and independent composition of local permissible blowing ups of the first kind:

(X, z) =: (X, z0) «— (X1, 21) — -+ — (X, z,),

where x; € X; is the center of u, such that C(x,) < C(x) or x, is resolved for
m(x) = p.

Proof. We may assume that C(x;) = C(x) for every ¢ > 1 for the resolution
process to be defined below; we will either derive a contradiction or prove
that x, is resolved for m(z) = p for some r > 0. Suppose that 7 > 1 and that

As(z;1) < 1 and (z;_q is in case 2 = [(z;—1) < 1). (6.21)
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Then we consider the quadratic sequence (6.1) along p. In every case, we
have

Ag(x;) < Ag(xi-1),

where inequality is strict except if either proposition 6.6 applies, or (z;_1 is
in case 1 with (z;_1) = 1). If proposition 6.6 applies, we have

ﬁ(xl) = Ag(l‘ifl) + 6(Ii,1) —1<1

This proves in particular that (6.21) holds at x; for every i’ > i. W.lo.g. it
can be assumed that i = 0.

If x is in case 1 with f(x) = 1 and k(xy) # k(z), then S(z1) < 1 by
proposition 6.5; if proposition 6.6 applies to x, then 3(z1) < (). In other
terms, we have

(A2(z1), B(1)) < (A2(2), B(w))

for the lexicographical ordering except possibly if x is in case 1 with f(x) = 1
and k(z1) = k(x). So in the sequence (6.1), we may assume that x; is in case
1 with

As(zi) = As(z) < 1, B(z;) = B(z) =1, k(z;) = k()

for every i > 0. Applying proposition 3.8, we are done if alternative (2) of
this proposition holds; if alternative (1) holds, it can be assumed that there
exists a permissible curve of the first kind Y = V(Z, uy,u3) C (X, x). Then z
is resolved by blowing up ): in view of definition 6.1, we need only consider
the point 2’ := (Z/us, us /us, ug, uz) and get w(z’) < w(z) from proposition
2.6. This proves the proposition under the extra assumption (6.21).

We now consider several cases which are proved consecutively:

(a) = is in case 1. We have Ay(x) > 1 if the extra assumption (6.21) does
not hold. Let (uy,us,us; Z) be well adapted coordinates at z and note that
Y := V(Z,uy,usy) is a permissible curve of first kind. Blowing up along ),
we are done except possibly if 21 = (Z/ug, uy /us, us, ug), in which case x; is
again in case 1 with

(As(21), B(21)) = (Az() = 1, B())-

The proof concludes by induction on A,(z). Before going along with the
proof in cases 2 and 3, we make the following remark:
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Remark 6.3. Assume that z is in case 2 with Ay(x) > 1. Let (uy,uq,us; Z)
be well adapted coordinates at x and denote ) := V(Z, uy, uy) with generic
point y. Since €(y) = €(x), Y is permissible of the first kind if and only if it
is Hironaka-permissible w.r.t. F, i.e. if m(y) = m(x) = p. Thus:

Y is permissible of the first kind < d; + do + @ > 1. (6.22)
p

Suppose that Y is Hironaka-permissible. Blowing up along ) and arguing
as in (a), we achieve:

xq in case 2, Ag(zq) = Ag(z) — 1, As(x1) = As(x). (6.23)

This proves that it can be assumed to begin with that
w(z)
A](.Q?) <lord + dj + T <1 (624)

for each of j = 2, 3.
Assume that x is in case 2 with d; + w(z)/p < 1 and z is blown up. If

2’ := x1 is in case 3, we have:

sz S k‘(l‘)[Ug, Ug], di =0 and dy + ds + % eN

by theorem 3.6(1). Let (u) := uy/ug, ug,v'; Z') be well adapted coordinates
at z’, so we have

E' = div(ujuy),e(z') =1+ w(x) < p, d; =0 and d, € N.

Therefore 2’ is resolved for m(z) = p by blowing up codimension one centers
of the form )’ := V(Z', uy).

Algorithm: if x is in case 2 and Y, := V(Z, uy, u;) is permissible for some of
J = 2,3, blow up along );; otherwise blow up along x.

We claim that this algorithm succeeds, i.e. produces z, in case 1, ¢f. (a),
or z, resolved for m(x) = p. The proof is different for small values of w(x):

(b) proof when dy + w(x)/p < 1. Let = be in case 2. We may assume that
(6.24) holds.
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(bl) if dy + dj + w(z)/p < 1, j = 2,3, the algorithm blows up along z. By
the above remark 6.3, it can be assumed that x1 = (Z/usg, uy /ug, us, ug/us)
up to renumbering us, uz. We obtain

dllzdl, d’2:d1+d2+d3+w(x)/p—1<d2, dg:dg

Assumption (b1) is stable by blowing up and can possibly repeat only finitely
many times.

(b2) by the above remark 6.3, the algorithm succeeds or produces an infinite
sequence of points in case 2. By (6.23), any subsequence of blowing ups along
curves is finite, in particular C'(z,) = 0 for every r >> 0. Take r = 0 to
begin with and assume w.l.o.g. that x is blown up. The extra assumption
(6.21) holds if 0 < Ay(x), A3(z) < 1. Up to renumbering us, us, we may
furthermore assume by (6.24) that

(dl + d2 + % < 1,A2(£C) Z 1), (dl + d3 —+ % Z 1,A3<LIZ’) < 1) (625)

Let
xy = (Z/ug, uy fug, ug, usz/ug) and zf := (Z/usz, uy Jus, us/uz, us).  (6.26)
If 1 =) (resp. z1 = ), we have d} = d; and
dy = dz, As(z1) = As(x), Ax(xy) = As(z) + As(x) — 1 < Ax(2)

(resp. dy = da, As(x1) = As(z), As(z1) < As(z), di < d3).
When x; = 2! and the algorithm blows up again along a curve (Az(z;) > 1),
note that
dy +dy+w(x)/p—1<dy
since dy + w(z)/p < 1. This proves that any further blowing up at a closed
point either satisfies: some of (bl) or (6.21), or satisfies again (6.25) with
a smaller value of (As(x),ds) for the lexicographical ordering. Induction on

(As(z),d3) completes the proof for z in case 2 (vid. the same argument in
[27] 1.7.4 on p. 1968).

Let now x be in case 3. We are done unless x; is again in case 3. Then

Ay(xy) = Ag(x) + C(z) — 1 < Ay(x).
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Therefore the algorithm reaches (6.21) after finitely many steps. This com-
pletes the proof of (b).

(c) proof when dy + w(x)/p > 1. By the above remark 6.3, we may assume
that 0 < As(z), As(x) < 1 to begin with if x is in case 2. If z is in case 2
(resp. in case 3), we let

d(x) := p(x) (resp. ' (z) := Ax(x)).

We have ¢/(z) > 1 if the extra assumption (6.21) does not hold. Applying
propositions 6.4, 6.5 and 6.6, we obtain:

e if x is in case 2 and xy = &) (resp. z; = ), notations of (6.26), then
As(z1) = As(z), (21) < As(2) + B(z) — 1 < (2)
(resp. Az(z)) = Ax(x), c(a) = Ag(x) + B(z) — 1 < ().
Note that blowing up along the curve
V' :=V(Z/ug,u1 Jug, us) (resp. V" :=V(Z/usz, ui/us,us3))

if Ay(z)) > 1 (resp. if Az(2]) > 1) does not change ¢/(z)) (resp. does not
increase again ¢(z%)). If x is in case 2 and z; is in case 3, then

d(x1) = Ag(x) + As(x) + C(z) — 1 < Ag(z) + B(z) — 1 < d(2).
e if x is in case 3 and x; is in case 2 (resp. in case 3), then
d(x1) = As(z) + B(x) — 1 < () (resp. d(z1) = Az(x) + C(x) — 1 < d(x)).

Induction on ¢(z) completes the proof. O

7 Projection theorem: very transverse case,
resolution of k() = 2.

In this chapter, we prove theorem 5.1 when k(z) = 2 (definition 5.1). This
is restated as theorem 7.18 at the end of this chapter.

Assume that a valuation p of L = k(X) centered at z is given. We
consider finite sequences of local blowing ups along p:

(X, 7) = (X, 20) « (X1, 1) -+ — (X, z,) (7.1)
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with Hironaka-permissible centers V; C (A&}, x;), where x;, 0 < i < r, denotes
the center of u, see (5.2) and following comments. Also recall the definition
of “resolved” and “good” (definition 5.2) and remark 5.2 about the logical
scheme of the proof of theorem 5.1.

Up to the end of this chapter, “resolved” stands for “resolved for (p,w(x),2)”.

7.1 Preliminaries.

In this section, we study points 2’ obtained by performing a permissible
blowing up and such that (m(z'),w(z’)) = (m(x),w(x)) and k(z') > k(x) =
2.

Lemma 7.1. Let (uy,us,us; Z) be well adapted coordinates at x. Assume
that e(x) = w(zx) > 2, k(z) > 2 and div(u;) C E.

Assume furthermore (di,ds + 1/p,ds + w(x)/p) is the only verter v =
(v1,v9,v3) of Ag(h;uy,us, us; Z) in the region vy = dy.

Then x is resolved.
Proof. Since k(x) > 2, there is an expansion
N, h =2+ F,z, H'F, 7 C k(2)[U, Us, Us]ua)-
Any vertex of Ag(h;uy,ug, ug; Z)N{v : v1 +v9+v3 = d(x)} lies in the region
v > dy by assumption and we deduce that U; € Vdir(z). Let
p .
ingh = 2" + Y F; 2" € k(z)[Uy, Us, Us][Z]
i=1

be the initial form polynomial with respect to v. By theorem 2.14, we have
F,y =0,1<i<p-—2 and F, 1, = —GE! since ¢(x) > 0. Moreover
GP~1 #£ 0 implies that

v € N}, E = div(uyugus) and (Discz(h)) = (ufdlugdﬁlugdﬁe(x))p_l. (7.2)

Let YV = V(Z,u3,u3) C X and y € X be its generic point. If Y is
permissible of the first kind, i.e. m(y) = p and €(y) = €(x), we take )y := Y
in (7.1). By theorem 3.6, we have ¢(z1) < (p,w(x), 1) unless

Vdir(z) =< Uy > and @y = 2’ := (Z' := Z/us, u] := uy/ug, ug, u3).
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By proposition 2.6, Ag(h';u}, us,uz; Z') is minimal, and we deduce that
H(x') = (u’lpdlu§d2+1u§(dl+d3_l)+e(x)) and v’ := (dy,dy + 1/p,dy + d3 — 1 +
e(x)/p) is a vertex of Ag(h';u), us, us; Z'). Therefore w(x') < e(2’) =1 and
the lemma holds.

Assume now that ) is not permissible of the first kind. We take )y := {z}
in (7.1). If «(z1) > (p,w(x),2), x1 belongs to the strict transform of div(uy)
by theorem 3.6.

Ifx) =a" = (2 = Z/ug, v} := uy/ug, ug, uy := ug/usy) is the point on the
strict transform of ), then Ag (h';u), us, ul; Z’) is minimal by proposition
2.6 and we deduce as above that H(z) = (u,Py8 @ Tt ds=Dre) rpdsy 4nq
v = (di,dy +dy +ds — 1+ (1 + €(x))/p,ds + €(z)/p) is the only vertex
of Ag(R';ul,ug,us; Z") in the region v] = d;. Since €(z’) < e(z) = w(x),
we deduce that z; satisfies again the assumptions of the lemma if ¢(x;) >
(P, w(z),2).

The conclusion of proposition 3.8(2.b) is not satisfied by the formal arc
Y- X. Iterating, we deduce from proposition 3.8(1) that one of the follow-
ing three properties is satisfied for some r > 1:

(1) t(zr) < (p,w(z), 1);

(2) x, belongs to the strict transform ), of ) in &, and ), is permissible
of the first kind at x,., or

(3) x, does not belong to Y.

The lemma holds when (1) is satisfied; it has been proved above that the
lemma also holds when (2) is satisfied. If (3) is satisfied, it can be assumed
w.l.o.g. that r = 1. We claim that z; satisfies the conclusion of the lemma
if T 7é (Z/U,g, ul/u3, UQ/Ug, Ug).

To prove the claim, first note that there exists a unitary polynomial
P(t) € S[t], whose reduction P(t) € k(x)[t] is irreducible, P(t) # t, and
ry = (X' 1= ZJug,u| := uyJus, u := uz,ufy == P(uz/usz)). We then denote
S" = Sluy fuz, uz/us] ) wyy) and

p
h, = X/p + Z fi7X/X/p_i € S,[X/], E, = le(Ullug)

=1
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We have H(z') = (uP"u,Pthatds=DTe@)) po broposition 3.5(iv) and
vii=(dy,dy:=dy+dy +d3s— 1+ (1+¢(x))/p,0)

is a vertex of Ag (h';ul, uy, uy; X').
If v’ is not solvable (in particular if G # 0, see (7.2) above), we deduce

that w(z’) < e(2’) = 1 and the lemma holds.
If v’ is solvable, we had

ingh = 27 + AUPHURE TIPSt N e k(z), A #£0

to begin with. Let o' C Ag (R;ul, ul, us; X') be the (noncompact) face with
equations v = dy, vy = d,. The initial form polynomial corresponding to ¢’
is
pda+1
g = X7 4N 2) Ut
o U3 1 2 )
where 0 denotes the image in S"/(u},u}) of @ € S'. Let u € k(z') be the
residue of ug/us. Since v’ is solvable, we have:

(dy,db) € N2, AP+t € k(2. (7.3)

Take Z' := X' — ¢, ¢’ € S" such that Ag (h';u), ub, uh; Z’) is minimal. We
have ¢’ = ~/u,"u,™, where 4/ € S is a preimage of (A\uP=t)/P € k(z).
By (7.3), AUY™™ is not a p™-power, since v was not a solvable vertex. We
deduce that

s pda+1 .

AN(2) 7 e s

U3
is a regular parameter. Therefore v| := (dy,d, + 1/p,1/p) is a vertex of
Ag (B ul, uh,uy; Z') and this proves that w(z’) < 1. This concludes the
proof of the claim.

To conclude, take x; = 2’ 1= (Z' 1= Z/ug, u| = uy/us, uhy := us/ug, ufy ==
ug). Since Ag (h';u}, ub, us; Z') is minimal by proposition 2.6, we deduce as
before that H(z') = (W,""u,f®uP%) and v/ := (dv,ds + 1/p,d} + 1/p) is
the only vertex of Ag/(h';u),ul, us; Z') in the region v = dy, where dj :=
di+ds+ds—1+e€(x)/p. Therefore e(x’) < 2 and we are done unless w(z) = 2,
t(z') > (p,2,2) and E = div(ujugug), which we assume from now on.
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We have E' = div(ujubu}) and the initial form polynomial has an expan-

sion
inms,h/ = Z/p + Fp7Z/.
with H' 7' F, 7 = Ul(MU} + M\Us + A\sU3) + pUbUj. The assumptions imply
that pH'USUS & G(mg )P and (A1, A2) # (0,0). Moreover, we have
/\j 7é 0= )\]H,U{UJ/ g G(msl)p, 1<5 <3,

If 7(z1) = 3, we take ) := {1} in (7.1) and obtain ¢(z3) < (p,2,1). We
conclude by analyzing the cases 7(z1) < 2. By [27] I1.1.5 p.1888, this implies

that Ay = 0. Therefore Ay # 0, since (A1, A2) # (0,0). It is then obvious that
7(z1) < 2 implies that A3 = 0 and we get

H''F, 5 = Uy(A\Ul 4 ulUs), A # 0. (7.4)
By lemma 7.3 below with (i,w) = (1,2), we have p > 3 and
do+1/p €N, di,d, ¢ N and pdy + pd,, + 1 = p. (7.5)

Let Vi = (Z',u},uy), y1 € X be its generic point and Wy = (u}, uj).
For i, 1 <i < p—1, consider a finite monomial expansion (2.4):

fiz = Z y(@)ui uy?us® € S, S(fiz) C As(h;u, us,us; Z).

a€S(fi,z)

The polyhedron assumption on h gives
3
ac€S(fiz) = (a1 >dy, ay+az>dy+ds+ ]_?)

and that at least one of these inequalities is strict. Now f; z» = ug ‘ fi,z and
one deduces that

dw, fi.z .
W = min {241 +ay+az—1} > dy +ds. (7.6)
1 aES(fin)
By (7.5), we have i(d; + d5 + 1) € N, so (7.6) actually implies that
dw, fiz
Tz s gy 11,

i

since 1 < ¢ < p—1 and ordw, f; »» € N. On the other hand, ordyw, f, 2z =
p(dy + d5) + 1 > p and we deduce that ), is Hironaka-permissible w.r.t.
E’ with e(y;) = 1. Arguing as before, on gets w(zy) < e(xg) < 1 (resp.
t(zg) < (p,2,1)) if the residue ' € k(z2) of uy/u) does not satisfy (resp.
satisfies) Ay + pp/ = 0. This concludes the proof. ]
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The following lemma extends the previous result when w(x) = 1.

Lemma 7.2. Lemma 7.1 remains valid when e(x) = w(z) =1, k(x) > 2 and
div(uy) € E C div(uquz), all other assumptions being otherwise unchanged.

Proof. Let YV = V(Z,uj,us) C X and y be its generic point. Arguing
as in (7.2) above, any vertex of Ag(h;uy,ug, usg; Z) is induced by f, 7. By
proposition 2.4, we have §(y) = dy + ds + % = §(x), since H'F, ; =< U; >.
Then proposition 2.3(ii) implies that

(m(y'), e(y)) = (m(), (")) = (p, 1).

Therefore Y is permissible of the first kind and we take ) := Y in (7.1). By
theorem 3.6, we have ((x1) < (p,w(z),1) unless

vy =1 = (7" = Z/ug,uy := uy/us, us, u3), B = div(ujus).

By proposition 2.6, Ag (h'; 1}, ug, us; Z') is minimal. We deduce that H(x') =

(uapdlug(d1+d2*1)+1) and v/ = (dy,dy + dy — 1+ 1/p,1/p) is a vertex of
Ag (b5 ), ug, ug; Z'). Therefore (m(z'),w(z’)) < (p,0) and the lemma holds.

]

Given an integer a € N, we denote by a € {0,...,p — 1} the remainder
of @ modulo p. The following elementary lemma is useful.

Lemma 7.3. Let (i,w) € N? satisfy 0 < ¢ < w and Fy € k(x)[Uy, Us);,
Fy #0. Take E := div(ujuqus) and let

(a(1),a(2),a(3)) € N*, H := U"VUsPUs® e G(mg) = k(2)[Uy, Us, Us).
We define F := HUY 'Fy; assume that F ¢ G(mg)? and that
< Us,U; >Z Vdir(J(F, E,mg)) for j =1 and j = 2.

Then
leI‘(J(F, E,ms)) =< U3, Uy + \Us >, A 7é 0, (77)

and the following holds:

(i) if i = 0 modp, there exists 0 # ¢ € k(z) such that

F — cHUY (U, + \Uy)" € G(mg)?;
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(11) if i # 0 modp, let a; := a/(j\'), 1<j<3,anda ::/i\;é 0. Then:
az +w —a =0 modp, ajay # 0 and a; + as + a = p. (7.8)
In particular p > 3. There exists 0 # ¢ € k(z)? such that
F — cUyO70, (U, \Us) € G(msg)?,

where

®;(Uy, Us) = (—1) 2 ys®

‘ a2—|—k;—1
k

> U{sz(Ul _'_UQ)ifaJrk.
k=0

(7.9)

Proof. [27] I1.5 p.1896 for (i) and (7.8). There remains to prove that there
exists 0 # ¢ € k(z)? such that

HyFy — c®,(U1, \Uy) € (k(2)[U, Ua))?, Hy:=UyVU5®.
It is easily checked that (7.7) holds when F = US®T®™g, (U AU,). Note

that
Hy (U, AU) = (—1)2 7@ < “2: “ ) Uig - (7.10)

Let (A)iea be an absolute p-basis of k(x) and let

0 0
Dy=—D;:=Uj—, 7=1,2.
l a/\l 7 J an? J )
We expand
Fy:=aUl +a U WUy + -+, a,a; € k(). (7.11)
Since Hy'D; - (HoFy) €< (Uy + AUy)' > by (7.7), 1 € AU{1,2}, it is easily
seen that « # 0.

Suppose that a € k(x)P. Since Hy' D, - (HoFp) €< (U + \Us)" >, 1 € A,
and this polynomial is divisible by Us,, we have D, - HyFy = 0 for [ € A by
(7.7). We deduce that HyFy € k(x)P[Uy, Uy and in particular that A € k(x)P.
Let

a

1
F' = HyFy — ¢®;(Uy, \U3), ¢ := a(—1)2\"@ ( G2 ) € k(x)P.
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By construction, we have H'D;- F' = 0,1 € AU {1,2}, and (ii) is proved.

Suppose that o & k(x)P. Without loss of generality, it can be assumed
that « = A, for some [ € A. For I' # [, U, divides Hy'Dy - (HoFp), so
Dy - (HoFy) = 0 by (7.7). This proves that Fy € k(z)?(«)[Uy, Us]. We have

Hi'Dy - (HoFy) = Ui+ (Dy-a)U U+ - -

H;'Dy - (HyFy) = (a1 +a)ali + (a1 +a— 1)U Uy + - - -
from which we deduce the identity

al = Doy
(7.12)
ala; + a)ar = (a1 +a—1)y

Therefore (a1 + a — 1)oy = (a1 + a)(D; - aq). Expanding aq =: Z?;é Ao,
we then deduce that

ag = c?aj, where (a; + a)j = a; + a — 1 modp. (7.13)

Since a; +a+ ay = p in this case (ii), we get az(j —1) = 1 modp from (7.13).
One deduces from (7.12)-(7.13) that a = dA\*? for some d € k(x)?, d # 0.
The proof now concludes as in the above case a € k(z)?. O

Lemma 7.4. Assume that E = div(uy). If (uy,us,us; Z) are well adapted
coordinates at x, then

ingh = 2P + U'F € S/(w)[U1][Z], F #0.

Proof. This is obvious if charS = p > 0 and h is purely inseparable (case (c)
of assumption (G)). Otherwise, (E) implies that Discz(h) = yu for some
D > p(p—1)d; and v € S a unit. Let

p
inph=2"+Y U FZ2"", F, € S/(u)[Ui)ia,.
i=1
where F; = 0 if id; ¢ N. Since charS/(u;) = p > 0, condition (G) implies
that ingh has p distinct roots over an algebraic closure of k(FE) if F; # 0 for

some i # p. But then D = p(p — 1)d;: a contradiction since ¢(z) > 0. We
deduce that F; =0,1 <7 <p—1. We have F,, # 0 by proposition 2.4.
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Proposition 7.5. Assume that e(x) = w(z), k(z) > 2 and E = div(uy).
Let (uy,ug,us; Z) be well adapted coordinates at x. Assume furthermore that
S/(ur) ~ k(x)[Us, Us|@,,ay) and the following two conditions are satisfied:

(i) the initial form polynomial ingh of lemma 7.4 is of the form
inEh’ =77 + delfa F € k(x)[ﬂ2yﬂ3]1+w(m);
(i1) we have

OF OF
(9u2 8’&3

where Vdir(z) denotes the image of Vdir(x) in < Us, Us >.

Vdir(z )+Vd1r< ) =< Uy, Us >,

Then x is resolved.

Proof. The proof is the same as that of [27] I1.3 p.1890 and we only indicate
the necessary changes. Since k(z) > 2, we have

inmsh =P + Fp,Z; Hile’Z - /{7(1’)[[]1, U2, U3]w(z) (714)

and U; € Vdir(x) as in the beginning of the proof of lemma 7.1. We discuss
according to the value of 7/(x).
e Assume that 7'(x) = 3. The proposition follows from theorem 3.6.
o Assume that 7'(x) = 2. Note that w(z) > 2. Since E = div(u;) and
U, € Vdir(z), we have Vdir(z) =< Uy, AUy + A3Us >, (A9, A3) # (0,0). By
symmetry, it can be assumed that Ay = 1. If A3 # 0, we let vy := us + Y3us,
where v3 € S is a preimage of A3 € S/(u1) =~ k(x)[Ws, Us)w,,u)-

Let (uq,v2,us; Z1) be well adapted coordinates at z, Zy = Z — ¢, ¢ € S.
By lemma 7.4, we have ord,, ¢ > d;. Therefore

inph = 20 + UP(F + ¢),

where ¢ = 0 (resp. ¢ = clo(u;™¢) € S/(w1)) if dy & N (resp d; € N).
Without loss of generality, it can be assumed that (14-w(z) = 0 modp and ¢ €
k() [U2, Ws) (1+w(x))p) if @ # 0. Assumptions (i) and (i) are then unchanged,
so it can be assumed w.l.o.g. that Vdir(z) =< U;,U; >. Assumption (ii)
now implies

F(thy, ) g< 0, " > (resp. F(Up, Us) ¢< W, w315 >)
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if w(z) # 0 modp (resp. if w(x) =0 modp).

Let X' — (X, x) be the blowing along = and 2’ € X’ be the center
of p. By theorem 3.6, we have «(2') < (p,w(z),1) except possible if 2/ =
(Z' = ZJuy,u) = uy/us,uy = ug/us,us), since Vdir(z) =< Uy, Uy >. If
then «(2') > (p,w(x),2), there are two cases to be considered as in [27] end
of p.1891:

Case 1: F(ﬂg,ﬂgg) = >\0_1+W(z + )\1@3% ?) >\1 7é 0. Then (X, ) sat-
isfies the assumption of lemma 7.1 (instead of ibid. II.1 on p.1885) whose
conclusion proves the proposition.

Case 2: F(uy,u3) = )\O_H‘U 2 4 Alﬂgﬂ;}(x) + Aﬁga“;(“’ , Ao # 0 and
w(z) —1 = 0 modp. Then 7(z') = 3 by the characteristic free ibid. lemma
I1.3.3 on p.1892. Blowing up again z’ then gives ¢(z") < (p,w(z),1) by
theorem 3.6, where z” is the center of u.

o Assume that 7'(x) = 1. We have Vdir(z) = k(z)U; and F, z = )\deﬁw(ﬂﬁ)
n (7.14). Assumption (ii) now reads

oF OF — =
= . 1
Vdir <au2 8u3) < UQ, Us > (7 5)

Let X' — (X, ) be the blowing along = and 2’ € X" be the center of p.
By theorem 3.6, we have ((z') < (p,w(x), 1) except possible if 7'(z") lies on
the strict transform of div(u;). By symmetry on %, us, it can be assumed
that o’ = (Z' := Z/uy, v} := w1 /ug, ug, us := P(us/usz)), where P(t) € S[t] is
a unitary polynomial whose reduction P(t) € k(z)[t] is irreducible. We have
E' = div(ujus). Let

P(U2,Ts) =Ty P(U3/T2) € k(@) T2 Vsl
By (7.15), we have
OF OF
= A, —) < — 1.
a ordp(am, 8@3) <w(z)—1

If o(z") > (p,w(x),2), there are two cases to be considered as in [27] p.1894:

Case 1: a = w(x) — 1. If w(z) > 2, this implies that k(z') = k(x).
Arguing as in the above case 7/(z) = 2, it can be assumed that P(t) = t.
Then (X7, 2’) satisfies the assumption of lemma 7.1, whose conclusion proves
the proposition.
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If w(z) = 1, then (X’,2’) satisfies the assumption of lemma 7.2 or there
is an expansion

i, b = Z7 + UPT U OO 4 UL € Gims)[Z] (7.16)

with M, #£ 0, where (u}, ub, us; Z') are well adapted coordinates at «’. With
notations as in lemma 7.3, we let a; := p?cl\l

Assume in addition that p = 2, or that a1 # (p — 1)/2. We have
Vdir(z') =< Uj,U5 > by lemma 7.3. Let V' = V(Z' v}, u}) C X' with
generic point y'. By (7.16), any vertex of Ag (h';u}, ub, uh; Z') is induced by
fp.z and we have §(y') = 2d; — 1+ 2/p = 6(2'), so )’ is permissible of the
first kind at z’. Blowing up )’ then gives ¢(z”) < (p,w(x), 1) by theorem 3.6,
where z” is the center of p.

Assume now that p > 3 and a; = (p — 1)/2. If dy > 1, the centers
Vi = V(Z',u}), j = 1,2 are Hironaka permissible w.r.t. E’. Blowing up
consecutively )|, then ), and iterating, we reduce to the case d; = a;/p < 1.
Blowing up again )’ as above then gives m(z”) < 2 < p, where 2” is the
center of u and the conclusion follows.

Case 2: a = w(x)—2. Then w(x)—1 = 0 modp and there is an expansion
i, h' = 2" + UPR U (UL (U], Us, Us) + NURUS™ ™Y € G(mg)[ 2]

with d} = d; — 1 + w(x)/p, N # 0, & # 0, where (u}, u),us; Z') are well
adapted coordinates at a’. Then 7(2") = 3 by the characteristic free ibid.
lemma I1.3.3 on p.1892. Blowing up again &’ then gives «(z") < (p,w(z), 1)
by theorem 3.6, where z” is the center of p. O

Proposition 7.6. Assume that e(x) = w(x) > 2, k(z) > 2 and E = div(uy).
Let (uy,ug,us; Z) be well adapted coordinates at x. Assume furthermore that
the initial form polynomial ingh = ZP + delf, F € S/(uy), of lemma 7.4
satisfies the following two conditions:

(i) ord(gmg)? =w(x)+1;
(i) the form ® := clw(z)ﬂf € k(z) [Ug,Ug]w(mH_l is such that

) d .
aT =0 and Vdir(aT) =< Uy, U3z >.
oU5 oU

Then x is resolved.
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Proof. This is a simpler variation of proposition 7.5 and we build upon its
proof. To begin with, let (uy, us, u}; Z’) be another set of well adapted coor-
dinates at . There is an equality

U?/) = AUz + \Us + N\ U, € G(mg)l =< Ul, UQ, Us >, A3 7& 0.
The corresponding initial form polynomial ingh = Z"¥ + U} WF satisfies
O = clym 1 F = F(Ug, 23 (U — MUs)) + O € k(2)[Us, Uglua) 1,

where © € k(z )[Ug,Ug] o+ © =01if dy € Nor if w(z) + 1 # 0 modp.
We deduce that

o’ o _
— = 0 and Vdir(-—) =< U, Uy > . (7.17)

3 2

In other terms, (i) and (ii) remains valid for the well adapted coordinates
(uy, ug, ul; 7).
Also note that no ¢ satisfies (ii) when w(z) + 1 = 0 modp, since then
0P 0P
=0= & € k(x)[U,,Us) = —— =0. (7.18)
8 3 aU2
Let X' — (X, z) be the blowing along =, ' € X’ be the center of 1 and
suppose that ¢(z") > (p,w(z),2). We discuss according to the values of 7/(z)
as in the proof of proposition 7.5.

e Assume that 7'(x) = 3. The proposition follows from theorem 3.6.

o Assume that 7'(x) = 2. By (7.17), it can be assumed that Vdir(z) =<
Uy, Uy > or Vdir(z) =< Uy, Us >. The polynomial assumption proposition
7.5 (i) on F is used only in cases 1 and 2 of the corresponding proof. Therefore
under the assumptions of this proposition, it is sufficient to prove that

o g< U0 0,059 > i Vdir(e) =< Uy, Uy >
(7.19)
o ¢< U, 0,05 > it Vdin(z) =< Uy, Us >
and that
—14w(z) = —w(z) —2—w(z)—1 . .
o Z< U, JUsU,  USU, > if Vdir(z) =< Uy, Uy >
(7.20)

—14w(x) —w(z) —2—w(r)—1

O < U,y LU UL ULU, > if Vdir(z) =< Uy, Us >
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if furthermore w(x) — 1 = 0 modp. By (ii), we have

—w(z

O € k(2)[Ts, T\ k(2)[T1] and 5—% Z< T >

and (7.19) follows easily. Furthermore, (7.20) reduces to (7.19) except pos-
sibly if p = 2; but assumption (ii) then implies that w(z) = 0 mod2 by
(7.18).
o Assume that 7'(z) = 1. We have Vdir(z) =< U; >. The polynomial
assumption proposition 7.5 (i) on F' is also used only in cases 1 and 2 of the
corresponding proof.

If k(x') = k(x), one is then reduced to proving (7.19)-(7.20) and the proof
is identical as in (b).

If [k(2) : k(z)] > 2, the argument in [27] proof of I1.3 (cases 1 and 2 on
p.1894) shows that p = 2, w(z) = 3 and [k(2') : k(x)] = 2; but assumption
(ii) then implies w(z) = 0 mod2 by (7.18) and the conclusion follows. O

Proposition 7.7. Assume that E = div(uy), €(z) = w(z), k(z) = 2 and
ler(:c) -+ k(ﬂf)Ul =< U17 UQ, U3 > .
Then x s good.

Proof. This follows from theorem 3.6 if Vdir(z) =< Uy, Uy, Us >, i.e. 7/(x) =
3.

Assume that 7/(z) = 2. Since Vdir(z) and ¢(z) do not depend on the
choice of well adapted coordinates, it can be assumed that Vdir(z) =<
Us,Us >. Since k(x) = 2, there is an expansion

i h =2+ F,z, H'F, 7 C k(2)[Us, Us)u()-

Let p be a valuation of L = k(X) centered at z, X} — X be the blowing
up along z and x; € &} be the center of pu. By theorem 3.6, t(x1) < ()
except possibly if zy = 2’/ 1= (Z' := Z/uy,uy, vl := ug/uy, ufy := uz/uy), so
E' =div(uy) and k(2') = k(x).

By proposition 2.6, Ag (h';uy,u), uy; Z') is minimal. We deduce that
e(2') < e(x); if x1 is very near z, we have €(z1) = €(x) = w(z;) and

i, h=2"% — G 7' 4 Fyp, H'Fy oz C k(2)[Uy, Uy, Uslue)-
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Moreover proposition 3.5(v) implies that
J(Fpz,E' ymg) = Ufe(x)J(sz,E, mg) modU;.

We deduce that k(z1) = 1 (so ¢(x1) < () if G # 0. Otherwise we have
Vdir(zy) =< Us, U} > modUy, so x; satisfies again the assumptions of the
proposition. The proposition then follows from corollary 3.9. m

Remark 7.1. All local blowing ups considered in this section are permissible
of the first kind except when p > 3 and w(x) < 2 (proof of lemma 7.1 for
w(z) = 2, proof of lemma 7.5 for w(z) = 1).

7.2 Reduction to monic expansions.

In this section, we further reduce the proof of the projection theorem to
those points with k(z) = 2 satisfying condition (*) below. To begin with, let
(u1, us,us; Z) be well adapted coordinates and

in,h =2 -GV 'Z + F,z € G(mg)[Z] (7.21)

be the corresponding initial form. If x(x) = 2, we have div(u;) C E C
div(ujusg), E = div(u) if w(xz) = e(x) — 1. We recall from definition 5.1 that
G =0if w(z) = ¢(z).

Definition 7.1. Assume that x(z) = 2. We say that x satisfies condition
(*) if there exists well adapted coordinates (uq,us, ug; Z) such that one of
the following properties are satisfied:

(i) w(z) = e(z), Us € Vdir(z) and J(F}, z, E,mg) C G(mg)) contains a
unitary polynomial in Us;

(i) w(z) =€e(x)—1, Us € Vdir(z) and H‘l% is (generated by) a unitary
polynomial in Us;.

Condition (*) is labeled (*1) (resp. (*2)) if £ = div(uy) (resp. if E =
div(ujus)) when condition (i) holds. Condition (*) is labeled (*3) when
condition (ii) holds.

Proposition 7.8. Assume that k(z) = 2. Let p be a valuation of L = k(X)
centered at x and consider the quadratic sequence

(X, 2) =: (X, 20) — (Xp,21) — - — (X, ) — - -

along p. The following holds:
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(1) there exists r > 0 such that x, is resolved or (i(z,) = t(x) and x,
satisfies condition (*));

(i) if x satisfies condition (*), then 1 is resolved or (1(x1) = v(x) and x;
satisfies again condition (*));

(113) if w(z) Z 0 modp, then x is good.

Proof. We first prove together (i) and (ii) by a casuistic analysis. The dis-
cussion goes according to the value of 7/(x) and subdivides in the different
situations w(z) = €(z) and w(x) = e(x) — 1.

o Assume that 7'(x) = 3. Then ¢(z1) < ¢(x) by theorem 3.6, so z is good
and there is nothing more to be proved.

o Assume that 7'(z) = 1 and w(z) = e(x). We may pick well adapted
coordinates (uq, us, uz; Z) such that Us € Vdir(z), so

J(F, 7, B,mg) =< US> |

We deduce that w(x) = 0 modp and z satisfies condition (*1) or (*2). This
proves that (i) holds with r = 0.

To prove (ii), we may assume that ¢(x1) > () (in particular w(z;) =
w(z)). There is an expansion (7.21) with

G =0 and UTPHU;P2E, , = AUS™ X #£0. (7.22)
By theorem 3.6, 1 lies on the strict transform of div(ug). Let

Z
=7 = u—,ull = %,u%ug = %), E' = div(ujus).

If zy = ', then Ag (h';u), ug, us; Z') is minimal by proposition 2.6. One
deduces from (7.22) that

e(z') = w(z) and J(F, 7, B',mg) =< US™ > mod(Uy) N G (mig)e(a.-

This proves that (¢(z") = ¢(z) and 2’ satisfies condition (*2)), so (ii) holds.
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_ Ifz; # 2/, there exists a unitary polynomial P(t) € S[t], whose reduction
P(t) € k(x)[t] is irreducible, such that

A
1 = (X' = — uy,vg := P(u}), uy := %), Uy 1= @, Ey =div(uy). (7.23)
Uq U1 U1

We have S1/(u1) = k(z) [y, U3 @, m,)- Let (u1,v2,uz; Z1) be well adapted
coordinates at x1, where Z; = X' —¢q, ¢1 € S1. Let d} :=di+da—1+w(x)/p
and ¢ € k(x1) be the residue of ujy. Note that we may furthermore assume
that P(t) # t if E = div(ujug) by symmetry on u; and us, i.e. ¢?® # 0 (and
2 =1if ¢ =0).

Case 1: d} ¢ N or A\ & k(z)P. By (7.22), it can be assumed w.l.o.g. that
ord,,y¢1 > dy. The initial form ing h; of lemma 7.4 is then of the form:

ing, hy = Zi° + \UPH @20 @) € S,/ (uy)[U4][Z4].
We have €(z7) = w(x) and
‘](FP,ZU Ey, mSl) =< Uif}W(x) > mOd(Ul) N G(m31)6(1‘1)‘

Therefore ¢(x1) = «(x) and z; satisfies condition (*1), so (ii) holds.
Case 2: dy € N and \c?® € k(z1)P. It can be assumed w.l.o.g. that

w(z)

r mod(uy),

,dll . ’
up o1 = Yus

where 7, € S; is a preimage of —(AcP%)Y/? € k(x,). Since Ag(h;u, ug, us; Z)
is minimal, we have

0 # dAUT"UL*®) € Qe e, -

We deduce that (uy, vl == yulP? 4+ 4P, u}) is a r.s.p. of Sy, where v € S is a
preimage of A. Let (uy, v}, u}; Z1) be well adapted coordinates at xq, so the
initial form ing, h; of lemma 7.4 is now of the form:

ing hy = 27 + UMala @ € Sy /(un)[U4][Z]].

If €(x;) = w(x), then z; satisfies the assumptions of lemma 7.1, so z; is
resolved. Otherwise we have €(z7) = 1 4+ w(x) and

OF, 7
H/_lﬂ =< Uéw(z) > mod(U;) N G(msl)w(w)'
oVz
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Then there exist well adapted coordinates of the form (uq,v), vs; Z') at
satisfying definition 7.1, so ¢(z1) = ¢(z) and x; satisfies condition (*3).

o Assume that 7'(x) =1 and w(x) = €(x) — 1. By definition 5.1, we then
have H~ 16 2 # (0), therefore

Z2Z oy s (7.24)

so x satisfies condition (*3). This proves that (i) holds.

To prove (ii), we may assume that ¢(z1) > ¢(x). By (7.24), there is an
expansion (7.21) with

G =0, UTPME,; = A\ULUSW + & (UL, UP)+ U, (Uy, UE, UE), A # 0. (7.25)

This furthermore implies that w(z) = 0 modp, so &g = 0. By theorem 3.6,
x1 lies on the strict transform of div(us). Note that we may furthermore
assume that

A =1 and degy, (U, U3, UY) < w(x) (7.26)
n (7.25): this is achieved by possibly changing uy to yous + yui, vy € S a
unit, then picking again well prepared coordinates. Let

A U1 Uus .
= (7= U—Q,ull = U—Q,ug,ug = u—z), E' = div(ujus).

If 21 = 2/, the proof is identical as when w(z) = €(x): one gets (¢(z') =
(x) and 2’ satisfies condition (*2)), so (ii) holds.

If 21 # 2/, we let d} :==dy — 1+ (1 4+ w(z))/p and use notations as when
w(z) = e(x). We have F; = div(uy) and consider three cases.
Case 1: dy ¢ N. By (7.25), ord(,, 1 > d.

If vy = o) == (Z] = Z/uy,uy,uly = usf/uy,ufy = us/uy), we have €
k(x)[U%,UL] and the initial form ing, h; of lemma 7.4 is of the form:

ing hy = 71" + Up 1(_’_"“ = 4 O (uy”, wy")) € St/ (w)|U1][Z4].

If & = 0, we either have €(z}) = w(x), so 2/ satisfies the assumptions of
lemma 7.1 and z; is resolved; or €(z}) = w(x) and
OF, 7

H!
aU'

L=< U") > mod(Uh) N G(ms,)u).
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Then «(x}) = «(x) and z) satisfies condition (*3).
If & # 0, we have €(x]) = w(x) and

H'7'F, 7 =< ®(USF, UsF) > mod(Uy) N G(ms, )u(s)-

If UyU; divides @, then 7 is good by proposition 7.7; otherwise ® is monic
in Uy or in Us, so «(z]) = ¢(z) and = satisfies condition (*1).

If 21 # 2/, then e(x1) = w(x), t(x1) = ¢(z) and z; satisfies condition (*1).
Case 2: d} € N and ¢ ¢ k(x;)?. With notations as in (7.23) sqq., we get
€(2') = w(x) and

H''F, 5 =< U + & (U, UF) > mod(Uy) N G(ms, )ua),
where degy, ®1(Us", Us”) < w(x) by (7.26). Therefore (1) = t(x) and z;
satisfies condition (*1).

Case 3: dy € N and ¢ € k(x1)P. It can be assumed w.l.0.g. that

w(@)

—a P — wi@) _
up = yuy v +Z¢iug 7" mod(uy),
=1

where v, € S is a preimage of ¢'/? € k() and

w(z)

¥; € k(z)[Wy) ) C S1/ (), 1 <i < —= »

Then (uq,vh := ub+ 4, u}) is a r.s.p. of Sy (viz. above w(x) = €(x), case 2).
Let (uq, vy, us; Z7) be well adapted coordinates. We have

ing hy = Z)7 + UM (o) + W(w, 1)) € S/ (u)[Uh][2]),

where W(uy, wy) € k(z)[W)(m,) W3], ordw, )V > w(z). Since w(x') = w(z),
we have

R . . — P
T =l U (@, ) € (Vo k(@) V5 T3 utw- (7.27)

If (e(z1) = w(z) and ¥ = 0), then z; satisfies the assumptions of lemma
7.1, so xy is resolved.

If (e(r1) = w(z) and 0 # ¥ €< V;w(m) >), we have
J(Fyz;, Bryms,) =< V3 > mod(Uy) N G(ms, )u).
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Therefore ¢(x1) = «(x) and z; satisfies condition (*1).
If (e(x1) = w(z) and ¥ g< V;w(m) >), we have
k(2") = 2 and Vdir(z') + k(2" U, =< Uy, V), U3 >

so z1 is good by lemma 7.7.
If €(z1) = 1 + w(x), we have

0F, 2

H!
vy

=< U3*™ > mod(Uy, V3) N G(1ms, (e

Then there exist well adapted coordinates of the form (uq,v), vs; Z') at
satisfying definition 7.1, so ¢(z1) = ¢(x) and x; satisfies condition (*3). This
concludes the proof of (ii) when 7/(z) = 1.

e Assume that 7'(x) = 2. Up to a change of well adapted coordinates, it
is easily seen that x belongs to one of the following types:

(TO) w(x) = €(z), £ = div(uy) and Vdir(z) =< Us, Uy >

(T1) w(z) = €(z) — 1 and Vdir(z) =< Us, Uy >

(T2) w(z) = e(z), E = div(ujuz) and Vdir(z ) =< Us, U+ AUy > with X # 0;
(T3) w(x) = e(x) and Vdir(x) =< Us, Uy >

(T4) w(x) = €(x) — 1 and Vdir(x) =< Us, U; >

Claim: suppose x is of type (Tk), 0 < j < 4. Then z; is resolved or one
of the following properties hold:

(a) t(z1) = ¢(z) and x; satisfies condition (*);
(b) t(z1) = v(x), 7'(x1) = 2 and = is of type (T1) with | < k.

If moreover z satisfies condition (*), then x; is resolved or (a) holds.

To prove the claim, we do a case by case analysis. If k& = 0, then z is
good by proposition 7.7.

Assume that k = 1. There is an expansion (7.21) with

1+w(z)

G =0and U™ F, 7 = Fi i@ (Us, Us) + Z Fyuo(a)-i(Uz, Us) U
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Since Vdir(z) =< Us, U3 >, we have

: 8F1+w T 8F1+w T
Vdir (2, o) — ), Uy >

(7.28)
Fiiw@)-i(Uz,Us) € k(@)[U3,US], 1 <i<1+w(z)

Assume that ¢(z') > «(x). By theorem 3.6, z; = 2/, where
o= (2" = Z/uy,ur, ul = ugfuq, uy = uz/uy).
We have
E' = div(m), §'/(w) = k(@)[, Wy a and H(a') = (af @),

Assume that «(2’) > «(z). By proposition 2.6, Ag/(h';uy, uh, ul; Z') is mini-
mal. The initial form ing/A’ of lemma 7.4 is of the form:

1+w

inE/h’ — 7" 4 Uf(d171)+1+w(x) F1+w(m uz’ u3 Z F1+w(x u27 u3)

This proves that F;(Us, Us) =0, 2 < i <1+ w(x). We consider two cases:

Case 1: F4)(Us,Us) = 0. If €(2') = w(z), then 2’ satisfies all assumptions
of proposition 7.5 by (7.28), so x is good.

If e(2') = €(z), then «(2') = ¢(x) and
aFI—I—w (z)

_1OF, 4
H! agj =< Slip (Us,U3) > mod(U1) N G (1msr) ),

for j = 2,3 again by (7.28). We conclude that 7/(z) = 3 (so z is good) or 2’
is again of type (T1) as required. If z satisfies condition (*), so does '
Case 2: F4)(Us,Us) # 0. We have e(2') = w(z) and

inmS/ B — Z,p+Uf(d1_1)+1+W(x)(Fw(z)<U£7 Ué)—l—UlCI),), = k;(x')[Ul, Uép, Uép].

Therefore o(2') = o(x). If Fy (UQ, Us) is monic in Us or in Us, then 2’ satis-
fies condition (*1). Otherw1se 2’ is of type (T0) and the conclusion follows.
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Note that if w(z) = 1, = is of type (T1) and satisfies condition (*3). So
we may assume from this point on that w(z) > 2.

Assume that k = 2. There is an expansion (7.21) with G = 0 and

w(z)
Fpz = UMUS™ > " F(Uy, Up) U5
=0

Note that F;(Uy, Us) = 0 whenever w(z) —i #Z 0 modp, since w(z) = €(x); we
have F; # 0 for some i, 0 < i < w(x) — 1 since k(x) = 2; moreover Fy # 0 iff
x satisfies condition (*).

Assume that ¢(z) > «(x). By theorem 3.6, we have

vy =2 = (X' = Z/uy,ur, uy = 1+ yug/uy, uy == uz/uq),
v € S being a preimage of A\. We have
E' = div(u), k(z') = k(z) and H(2') = (u2\ P FeDrel)y

Assume that «(2') > «(x). Since Vdir(x) =< Us,U; + AUz >, we consider
two cases deduced from lemma 7.3:

Case 1: w(x) =0 modp. By lemma 7.3(i), it can be assumed w.l.o.g that

sz’(Uh UQ) = Cpi(Ul + /\Ug)pi, Cpi € k(QT), 1< < % (729)

After blowing up, there is an expansion iny, h' = X" + F}, x/, where
v w(@)/p ‘ '
U™ Fx = (=07 Y U U@ + 0@ (7.30)

=0

for some @' € k(x)[Uy, UP, UsP], d) == dy + dy — 1 + w(x)/p.
If di ¢ N, then e(z') = w(z) and «(2') = ¢(x). Moreover

k(JI/)Ul +ler(l‘/) =< Uy, Ué,Ué >,

so 7/(2") = 3 or 2’ is of type (T0). In both cases, = is good.
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If (d1,d>) € N?, it can be assumed furthermore that ¢,; = 0 or ¢,; &€ k()P
in (7.29). We have d; € N and we also get €(2’) = w(z) and «(2') = 1(z).
Since

OF, 7
o\
with notations as in (2.44), we get in any case since k(z') = k(z):

J(Fyz,E,x)=H ' <

)ler >

k("YU + Vdir(2') =< Uy, Uy, Uy > .

Therefore 7'(z') = 3 or 2’ is of type (T0), so z is good.
If d} € N, dy ¢ N, we define

I:={i: (—)\)_pd%pz- & k(x)P}.
If I # 0, we also get e(2') = w(x) and «(2') = o(z). Hw(x) € I, 2’ satisfies
condition (*1); otherwise x’ is good.
If I =0, let (uy,uy, uy; Z') be well adapted coordinates at z’. We denote

by a € [, the residue of pdy. Since dy & N, we have a # 0. The initial form
ing/h' of lemma 7.4 is of the form:

inph' = 2" + UMNF (@, @) € '/ (w)[Uy, 2,
where S’/(uy) =~ k(x) [y, W)y m,)- The form & := Clw(x)ﬂfl is given by

w(z)/p
_ — pit+l—y w(x)—pi — ==
O =—a(-N)7T D" U, Uy € k(@)U Uyluwyer.

1=0

If e(z') = w(x), 2’ thus satisfies all assumptions of proposition 7.6, so x is
good. Otherwise, we have €(2’) = 1 4+ w(z) and

k($/>U1 + ler(a:’) =< Ul, Ué, Ué > .
Therefore ¢(2') = «(z) and z is good (if 7(2’) = 3) or 2’ is of type (T1). If
satisfies condition (*2), i.e. ¢o # 0, then ' satisfies condition (*3).

Case 2: w(x) # 0 modp. Recall that F;(Uy,Us) = 0 whenever w(x) —i #
0 modp. Therefore a := w/(x\) =7 whenever F, # 0. Let a; := p/czj, 7 =12
By lemma 7.3(ii), we have ajas # 0, a; + as + a = p. Moreover, it can be
assumed w.l.o.g. that

Uf(l)Ug(Q)Fz‘(Ul, Uz) = ¢;®;(Ur, AUs), ¢ € k(z)’,1 <i<w(x), (7.31)
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with notations as in (7.9). After blowing up, the initial form ingh’ of lemma
7.4 is of the form:

inph' = 27 + UMSF (@, @) € ') (u)[U1, Z),
where S’/ (u1) =~ k(z)[Wh, Us](my,a,)- The form @ := clw(w)ﬂfl is given explic-

itly by

lw(z)/p]

az +a —1 a+pitl—ys w(z)—a—pi o

‘D’Z( a+1) > iraly  Us & H@)[Th, Tilotyn
=0

If e(z') = w(x), 2’ thus satisfies all assumptions of proposition 7.6, so x is
good. Otherwise, we have €(2’) = 1 4+ w(z) and

k(2 ) Uy + Vdir(z') =< Uy, U, UL > .
Therefore «(z') = ¢(z) and z is good (if 7(2’) = 3) or is of type (T1). Note

that = did not satisfy condition (*2): since J(F, 2z, E,mg) C k[Uy, Uz, U]
and w(z) # 0 modp, J(F), 7z, E, mg) contains no monic polynomial in Us.

Assume that k = 3. There is an expansion (7.21) with G = 0 and
(@) o
U U™y = S AU
i=0
Assume that ¢(2") > ¢(x). By theorem 3.6, we have x; = 2/, where
= (2" = Z/ug, u} = uq/ug, us, uy := uz/us).
By proposition 2.6, Ag/(h'; u), ug, u4; Z') is minimal and we have
w(z)
i, b = 27 + U U3 (Y MUY+ 0,9,
=0

where d} :=d; +dy — 1 +w(z)/p, ' € k(2')[U7, Uz, UF]. since it is assumed
that ¢(z") > «(z). Then

t(z') = i(x) and k(z")Uy + Vdir(2") =< Uy, Uy, Uy > .
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We conclude that 7/(z") = 3 (so x is good) or 2’ is of either type (T2) or (T3).
If moreover x satisfies condition (*), i.e. A9 # 0, then 2’ satisfies condition

(*2).
Assume that k = 4. We have H'G? C k(z)U™™ and there is an
expansion (7.21) with

1+w(z)
Ufpdl sz = F1+w(m)(U17 U3) + Z F1+w(z)—i(U17 U3)U22 <732>

i=1
Assume that ¢(z’) > «(x). By theorem 3.6, we have x; = 2/, where

= (72" = Z/ug, u} = uyfug, ug, uh := uz/ug), E' = div(ujus).

By proposition 2.6, Ag (h/; uy, ub, us; Z') is minimal. We deduce from (7.32)
that
F1+w(x)7i(U17 U3) = 0, 2 S 1 S 1 +w(x),

since it is assumed that «(z’) > «(z). Since k(x) = 2, we deduce from
definition 5.1 that
Foy (U, Us) €< U™ > (7.33)

In particular, we get from (7.32):
e(z') = w(x) and Vdir(2') €< Uy, Us > .
The initial form polynomial in,, A’ is therefore given by
i b = 27 + U UL (Fo (UL, Us) + Up®) (7.34)

where d, :=d; +dy — 1 + (1 + w(x))/p, ' € k(2")[U], Us, Us]. This proves
that (z) = (z).

Suppose that x satisfies condition (*3), i.e. F, ) (U1, Us) is unitary in Us.
We deduce from (7.34) that 2’ satisfies condition (*2). Otherwise, U; divides
F.\(2)(U1, Us) and we deduce from (7.33) that

k(z"\Uy 4+ Vdir(a') =< Uy, Uy, Uy > .

Then x is good (if /(") = 3), or (7'(2') = 2 and 2’ is of type (T2) or (T3)).
This concludes the proof of the claim. In particular, we have proved (ii).
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We now prove (i). Suppose on the contrary that for every r» > 0, z, does
not satisfy condition (*). The above proof shows that z, is resolved for some
r > 0 or there exists o > 0 such that for every r > ry, we have

7(z,) = 2 and z, is of type (Tk)

where k € {1,3} is independent of r. If k& = 1, we derive a contradiction
from corollary 3.9.

If k£ = 3, there exists
o0 o
U3 = Uz — Z%,gug es; ¢:= Z%ug es
i=1 i=1

with the following property: for every ¢ > 0, we have «(x;) = t(x) and the
strict transform in (X, z;) of the formal curve Yy = (Z — o, Uy, Uz) C X is
nonempty.

Note that the conclusion of proposition 3.8(2) applied to the formal arc
¢ : Y — X does not hold. To see this, note that ibid.(2.b) implies that
Zyro(p) 18 an irreducible component of E,; by ibid.(2.c) we have €(z,,) = 1:
a contradiction, since it is assumed (from the beginning of this proof) that
w(z) > 2.

Therefore the conclusion of proposition 3.8(1) holds. Let (u},u),us; Z")
be well adapted coordinates at x,,, where ) := (Z',u},u}) C (X, ry) 18
permissible of the first kind at xy. Since Vdir(z,,) =< Ui, U} >, x,, is good
by theorem 3.6, hence x is good.

To prove (iii), it can be assumed by (i) that = satisfies condition (*).
Suppose that e(x) = w(z). Then J(F, z, E, z) contains no monic polynomial
in Us, since w(z) # 0 modp. So €(x) = w(x) + 1. It has been proved above
that

7(z) =1 = w(z) = 0 modp.

We deduce that 7/(x) > 2. Therefore x, is resolved for some r > 0 or
t(z;) = o(x), €(x;) = w(x) + 1 and 7'(z;) = 2

for every i > 0. The above claim shows that x, is of type (T1) for every
r >> 0. We get x, resolved for some r > 0 arguing as in the above proof of
(i), so z is good. O
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A direct consequence of proposition 7.8(iii) and remark 7.1 is:

Corollary 7.9. Projection Theorem 5.1 holds when k(x) = 2 and w(zx) #
0 modp. One may take all local blowing ups in (5.2) permissible of the first
kind if p =2 or if w(z) > 3.

Remark 7.2. Assume that k() = 2, w(z) = 0 modp and use notations as in
proposition 7.8.

Suppose that z satisfies condition (*1) or (*2) and z; satisfies condition

(*3). It follows from the above proof that z; is resolved or there exist well
adapted coordinates (uy, us,us; Z) at x1 such that

50, =< O(Us,Us) > mod(Ur) N G(Mg)w(a), (7.35)
2

where ®(Us, Us) € k(x1)[Us, Us?]. This is precisely the definition used by the
authors for k(x) = 2 when €(x) = 1 4+ w(z) in [27] I.1(ii) on p.1899.

Suppose now that x(z) = 2, x satisfies condition (*3) and (uy, us, us; Z)
are well adapted coordinates satisfying the requirements in definition 7.1. It
also follows from the above proof that = is good or

105 < U@ > if () =1

U, < Fy@)(U1,Us) > if Vdir(z) =< Uy, Us >

In particular, (7.35) holds in both cases with < ® >=< Uy > We deduce
the following: there exists > 0 such that x, is resolved or for every r >> 0,
we have (¢(z,) = (), x, satisfies condition (*) and

x, satisfies condition (*3) = (7.35) holds at z,).

Namely, otherwise we would have (:(z,) = ¢(z), 7/(x,) = 2 and z, is of type
(T1)) for every r >> 0 by the above. But this implies that x, is resolved for
some r > 0 (viz. proof of proposition 7.8(i) for 7/(z) = 2).

This matches the present definition of k(x) = 2 with that used in [27],
and reduces the proof to the same situation (7.35).
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7.3 Monic expansions: secondary invariants.

Proposition 7.8(i) has reduced the proof of the projection theorem to those
points with x(x) = 2 satisfying condition (*). Moreover, we may assume
that w(z) = 0 modp by corollary 7.9. For such points, we introduce a new
invariant y(z) € N in definition 7.4.

We assume in this section and in the following one that w(z) = 0 modp
and x satisfies condition (*).

Let (u1,us,us; Z) be well adapted coordinates satisfying the condition in
definition 7.1. If x satisfies condition (*1) or (*2) (resp. condition (*3)), then

w(x)

vo = (bo, X, by = (dh, o) (resp. bo = (o, %)) (7.36)

is a vertex of Ag(h;uy,us,ug; Z). Consider the projection from the point vy:
P, R\ {23 = w(z)/p} — A :=by + {(21,72,0), 21,75 € R*}.

We view here A as an affine plane with origin by and coordinates (z1,xs).
Of course A as a set is independent of our choice of by. Let py := 7 o p),
where

1
T:A— A, b+ (y1,92) — bo + m(yl,yz)-
p
Analytically, we have:
r1,T2) — b
P2 (71,72, 73) — by + (51(96)2#
p

(7.37)

€3

From now on, we will use affine coordinates in A, i.e. (yi,y2) € R?
represents the point bg + (y1,y2) € A.

Definition 7.2. With notations as above, we define a convex set:

Ag(hyuy, ug; us; Z) = po (As(h;ul,UQ,Ug; Z)N{0 <uz3 < %}) C A.

Let furthermore

B(hjui,ugius; Z) = infyens(huusiuasz) {1 + 42} 2 1
Bo(h;uy, ug;uz; Z) := sup y € Ao(h;uy,ug;ug; Z) o}
Y1 + Y2 = B(h;uy, ug; us; 2)

(7.38)
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Indeed, Ag(h;uy,us;ug; Z) is a convex set because the set

w(z)

Ag(hyuy,ug,uz; Z) N {0 < w3 < —=}
p
is convex. We now prove some basic properties of Ag(h;uy, ug;ug; Z). The
situation is different and somewhat simpler when (*1) or (*2) holds.
Lemma 7.10. With notations as above, the following holds:

(1) there exists a = (ay,a9,a3) € Ag(h;uy,us,uz; Z) N {0 < x3 < %}
such that pa(a) =: (ag, B2) € Aa(h;uy, ug; us; Z) satisfies

Bo = Ba(hyur, uz;ug; Z), as+ Po = B(h;ur, uziuz; Z).
(2) if x satisfies condition (*1) or (*2), then Aq(h;uy, ug;us; Z) is a (non-
empty) rational polygon.

(3) if © satisfies condition (*3), then Ag(h;uy, ug;us; Z) N{ys > [a} is a
(nonempty) rational polygon.

(4) assume that x satisfies condition (*1) or (*2) (resp. condition (*3)).
Let

oy C Ag(h;uy, ug;us; Z) (resp.oy C Ag(h;uy, ug;us; Z) N {y2 > 52})

be a compact face. The topological closure o of

w(x)

0% = pg_l(Uz) N As(h; Uy, U2, Us; Z) N {0 Sy < T} (7'39>

is a compact face of the polyhedron Ag(h;uy,us, ug; Z) (so o = o4 for
some weight vector a € R? ,, viz. definition 2.2). Moreover ps(c°) = o9

and
o=0c"U{vp}. (7.40)

(5) assume that x satisfies condition (*3) and let

O2in = Do(h;ur, ug;us; Z) N {yr + y2 = B(h;ur, ug; us; Z)}.
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If B(hjuy,ug;us; Z) > 1, statement (4) extends to oo = 094, with
(7.40) possibly replaced by

1
o = Conv <a° U{vo} U {(];, 0, —)}) .
If B(h;uy,u9;us; Z) = 1, then
o = {x € Ag(h;ur, ug,u3; Z) : o1 + 2 + 13 = 6(7) }

is the unique compact face o of Ag(h;uy,us, us; Z) such that

P2 (Uﬂ{0§$3<¥}> = 0y.

Proof. Let V be the set of all vertices of Ag(h;uy,us,us; Z) and

e )
V_—Vﬂ{OS 3 < » }

We claim that V_ # (). Namely, suppose that V_ = (). By definition, this
means that
w(z)
p

ordug) fi,z > i , 1<i<p.

Since w(z)/p > 1, we deduce that J := V(Z,u3) C Sing,X by proposition
2.3: a contradiction with assumption (E).

In order to prove the lemma, we must understand the limit points ps(x) €
Ag(h;uy,ug;us; Z) when x € Ag(h;uy,ug,us; Z) tends to the hyperplane
{z3 = w(z)/p}. By convexity, we have

x € Conv (U{v+R?;O}> :

vev

o Assume that x satisfies condition (*1) or (*2). Let v.€ V\V_. Since
v; > dj, j = 1,2, and v3 > w(x)/p, we have v = v;. One deduces immedi-
ately that

Ao (h;uy, ug; ug; Z) = Conv ({p2(v) + Ry, veV_}).
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All statements in the lemma follow easily.

o Assume that x satisfies condition (*3). Let a = (ay,a2,a3) € V_ be
chosen in such a way that

(7.41)

a1 +ag—di—1 —ay+1
(g + B2, =) == ( £ £

W@ el

—a
P P 3

is minimal for the lexicographical ordering, viz. (7.37). We now prove (1).
Let v € V\V_. Since v3 > 0, theorem 2.14 implies that

ingh = Z° + AUPY, X # 0.

If v # vq, we therefore have

1 k
vy > +—w(x) or v=vy:=(dy+—,0, @) for some k£ > 1. (7.42)
p p
Let
w(z) w(x
o= ((—), %7 ar + Bs) € Rio, Lo(z1, 29, 23) := 21 + x5 + (g + [o)x3.

p
By (7.41)-(7.42), we have

La(v0) = La(by) + “2(az + ) = La(a)
{ Lo(v) > Lo(vo) if v & {vo,a} : (7.43)

This shows that vy, a € o,, where o, is the compact face of the polyhedron
Ag(h;uy,ug,us; Z) defined by a. In particular we have proved that

g + By = B(h;u1, ug; us; Z).
Similarly, let
y o @) e

3

where o} > 1 is chosen in such a way that L,/ (v) > L,(a) for every v e V_.
Such o > 1 exists thanks to the minimal property in (7.41). We now have

{ Lo = Lo o) (00 + ) = Lur(a)
Lo (v) > La(vo) if v & {vo, a}
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and this proves that the line (vpa) meets Ag(h;uy, us, ug; Z) along an edge.
This completes the proof of (1), and of (4) when o3 = {(a2, 52)}.

Statement (4) is proved along the same lines for arbitrary
o2 C Ag(hsur, ugiuz; Z) N {y2 > Ba}

and we omit the proof. Then (3) is a consequence of (4) because V_ is a
finite set.

To prove (5) when B(h;uy,us;ug; Z) > 1, note that equality possibly
holds in (7.43) only if v = v; and the conclusion follows.

If B(h;uy,ug;us; Z) = 1, we have o = (1,1,1) with notations as above
and oy, is the compact face of Ag(h;uy,us, us; Z) generated by o°. O

Corollary 7.11. With notations as above, let:
AT (h;ug, ug; ug; Z) i= DNg(hsyuy, ugiug; Z) N {yz > Ba(hs ur, ug; ug; Z)}

Then A3 (h;uy,u;us; Z) = Conv ({p2(x) + R%,, x € S}), where S is the
set of vertices x € Ag(h;uy, ug, us; Z) with

0<z3< W(flf)

and yy == (pa(x))2 > Ba(h; ur, ug; us; Z).

Taking 0 = 0, as in lemma 7.10(4) or (5), we deduce from theorem 2.14
that:
ingh =2+ Fy, 1202 + F, 74 € gr,S[Z].

Moreover, F, 1 7, # 0 implies that Fj, 1 z, = —G2~! and
Clp(pfl)zSa (DISCZ<I’L)) =< Gp(p—l) -

In order to associate relevant combinatorial data to Aq(h;uy, ug;us; 2),
some minimizing process on the uz coordinate is required. This process is
similar to that used in definition 2.3 and proposition 2.2.

Definition 7.3. Let z satisfy condition (*), (u1,us,us; Z) be well adapted
coordinates at x satisfying definition 7.1 and y = (y1,y2) € R? be a vertex
of Ag(hjuy,ug;us; Z) (of A3 (hyuy,us;us; Z) in case (*3)).
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With notations as in lemma 7.10(4) with oo = {y}, we say that y is
2-solvable if y € N? and

ingh = ZP + A\UP"UP®? (U — UV UL)*@) 4+ OP in cases (1) or (¥2)
ingh = ZP + A\UP" Uy (Us — cUV' U@ + dP  in case (x3)

where ¢ € gr, S and \, ¢ € k(z).

We say that (uq,ug; us; Z) are well 2-adapted if furthermore the polygon
Ao (h;uy, ug;us; Z) (A (hyuy, ug;us; Z) in case (*3)) has no 2-solvable vertex.

Theorem 7.12. With notations as above, there exists well 2-adapted coor-
dinates. Furthermore, the polygon A3 (h;uy,us;us; Z) is independent of the
well 2-adapted coordinates (uy,us;us; Z). For such (uy,us;us; Z), let

Aq(x) = min ){yl} > 0;

yEAT (hsui,uz;u3;Z
the curve Y =V (Z,uy,u3) C X satisfies the equivalence:
Ai(z) > 1< Y is permissible (of the first or second kind).

Proof. Let (uy,uq,us; Z) be well adapted coordinates and assume on the con-
trary that (up,us;us; Z) are not well 2-adapted. Let y € N2 be a 2-solvable
vertex of Ag(h; uy, us; ug; Z) with y;+ys minimal (and yo > Go(h; uy, us; ug; 2)
if = satisfies condition (*3)). Let v € S be a preimage of ¢ € k(x) given by
definition 7.3. Since y is a vertex of Ag(h;uy, ug;ug; Z), we have ¢ # 0, so
is a unit. We let u}y := uz — yuy'u$?. Let o € R?, define the edge

w(x
o =Py (y) N Ag(h;ur, ug,us; Z) N {0 < 23 < %} U{vo}

of Ag(h;ui,us,us; 7). Computing now initial forms for the polyhedron
Ag(h;uy,ug, us; Z), we obtain

ingh = Z° + AUPHUP2U™ 4 &P in cases (1) or (x2)
(7.44)
ingh = ZP + \UP" UpUS*™ 4 ®P in cases (+3)

with notations as in definition 7.3.
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Let now y’' # y be a vertex of Ag(h;ui, ug;us; Z) (of AF (h;uy, ug;us; Z)
if = satisfies condition (*3)). Let o/ € R?, define the corresponding edge

w(z)

o = py {(y) N Ag(hyug, ug, uz; Z) N {0 < w3 < 7} U{vo}
given by lemma 7.10(4). In particular we have

oo (0 0l) > o ().

This implies that in, A is unchanged when computed in Ag(h;uy, ug, us; Z)
or in Ag(h;uy, us, uy; Z), i.e. obtained by substituting the variable Us by the
variable Uj. Therefore o’ is again an edge of Ag(h;uy, us, uf; 7).

If x satisfies condition (*1) or (*2), we deduce that

w(z)

P2(Ag(h;ur, ug,us; Z) N {0 < 23 < T}) C Ag(h;uy, ug;us; 7).
If x satisfies condition (*3), we obtain
p2(AS(h§U17U2=U§§ Z)ﬁ{O <ag < #})ﬂ{?b > 62} C A;(h§ul,u2;u3§z)-

Let (uy,uq,uf; Z') be well adapted coordinates, Z' := Z — ¢, ¢ € S. We
first check that (uy,uq,us; Z') satisfies definition 7.1, i.e. that U} € Vdir(z).
This is obvious if y; + y2 > 1, since in,, A is then unchanged. If y; +y2 = 1,
then y € {(1,0),(0,1)} because 2-solvable vertices have integer coordinates.
By definition 7.3 and definition 7.1, we have

Us — cUj € leI‘(l’)—i— < Uy > (resp. Us — clU;y € lel‘(l’)+ < U >)
if y = (1,0) (resp. if y = (0,1)). Therefore 7/(z) = 3 or
Vdir(z) =< Us, Uy + dUy > (resp. Vdir(z) =< Us, Uy + dU; >)

for some d € k(x). In all cases, U; € Vdir(x) follows from the invariance
of Vdir(z) (definition 2.17) if 7/(z) = 3 orif d = 0, or if (d # 0 and =
satisfies condition (*2)). Otherwise, it can be assumed w.l.o.g. that d = 0
by substituting us by ufy = us + duy, where § € S is a preimage of d € k(z).
Note that this substitution does not change the requirements in definition
7.1 and we thus get U € Vdir(x) as required.

188



By (7.44), we now have

Vo € Ag(hyuy, ug, uy; Z') C Ag(h;ur, ug, ug; Z)

y ¢ Az(h;ul,uz;ué;zl)

[terating this construction, we deduce that there exists a sequence (finite
or infinite) of 2-solvable vertices (y);>0, y¥ := y and corresponding well
adapted coordinates (u1, us, ugb); Z0y, 720 .= z0=1 _ (=) (=1 ¢ § such
that

Vo € Ag(hiur,ug, u’; Z0) € Ag(hiu, up,uf ™ 26-D)
(7.45)
y(") 4 Ag(h;ul,ug;ug’_l); Z(i—l))

)

for « > 1. Since yY + yéi) is chosen to be minimal at each step, we have

yﬁi) + yg) — 400 as ¢ — +oo if the process is infinite. Therefore

iy=lmul’ €8, Z:=2 -9, =Y ¢ Ves

exist and (uq, ug; Us; Z) are well 2-adapted coordinates of X' = Spec(S[X]/(h)).
This proves the existence of well 2-adapted coordinates when S = S.

Let now (uy,ug;ug; Z) and (u}, uy; uy; Z') be two sets of well 2-adapted
coordinates. To prove that AJ (h;u},uy;ub; Z') = A (hyuy, ug;us; Z), let
first y € A (h;uy,us;uz; Z) and let a € R3, be given by lemma 7.10(4)
w.r.t. the face oy :=y. Since y € AJ (h;uy, uy; us; Z), we have

o (11z) < minpua (ur), pa(us) .

Therefore piq(ub) = po(uz). We deduce that in,h is unchanged when com-
puted w.r.t. the coordinates (u}, u);us; Z). This implies furthermore that y
is not 2-solvable in Aq(h;u), uh;uh; Z") provided po(uh) = pa(ug) for every
a = a(y). Otherwise, there is an expansion

uy = dug + Zv(x)u?ugz,
xXEX
with ¥ finite, 0, v(x) € S units and 1, (ui'u3?) < pa(us) for some x = x¢ € ¥

and «. One deduces that (voxg) supports an edge of Ay (h; u}, ub;uh; Z') and
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that 1/%&) is a 2-solvable vertex of Aq(h;uy, ul;ub; Z'). Choosing xo with
21 minimal gives
1
S X0 € AT (h;uy, uy; ul; Z).

p

This is a contradiction since (uf,u);us; Z") are well 2-adapted coordinates,

so we get
A;(héulpulgméé Z') = A2+<h;ulau2§u3§ Z)

as required.

Let now (uy,us,us; Z) be well adapted coordinates at x satisfying defi-
nition 7.1. Applying finitely many times the above algorithm and (7.45), it
can be assumed w.l.o.g. that

{02(h;u1,U2;U3;Z) = ay(h;ur,ug; ls; Z)
62(h;u1:u2;u3;z) = 52(h;U1,U2;713;Z) ’

where (uy, ug; ii3; Z) are well 2-adapted coordinates of X = Spec(S[X]/(h)),
Z = Z — ¢. Moreover,

(sz, 62) = (sz(h; Uy, U2; U3, Z)u 52(}% Uy, U2; U3, Z))

is a vertex of both AF (h;uy, ug; ug; Z) and A3 (h; uy, ug; Us; Z). Let @ be the
closed point of X and assume that

Ay(z) > Ay = min {1} (7.46)

yEAT (hjui,uzus; Z)

Let J := {1,3} and consider the weight vector a := (%,Al) € RZ,. We
consider the initial form polynomial

p
ingh = 2"+ Y Fi 702" € (21,9)[7],

i=1
where

gr, S = S/(uy)[U:] C gr, S = S/ (uy)[U7] if A, =0
gr, S =S/ (uy,us)[Uy,Us] C gr,S =S/ (uy,us)[Ur,Us] if 4y >0
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Case 1: A; = 0. One deduces from the above algorithm and (7.45) that
there exists some ¢ € (uy)S/(uy) such that

w(z)

F s, = aUiMay (@ —¢) 7, 1<i<p—1 (7.47)

(2

for some §; € S/(u1) (g = 0 if dy & N), do; > idy, and

Foga= ZdelagdZ (3 — €)™ in cases (x1) or (¥2)
(7.48)
F o

pla = U™, (W — ¢ in case (x3)

for some [ € S/(uy) a unit.

The regular local ring 7" := (gr,S) (v, 1,3 15 excellent and the polynomial
in,h € T[Z] satisfies the assumptions of proposition 2.4. Let

= := Spec(T'[Z]/(ingh)), Z := Spec(T[Z]/(inah)).

Since v is a nonsolvable vertex of A (inyh; Uy, s, Us; Z), we deduce from
(7.47)-(7.48) that

N

V=V(Z,1 — & C Sing,= C V(Z, Uy (s — ¢)). (7.49)

Since T is excellent, one deduces that the Zariski closure V' of V in = is
contained in Sing,=. Let

P: = — SpecT

be the projection. By (7.49), P(V) is an irreducible component of P(Sing,=)
contained in div(Uy@5% (T3 — ¢)). Since each of div(U;), div(Ty) is Zariski
closed, there exist &' € S/(uy) a unit such that @} = 6'(us — &) € S/(uq).
Let u € S be a preimage of ;. Applying again proposition 2.4, there exist
well adapted coordinates (uy, us, uj; Z’) at x satisfying definition 7.1 and such
that

min ){yl} > A (7.50)

yEA; (hyuy,uz;ul; 2’

Case 2: Ay > 0. The argument runs along the same lines: we now have some
¢ € (ug)S/(uy,us3), (7.49) is replaced by

V(Z, Us — UM C Singp§ C V(Z7 U1U§d2(U3 — UMy,
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with Z as above and (7.50) holds.

Applying this procedure and (7.50) finitely many times, it can be assumed
w.lo.g. that A; = A;(2). When z satisfies condition (*1) or (*2), one
introduces similarly

Ay = min {yo} < min {y2} = Bo(h;ur, ugs us; Z).
yEA2(hu1,u2;u3;2) yeAT (hjui,uz;us;Z)

The same argument shows that there exists well adapted coordinates
(uy, ug, ug; Z ) at T satisfying deﬁnitionj.l and well 2-adapted coordinates
(uy,ug;ug; Z) of X = Spec(S[X]/(h)), Z = Z — ¢, such that

A= min = min 1o i=12 7.51
! yeAz(h;m,uz;us;Z){yJ} yEAg(h;ul,ug;ﬁg;Z){yj} J ( )

Finally, if x satisfies condition (*1) or (*2) (resp. (*3)), (7.51) (resp.
(7.50)) proves that the region

Ao (h; uy, ug; ug; Z)\Ao(hs ur, uz; i3, Z) € R

(resp. AL (hiuy, ug; ug; Z)\AF (h; uy, ug; g3 Z)) is bounded. Therefore the
above algorithm and (7.45) can repeat only finitely many times. This proves
the existence of well 2-adapted coordinates for arbitrary S.

Let then (uy, ug; us; Z) be well 2-adapted coordinates and define the curve
YV :=V(Z,uy,u3) C X. By proposition 2.4, the polyhedron

Ag(h;ul, ug; Z) = pr{l’g}Ag(h; Uy, Uz, ug; Z)
is minimal and we have
€(y) = w(z) x min{1, A;(z)}. (7.52)

By definition 3.1, ) is permissible of the first kind at x if and only if (z
satisfies condition (*1) or (*2)) and A;(z) > 1.

By proposition 3.3, Y is permissible of the second kind at x only if x
satisfies condition (*3) and A;(x) > 1 by (7.52). Conversely, definition 3.2(i)
is satisfied because

m(y) > e(y) = w(x) > p.
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By (7.52), we have €(y) = e(x) — 1. Suppose that io(y) = p — 1. Let
W :=n(Y), so we have

inyh =27 — G ' Z + F,wz € GW)[Z]
with §(y) € N, Gy = gw U’ and
0 # clyp1)s)Disezh =< gh? VUPP W > G ypm1)500)

by theorem 2.14. Since E = div(uy), gw € S/(u1,u3) is a unit by assumption
(E). We then get

ordyg (H(2)"*Vf, 7)

p— = e(y) = e(z) — 1,

e(x) <

a contradiction. Therefore definition 3.2(ii) is satisfied because ig(y) = p.
Finally it follows from definition 7.1(ii) that definition 3.2(iii) is satisfied. [J

The previous theorem shows that the following invariants are actually
independent of the choice of well 2-adapted coordinates.

Definition 7.4. Let x satisfy condition (*) and (ug,us;us; Z) be well 2-
adapted coordinates. We let

Aj(x) = min - {y} 20 for div(y,) € E;

yE€A2 (hsur,uz;us; Z
B(z) := B(h;uy,ug;us; Z); C(x) := B(zx) — Z A;(z);
div(u;)CE

B(x) == min {y2} > 0;
(A1(x),y2) AT (hju1,uz;uz;Z)

(a(), Ba(x)) = (ca(h;ur, uz; us; Z), Ba(hs uy, ug; us; Z)).
Finally, we define v(z) € N by:
[B(x)] in case (x1)
T

y(x):=< 1+ |C(x)] in case (x2) .
1+ |B(x)] in case (x3)
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Lemma 7.13. Assume that k(x) = 2 and x satisfies condition (*). Let
(u1,u9; uz; Z) be well 2-adapted coordinates and assume furthermore that

Ai(x) > 1 (resp. Aj(x) > 1or (Ai(z) =1and B(z) <1-— )

1
w(z)
if x satisfies condition (*1) or (*2) (resp. condition (*3)). Letm: X' — X
be the blowing up along Y := V(Z,u1,u3) C X and 2’ € 7' (x). Then z’ is
resolved or the following holds:

.%l = (Z/ = Z/ul,ul,UQ,ug = U3/U1)
and x' satisfies again condition (*1) or (*2) (resp. (*3)); the coordinates
(u, ug; ul; Z') are well 2-adapted at =’ and

Ao (ur, ug;ul; Z') = Ag(ug, ugsus; Z) — (1,0)  in case (x1) and (%2)
AS (uy, ug;ul; Z') = A (ug, ug; us; Z) — (1,0)  in case (x3) ’

in particular Ay(z") = A1(z) — 1 and we have:
Ap(a') = As(x), C(a') = C(x), B(a') = B(x) and y(z') = y(x).

Proof. By theorem 7.12, the curve ) is permissible since A;(z) > 1.

Since Us € Vdir(x) by definition of well 2-prepared coordinates, x is then
good except possibly if Vdir(z) =< Uz > by theorem 3.6; in this case, we
have 2’ = (Z/uy, uq, us, ug/uy).

Let h' := u;”h. By proposition 2.6, Ag, (h';u1, us, uf; Z') is again mini-
mal. With usual notations, we have d} = dl—l—#—l and v, := (d},0,w(z)/p)
(vi == (d},1/p,w(x)/p) in case (*3)) is a nonsolvable vertex. We may assume
that =’ is very near x.

If = satisfies condition (*1) (resp. (*2)), then x(z') = 2 and 2’ satisfies
again condition (*1) (resp. (*2)).

If x satisfies condition (*3) and e(z’) = €(x), then k(') = 2 and 2’ satisfies
again condition (*3).

If x satisfies condition (*3) and €(z') = w(x), then 2’ satisfies the as-
sumptions of lemma 7.1, so x is good if A;(x) > 1; if (A;(x) = 1 and
B(r) <1—1/w(x)), then AJ (uy,us;usz; Z) has a vertex of the form

Yo = (L (io = 1)/i) = (), 1 <i < w(®).
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Therefore iy < i < w(x) or iyp < i = w(x), since f(z) < 1 — 1/w(z).
Taking 7o minimal with this property, (d}, % /p, (w(z) —i)/p) is a vertex of
Ag (B uy,ug, uh; Z') and therefore

e(x) =w(x) = ip+w(z) — i = w(x).

Therefore i < w(z) since (ig, 1) # (w(z),w(x)); then 2’ is good by proposition
7.7, s0 z is good.

Let y = pa(v) be a vertex of Ag(uy, ug;us; Z) (of A (uy, ug;uz; Z) in case
(*3)). With notations as in lemma 7.10(4) with oy := {y}, let

w(z)
ingh = Z° + UPH UL (Fy(Un) U5 + ) Fi(Uy, Un) U5 @7,
i=1
where 0 # Fy(Usz) € k(x) (0 # Fo(Uz) € k(x)[Uz]; in case (*3)). Then
y =y — (1,0) is a vertex of Ay(uy,us;uy; Z') (of AF (ur,us;uy; Z') in case
(*3)); the corresponding initial form in lemma 7.10(4) with oy := {y'} is of
the form:

w(z)
ingh = 2" + del Ugdz (FO(UQ)Uéw(:v) + Z Ul_iFi(Ul, U2>U?/’w(ac)—z).

=1

It follows from definition 7.3 that y’ is not 2-solvable, since y is not. The
lemma follows easily. O

Proposition 7.14. Assume that k(x) = 2 and x satisfies condition (*). If
v(x) =0, then x is good.

Proof. By theorem 7.12; there exist well 2-adapted coordinates (ug, us; us; Z)
at x. The assumption y(z) = 0 means that (z is in case (*1) and §(z) = 0)
or (z is in case (*3) and f(z) < 0).

Assume that x is in case (*1). We have

Ag(hyuy, ug;uz; Z) = (Ay(),0) +R220'

Since B(x) > 1 (viz. (7.38)), we have A;(z) > 1.

Assume that x is in case (*3). We have

A;(h;uhuzm; Z) = (Av(x), B(x)) + RQZO
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in this case. Note that we have A;(z) > 1: namely, 5(z) = —1/i for some 1,
1 <i < w(x) such that

e(r) =14 w(x) <idi(x) +w(r) —i+1,

so Ay(z) > 1.

Suppose that 1 < Aj(z) < 2. By lemma 7.13, x is good or z’ satisfies
again the assumption of the proposition with A;(2’) = Aj(z) — 1 < 1: a
contradiction with the previous remark. Induction on | A;(x)] concludes the
proof. O]

7.4 Monic expansions: blowing up a closed point.

In this section, we control the behavior of the secondary invariant v(z) (def-
inition 7.4) by blowing up a closed point. By proposition 7.14 we may fur-
thermore assume that v(z) > 1. At this point, we connect the proof with
the equal characteristic proof given in [27] chapter 3. Namely, this control
is considered in lemmas 1.8.3 and 1.8.8 (resp. lemmas I.8.7 and 1.8.9) [27]
chapter 3 when x satisfies condition (*1) or (*2) (resp. condition (*3)). The
proof relies on the definition of the form

ingh = Z°P — Gﬁ_lZ + F,z0 € (gr,9)[Z]

in lemma 7.10(4)(5) w.r.t. the initial face og;, of Ag(h;uy, us; us; Z), where
(w1, ug;ug; Z) are well 2-adapted coordinates at .

Notations used in [27]. The corresponding notation for F, , is
Fya = Ui 0 (@vgw + YU, U2>) (7.53)
j€Jdo
when z satisfies condition (*1) or (*2) (definition 1.8.2.1), with
a(j) =pdj, j =1,2, 04 ¢, € k(x) and ®;(Uy, Us) € k(x)[Uy, Us).

By definition 7.3, we have ®;(U;, Uy) # 0 for some jy # 0.

When z satisfies condition (*3), the notation is the same except that o
and ®;(Uy, Uy) are replaced respectively by Usgy, ¢ € Uy 'k(z)[Uy, Us, Us)y,
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and by Upy®;(Uy, Uy) with ®;(Uy, Uy) € Uy 'k(z)[Uy, Us] (definition 1.8.6.1).
We have a(2) = 0 in these formule in cases (*1) and (*3).

Similarly, the corresponding notation for G, is
Gg = Uf(l)Ug(Z)ClB(x)w(m)(H(aﬁ)*lgp) (754)

when z satisfies condition (*1) or (*2). When z satisfies condition (*3), we
have

Gg = Uf(1)011+3(x)w(x)(H(f)_lgp). (755)

The numerical invariants 3(x) and B(x) are denoted respectively by 53(x)
and B3(z) in [27] when x satisfies condition (*3). The statement “x(x) < 1”
in [27] stands for “z is resolved” in this article. The vector spaces ¢l w(z)J
([27] definitions I1.8.2.3 and 1.8.6.3) are determined by the initial form poly-
nomial in,h. The proofs of the following lemmas are almost entirely based
on the numerical lemmas 1.8.2.2 and 1.8.6.2 in [27] which are characteristic
free. We simply refer to their counterpart in [27] except when they do not
immediately adapt to our characteristic free setting.

Assume that (k(z) = 2, x satisfies condition (*) and ~(x) > 1). Let
7 : X' — X be the blowing up along = and 2’ € 7~'(x). We denote by
d = [k(x') : k(z)].

Lemma 7.15. With notations as above, assume that x is in case (*1) or (*2).

Let (uy, ug;us; Z) be well 2-adapted coordinates at x and assume furthermore

that

7 (&) € Spec(S[“2, 1121/ (W), B = ui?h, 7' = 2.

ur U Uy
Then z' is resolved or (k(x') = 2, ' satisfies again condition (*) with
Ay(a') = B(z) = 1, y(z') < y(x),

and there exist well 2-adapted coordinates (uy, ub;uy; Z') at ' such that the

following holds:)

(1) if ' = (Z/uy,uq, us/uy,uz/uy), then x' is again in case (*1) (resp. in

case (*2)) and we have C(2') < C(x), f(2') < B(z);

(2) if &’ # (Z)uy,ur,us/uy, ug/uy), then x' satisfies condition (*1) or (*3),
and either (3°) below holds or (3)-(4) below hold;
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(3°) the point x satisfies condition (*2) with
U U3 "2 By = pUf + cp(Ur + AU, )P,
where dy,dy & N, N\ u, ¢, € k(x), Mic, # 0 and p'e, & k(z)?P up to
change of well 2-adapted coordinates; furthermore, x' satisfies condition

(*1), k(z') = k(z) and we have

y' = (aale'), Bo(a")) = (0.p/ (0 — 1)) € Dol 1}, s 7

and
ingh! = 2" + UPS (XU + ULULP), (7.56)
with dy € N, X & k(x)P, notations as in lemma 7.10(4) with oo =y’';
(3) we have
C(x) 1
/
< .
Bl) < =+ 2
(4) we have
1+ [Cff)J if 2’ is in case (1)

Aa') <

1+ [CEf)J - w(lx) if 2’ is in case (*3)

Proof. We already know from proposition 7.8(ii) that 2’ is resolved or (k(x') =
2 and 2’ satisfies condition (*)). Note that we have

B(z) > 1< 7'(z) = 1.
Namely, we have < Uy >C Vdir(z) by definition 7.1, so
P@)=1e H'F,; e< U™ > B(z) > 1,

where the left hand side equivalence is true because Ag(h;uy, ug, ug; Z) is
minimal.

If B(z) = 1, then z is of type (T0), (T2) or (T3) as defined along the
proof of proposition 7.8. What follows has been proved along the course of
that proof: for type (T0), = is good; for type (T3), 2’ is resolved by theorem
3.6 since Vdir(x) =< Us, Uy >; for type (T2), = is good or (dy + dy € N,

198



do ¢ N, B(z) = C(z) = 1). In this situation, we have x(z') = 2, 2’ satisfies
condition (*) and there exist well 2-adapted coordinates (u}, uy; uy; Z') at o
such that A;(z’) = 0 and one of the following holds:

e 2’ is in case (*1)

Bz") = ifl, i =0 modp, p<i<w(x); (7.57)
e 2’ is in case (*1) and
Bla') = w(‘;?_ ' (7.58)

e z' is in case (*3) and f(2') = 1.

See the discussion in the proof of proposition 7.8: these three situations
correspond respectively to I = {0}, I = {w(z)} and I = 0 therein. When
(7.58) holds with w(z) = p, we have (3’); otherwise, we have (3)(4). Note
that vy(z') = v(x) = 2 here.

If B(xz) > 1, statement (1) is easily deduced from the characteristic free
proposition 2.6 as in [27]. The rest of the proof relies on the characteristic
free transformation formula [27](4) on p.1918 and numerical lemma 1.8.2.2
and is identical to that of 1.8.3(1)(2)(ii)(iv)-(vi). If 2’ satisfies condition
(*3), note that (4) is an equivalent formulation of [27] lemma I1.8.3(1). O

Ezample 7.1. Let w(z) = ©p*, a > 2, w/p ¢ N. We prove here that the
bound in lemma 7.15(3) is sharp when ' satisfies either condition (*1) or

(*3).
Let F = diV(Ul’UQ), dl € %N\N, dg € %N, C € N. Take

1

Ga — 07 U;P(h U;pd2Fp,Z,a — (Ug . UlpilUg(Ug . Ul)pC)Upaf ,

where C(r) = C. Let S" := Slua/u1, us/u1]uy up ), Where
L r_ c 1C
Uy = ug/uy — 1, uy :=ug/u; —ujuy, .
Letting ¢’ := uf? — u?“ulP“™ | we get

p—1
W=2P+ Y fon 2l b)) € S'17)
=1
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where d} = dy + dy +w(x)/p — 1, ordy, fi.z > id}, f; € S’ and

a—1

f/ = (5/ P 7 = Z/ul if dl—f—dQQN
fo= 0ulg™" 7= Z/uy + ucllllg’wpa_2 if di+dyeN

with ¢ € S" a unit. In both cases we get F(2') = C' + 1/p. Note that the
above argument also works for (¢ = 1 and 2’ satisfies condition (*1)).

We now turn to the (*3)-version of the previous lemma. We point out
that the situation Jy C pN has not been correctly analyzed in the proof of
[27] lemma I.8.7. Namely, the bound (3’) (ibid. p. 1929) may fail (case 2 on
p.1930 when d = 1) unlike stated therein; the same mistake occurs in 1.8.7.5
case 1.

We review and amend the corresponding statements in lemma 7.16(2)
below. Adapting notations of (7.53), there is an expansion

U PME, 50 = (uUs + Uy + Us)U. —l—ZU ]U U;(Ur,Us), (7.59)

J€Jo

where i, c € k(x), 1 + d; := degy, V;(Uy, Uy), with b; > jA(x), d;j < jB(z),
notations as in lemma 7.10(5) (where p = 0 if B(z) > 1). The subset
Jo C{1,...,w(x)} is defined by

j SRS qjj(U]_,UQ) 7é 0.

Lemma 7.16. Assume that x satisfies condition (*3). Let (uy,us;us; Z) be
well 2-adapted coordinates at x and assume furthermore that

() € Spec(S[-2, (2 (W), W = wy"h, Z' = =

Ul Uy Uy

Then x' is resolved or (k(x') = 2, o' satisfies condition (*1) or (*3) with
Ai(2') = B(z) - 1, y(2') <1+ 7(x)

and there exist well 2-adapted coordinates (u}, uy; uy; Z') at ' such that either

(1°) below holds, or (1)-(3) below hold:)
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(1°) we have
U™ Bz = UU§ + ¢,Us(Us + ATV,

where A # 0, (dy +1/p ¢ N or ¢, & k(x)?) up to change of well 2-
adapted coordinates; furthermore x' satisfies condition (*1) and (7.56)
holds at «' with X' # 0 and (d} ¢ N or N & k(x)?);
(1) we have
() 1
/ < -
pa) < TP+
and inequality is strict if ' satisfies condition (*3);

(2) if y(z') > ~(x), then k(z') = k(x) and «’ is uniquely determined; up
to a change of well 2-adapted coordinates, ¥’ = (Z/uy, uy, us/uy, us/uy)
and (7.59) reads

Ui By = (uUs + Un)US® + U (Us + AUSTI)0 (7.60)

with k € N, Ae # 0, (dy +1/p & N or ¢ & k(z)?), and p = 0 if
B(z) =k +~(z) > 1; furthermore, we have

(3) if (v(2') < ~y(x) and x' is in case (*3)), then

ﬁcﬂ)SHMXU%x%%}

and B(x') < Blx) if (k(') # k(z) and B(x) > 1/p).

Proof. We already know from proposition 7.8(ii) that 2’ is resolved or (k(x') =
2 and 2’ satisfies condition (*)). Note that we have

B(z) > 1< H'E, ; e< UUSW, U,U8@ ye@+ 5
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If 7'(x) > 2, we certainly have B(z) = 1 and z is of type (T1) or (T4) as
defined along the proof of proposition 7.8. For type (T4), «’ is resolved by
theorem 3.6 since Vdir(z) =< Us, U; >. For type (T1), note that we have
B(x) = 1, hence v(x) = 2. The following holds: z is good or k(z') = 2, 2’ sat-
isfies condition (*) and there exist well 2-adapted coordinates (u}, ub; uf; Z')
at «’ such that A;(z') = 0 and either:

e 2’ is in case (*3) and f(2') =1, or
)

e 7/ is in case (*1) and
1
Ba') = —— i>1.
1

See the discussion along the course of the proof of proposition 7.8: these two
situations correspond respectively to case 1 and case 2 therein. This proves
that 2’ is resolved or (y(z') = y(z) = 2 and (1)(3) hold) when 7/(z) = 2.

Assume now that (B(x) =1 and 7/(x) = 1). The argument in the proof
of proposition 7.8, viz. (7.25)-(7.26), gives

w(z)/p
inngh = 27+ UM [ (uUs + Ua)Us™ + U, Y U7, (U7, U7)
i=1
where p € k(x) and ®; € k(x)[T1, T3], 1 <i <w(x)/p. It is easily seen from
this expression that

d d,
w(z') <w(z) —p min {2’— aoen, i },

1<z<“’(z) d

so w(z') = w(x) implies d = 1, and ®; monic in T whenever ®; # 0.
Similarly, we have

&,(UP. UP
Z Vdir ( 0 (g)l\’U )}ler) =< U, Uy >= w(2) < w(x),

with notations as in (2.37). After possibly changing Z with Z — ¢, ¢ € 5, it
can thus be assumed that

w(z)/p
ingh = 27+ UM | (uUs + Ua)US' + Uy Y USSP (U, + AU
=1

(7.61)
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where pu € k(z), A € k(z) and ¢; € k(z), 1 <i < w(z)/p. Furthermore, we
have 2’ = (Z' /uy, uy, us/uy + v, us/uy), where v € S is a preimage of A. The
proof now goes on along the same lines as that of the case B(x) = 1 in the
previous lemma: a’ is resolved or z’ satisfies condition (*1), A;(z’) = 0 and
one of (7.57)-(7.58) holds (in particular v(z’) = 2). When (7.58) holds with
w(z) = p, we have (1)’; otherwise, we have (1), (3) being pointless.

For (2), note that z’ satisfies the assumptions of proposition 7.7 (so x is
good) if ¢; # 0 for some i < w(x)/p. Otherwise, we have

1 1

Y

(a2(), B2()) = ( )- (7.62)

wz)" W)

By definition 7.4, we also have (z) = (i1 — 1)/i, 1 <i < w(z) and i; € N.
By assumption, y(x) = 1, so f(z) < 1 and we get

1-@:@(@35@)@—;

We deduce that iy =i = w(z). By (7.62), this implies that

(As(z), B(x)) = (@a(2), Fa(2)) = ( 1——=)

w(z) w(x)

and the conclusion follows.

If B(x) > 1, the proof is identical to that of [27] lemma I.8.7(b)(b")(d)(i)-
(iii)(v): this relies on the numerical lemma I.8.6.2 and characteristic free
transformation formula for cl,,, .(2)J (definition 1.8.6.3). As observed before
stating this lemma, a mistake in [27] 1.8.7.8 (case 2, B(z) € N) has to be
amended at this point. Namely, the bounds (3)(4) on p.1929 only hold when
G =py 15—52 # 0 with notations as in there. The correct bounds are thus no
better than those given in 1.8.7.8 case 3:

14d; 1 1+4+d; 1 1
Ne - T% 2 Ne 2% 2 & .
Ba) < S B < (T

where a := ord,w(z): this gives (1) of the present lemma.

We note however that the bounds (3)(3)(4)(4’) on p.1929-1930 are cor-
rect if d > 2 (this relies on lemma 6.3(2), statement “d = 1 if equality
holds”). This proves that vy(z') < ~(z) if k(2’) # k(z). There remains to

203



prove (2) and (3) (resp. (3)) of the present lemma for d = 1 (resp. for d > 2).

First assume that d > 2, i.e. k(z') # k(z). The conclusion follows trivially
from (1) if G(z) > 1, so we may assume that 3(z) < 1.

The proof involves picking some element G € ¢l w(z), G 7 0 [27] middle
of p. 1930 and computing the order of its transform. This is done after pos-
sibly performing the Tschirnhausen transformation described in [27] 1.8.3.6.
We consider several cases:

Case 1: Jy € pN. Arguing as in [27] 1.8.7.7, we get

nd n d
Case 2: Jo C pN and B(z) ¢ N. By [27] (4) on p.1930, we get

B(z) - B(a’) > (1—&)5(@—#%(1—3) > 0.

Case 3: Jy CpN, B(z) € N and G = Ul_pdl%. Amending [27] 1.8.7.8

as in (7.63), we obtain the bound f(z’) < B(x)/d except possibly if j; = p%
in this case, we let

d = max{b: Uy W,u(Uy, Us) € (k(2)[Uy, Us))"'} < a (7.64)
and obtain the bound:
B(a’) < max{p*™", f(x)} (resp. f(a') < B(x)) (7.65)
from lemma 6.3(2) (resp. ibid. with degF > 2 if f(z) > 1/p).

Case 4: Jo C pN, B(z) € N and U; P %22 = U5 The bound is:

1+d,
Bla') < ——=

() = =4
as in case 2 with the same conclusion.
Assume that k(z') = k(z). By the independence statement in theorem 7.12,
it can be assumed that 2’ is the origin of the chart. We build upon (7.59) and
connect the proof with [27] 1.8.7.5. First note that 2’ satisfies condition (*3)
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if and only if u = 0, since Ag(h;uy,us,us; Z) is minimal. In this situation
one gets easily f(z') < f(z) from proposition 2.6 as in case 3 of [27] 1.8.7.5.
This completes the proof when z’ satisfies condition (*3).

Assume now that 2’ satisfies condition (*1), so ¢ # 0 in (7.59). Note to
begin with that we have
d; 1+ d;

< () (7.66)

for each j € Jy in (7.59). We again consider the same cases 1 to 4 as for
k(z") # k(x):
Case 1: Jo € pN. Arguing as in [27] 1.8.7.7, we get

B(z') < j—ljl < 7(z).

Case 2: Jy C pN and B(z) ¢ N. Same as in case 1 by [27] (3’) on p.1929.

Case 3: Jy C pN, B(xz) € N and G = Ufpdlagpﬁ. In this situation,
equality in (7.66) implies 1 + d; € pN. Therefore

o,

“i<g—1
Uy — 7

degU2

in (7.59) and we get the same bound as in case 1.

Case 4: Jo € pN, B(x) € N and Ul_pdl% = U;(x). We now have

U, (Uy, Uy) = @;(UT, UY) for j € Jy and must take

Cpdy 0 0 0
G:=1U, pd (D-Fpza0), D= >\l3_/\l or D= Ula_Ul - (pdl)U26_U2-

Arguing as in the case (B(z) = 1 and 7/(z) = 1), we obtain the same bound
as in case 1 except possibly if

w(z)/p
UL By = (e + U 400 3 e 003, (7.7

i=1
where k := B(xz) — y(x) € N. Define:

w(z)/p '
P(t) := ct“@) 4 Z cpitw(l’)_pz.

i=1
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If pdi +1 € N (resp. pd; +1 € N) and P(t) # c(t + A\)“@ (resp. and
P(t) # c(t + \)*® + Q(t)? with Q(t) € k(z)[t]) for some \ € k(z), then

y = (B(z) = 1,7(x)) € Ag(h;ur, uh; uy; Z')

is a vertex which is not 2-solvable and we get ((2') < 7(z). Otherwise,
we may assume w.l.o.g. that Q = 0 after changing Z with Z — ¢, ¢ € S,
which gives (7.60). One concludes as in the case (B(z) = 1 and 7/(z) = 1)
above. O

We now consider the remaining point “at infinity” for the blowing up
m: X' — X along x.

Lemma 7.17. With notations as above, assume that x satisfies condition (*).
Let (uy,ug; us; Z) be well 2-adapted coordinates at x and assume furthermore
that

' = (2" = ZJug,u}| = uy [ug, ug, uy = uz/ug).

Then z' is resolved or (k(z') = 2, o’ satisfies condition (*2), (u',uq;ul; Z")
are well 2-adapted coordinates at x’,

Ai(2') = Ai(z), Ax(2) = B(x) -1, B(a) = Ai(x) + B(z) —1, 7(2") < y(2),
and the following holds:)
(1) if x is in case (*1), then C(2') < min{f(x) — C(z),C(x)};
(2) if x is in case (*2), we have C(2') < min{f(z) — As(z) — C(x),C(x)}.
(3) if x is in case (*3), we have C(2') < min{f(z) — C(z),C(z) — f2(x)}.

Proof. This relies on the characteristic free proposition 2.6. The argument
in [27] lemmas 1.8.8 and I.8.9 gives all statements before “y(z') < ~v(z)”.
Moreover equations (2) on p.1933 and (2) on p.1934 give:

C(2') <min{B(x) — (B(x) — A1(2)), as(x) — Ay ()} (7.68)
Assume that x is in case (*1) or (*3). We have

ag(x) + fa(x) = B(x), B(x) — Ai(x) = C(x). (7.69)
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This proves (3); if x satisfies condition (*1), then fy(x) > 0 and the conclu-
sion follows from (7.68).

If x satisfies condition (*2), we have B2(z) > As(x), so (7.69) implies that
as(x)—Ai(xz) < C(z) and (2) follows easily. Since y(x) > 1, y(a') < v(x) is a
trivial consequence of definition 7.4 except if (z is in case (*3) and C'(z) < 0).
But then we have (2(x) = —1/i for some 7, 1 <i < w(x) by lemma 7.10 and
corollary 7.11. Therefore

C(x') < C(x) — Poz) < 1

by (3) and we get y(2') < 1. O

7.5 Monic expansions: the algorithm.

In this chapter, we prove theorem 5.1 when r(x) = 2. This is restated as
theorem 7.18 below. The strategy of the proof has much in common with
the one used for theorem 6.1 or for Embedded Resolution of Singularities for
surfaces [17]: roughly speaking, the invariant () is in general nonincreasing
by blowing up a point z, and drops at a nonrational exceptional point or
exceptional point “at infinity” /. Infinite chains of rational points not “at
infinity” do not occur by corollary 3.9. This general idea is illustrated by
the proof of proposition 7.20 below which provides the logical scheme of the

proof.

Considering however the precise behaviour of the invariant y(z) under
blowing up, the situation turns out to be more complicated than expected.
Two phenomena contribute: on the one hand, the directrix vector space
Vdir(z) is not well-behaved under blowing up; on the other hand, ~(x)
does not necessarily drop at a nonrational exceptional point or exceptional
point “at infinity” and may also increase in some special situations (lemma
7.16(17)(2)). These phenomena make the proof very intricate when v(z) = 2,
especially when p = 2. One is then driven to a step by step proof where the
main difficulty is to avoid loops (propositions 7.23 to 7.29). We also empha-
size that most of these intricacies actually occur when S is equicharacteristic
with algebraically closed residue field.

Let u be a valuation of L = k(X') centered at x and consider the quadratic
sequence

(X, x) =: (X, x0) «— (X1, x1) -+ — (X, 2) — - -+ (7.70)
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along p. We will show that x, is resolved for some r > 0, hence x is good as
explained in remark 5.2.

Theorem 7.18. Projection Theorem 5.1 holds when k(z) = 2. One may
take all local blowing ups in (5.2) permissible (of the first kind or second
kind) if p=2 or if w(x) > 3.

Proof. By proposition 7.8, it can be assumed that w(z) = 0 modp and that x,
satisfies condition (*) for every r > 0. Under these assumptions, an invariant
v(z,) € N is defined for r > 0 (definition 7.4).

By proposition 7.20 below, there exists 1y > 0 such that either z,, is
resolved or «y(z,,) < 2.

If v(x,,) = 0, then x,, is resolved by proposition 7.14.

Suppose that y(z,,) = 1. If z,, satisfies condition (*1) (resp. (*2)), then
T, is resolved by proposition 7.21(1) (resp. proposition 7.22) below. If x,,
satisfies condition (*3) and B(x) < 1 —1/w(x) (resp. and f(z) = 1—1/w(z),
(p,w(x)) # (2,2); resp. and [(z) = 1/2, (p,w(x)) = (2,2)), then z,, is
resolved by proposition 7.21(3) (resp. proposition 7.23(ii); resp. proposition
7.25(i)).

Assume finally that v(z,,) = 2. If z,, satisfies condition (*1) (resp. (*2);
resp. (*3)), then z,, is resolved by proposition 7.23(i) or by proposition
7.26(1) (resp. by proposition 7.28; resp. by proposition 7.26(ii) or by propo-
sition 7.29). O

Lemma 7.19. With notations as above, assume that x, satisfies condition
(*2) for every r > 0. Then there exists ro > 0 such that C(z,) = 0 for every
r>Tg.

Proof. We consider the points
y = (Ai(2), A2(2) + a(2)), ¥ = (Ai(2) + ' (2), As(2)) € Ag(un, ug; uz; Z),

where (uq,ug;us; Z) are well 2-adapted coordinates. By standard arguments
on combinatorial blowing ups, we have ¢(z1) < ¢(z) for the lexicographical
ordering whenever C'(z) > 0, where

c(z) = (C(x) = min{a(z), d'(z)}, max{a(z),d'(x)}).

Since these numbers belong to @Na we get C(z,) =0 for all r >> 0. O
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Proposition 7.20. With notations as above, there exists ro > 0 such that

Ty, 18 TESOlVEd or y(x,,) < 2.

Proof. Let (uq,uq;us; Z) be well 2-adapted coordinates at x. We will name
point “at infinity” for simplicity the origin 2’ of the second chart of the
blowing up, i.e.

' = (Zug, uy Juz, ug, ug/uz). (7.71)

The notion is unambiguous if £ = div(u;), that is if x satisfies condition
(*1) or (*3). If x satisfies condition (*2), the point “at infinity” furthermore
depends on the numbering of wuq, uz, where E = div(ujus).

We may assume that (z) > 3 for the whole proof. Note that the special
situations described in lemma 7.15(3") and in lemma 7.16(1°) occur only
when y(z) < 2. We may thus disregard them in this proof. To prove the
proposition, it is sufficient to prove that there exists » > 1 such that =z,
is resolved or y(z,) < 7y(z). We first bound ~(z;) in terms of v(x) at a
nonrational point or at a point “at infinity”.

Assume that k(z1) # k(x). We apply lemma 7.15(4) and lemma 7.16(1) with
d > 2. Note that for a > 1, we have

1+ L%J < [a] (7.72)

and equality holds if and only if @« = d = 2. If x is in case (*1) or (*2), we
deduce that
x1 1s resolved or y(z1) < v(z). (7.73)

For a € N, a > 3, we have similarly

04+1 <«
d p ’

If x is in case (*3), we deduce from lemma 7.16(1) that (7.73) also holds.

Assume that x1 = 2’ is the point at infinity (7.71). By lemma 7.17, x; is
resolved or satisfies condition (*2).

If z is in case (*1), lemma 7.17(1) gives

y(xy) <14 {@J < y(z) (7.74)

by (7.72), since [(z) > 2.
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If z is in case (*2), lemma 7.17(2) gives C(z1) < C(x), so y(z1) < v(z).

If x is in case (*3), then lemma 7.17(3) similarly gives

e <14 [FPE ) < 1 1)) =)

since ((x) > 2. The conclusion is again (7.73).
Assume that x1 # o' and k(xy) = k(x). If z satisfies condition (*1) or (*3),
the independence statement in theorem 7.12 shows that we may actually
assume that z1 = (Z/uq, uy, ug/uy, ug/uy).

If = is in case (*1), then z; is resolved or satisfies again condition (*1)
with B(x;) < f(z) by lemma 7.15(1).

If x is in case (*3), then z; is resolved or satisfies one of conditions (*1)
or (*3). In the latter case, we have G(z1) < ((z) by lemma 7.16(3); in the
former case, we have y(x1) < v(z) except if

“r satisfies the assumptions of lemma 7.16(2)”. (7.75)

This situation occurs only when ((z) = y(z) — 1/w(z) and gives

Blar) = () + Lw(a), y(@1) = 7(x) + 1.

We first prove the proposition when z satisfies either condition (*1) or
(condition (*3) with f(z) < vy(z) — 1/w(z)). By the above considerations,
we are done except possibly if z; satisfies again condition (*1) or (*3) with
(k(z1) = k(z) and ~y(z1) = v(x)). Iterating, we conclude from corollary 3.9
that x, is resolved or v(z,) < y(z) for some r > 1.

Assume now that x satisfies condition (*2). By the above considerations
and lemma 7.15(4), we are done except possibly if z; satisfies again condition
(*2). Iterating, we conclude from lemma 7.19 above that z, is resolved or
v(z,) < vy(z) for some r > 1.

Assume finally that = satisfies condition (*3) with f(z) = y(z) — 1/w(x).
By the above considerations, we are done except possibly if k(x1) = k(z) and
(1) or (2) below holds:

(1) x; satisfies again condition (*3) with B(x;) = 5(z);

(2) my satisfies condition (*1) with G(z1) = v(z) + 1/w(z), viz. (7.75).
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Suppose that (2) holds; we now review the above proof with this extra
assumption in mind. Since ((z1) > 3, B(z1) # 4, (7.72) or (7.74) applied to
the point x, give the stronger

Y(x2) < y(71) — 1 =7(2).

We conclude that either xo is resolved, either vy(z2) < y(x), or z satisfies
again condition (*1) with £(zy) < B(x1). If the latter inequality is strict,
we have ((z9) < v(x) and we are thus already done. Otherwise x5 satisfies
again (2).

Summing up, there exists 7o > 0 such that either z,, is resolved, either
Y(zry) < v(x), or (z, satisfies one and the same property (1) or (2) above for
every r > rq). Iterating, we conclude again by corollary 3.9. [

Proposition 7.21. Assume that k(x) = 2 and one of the following properties
holds:

(1) x satisfies condition (*1) with y(x) = 1;

(2) x satisfies condition (*2) with B(x) < 1;

(3) x satisfies condition (*3) with f(z) <1 —1/w(x).
Then x s good.

Proof. Note that A;(z) > 0 if = satisfies (2) or (3), since
1 < B(z) < Ay(x) + B(2)

in any case. If (z satisfies condition (1) with A;(z) = 0), then x is good
by proposition 7.7. Applying repeatedly lemma 7.13 if A;(z) > 1, it can be
assumed w.l.o.g. that

0<A(x) <1 (7.76)

To prove the proposition, we first claim: x; is resolved or (z; satisfies again
the assumptions of the proposition and ¢(z;) < ¢(z) for the lexicographical
ordering), where

c(z) = (Ai(), B(2)).
If 27 belongs to the first chart, i.e. x7 is distinct from the point 2’ at

infinity (7.71), we apply lemma 7.15 and lemma 7.16. Note that the special
situations described in lemma 7.15(3") and in lemma 7.16(1")(2) do not occur
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under the assumptions of the proposition, so we may also disregard them in
this proof. We obtain that x; is resolved or x; satisfies again condition (*)
with

Ai(xy) = B(x) =1 < Ay(z) + () — 1 < Ay(x). (7.77)

Assume that x1 belongs to the first chart and x satisfies (1). We have C(z) <
B(x) < 1. If k(z1) = k(x), it can be assumed that x; is the origin of the chart
by the independence statement in theorem 7.12. By lemma 7.15(1) we have
B(x1) < B(z) and the claim follows. Note that we obtain ¢(z1) = ¢(x) only
if B(xz) = 1 by (7.77), in which case x; satisfies again (1). If k(x;) # k(z),
the claim follows from lemma 7.15(4) with strict inequality ¢(z1) < ¢(x).
Assume that x1 belongs to the first chart and x satisfies (2). Since (z) < 1,
inequality is strict in (7.77). The claim also follows from lemma 7.15(1)(4)
with strict inequality ¢(z1) < ¢(x).

Assume that z1 belongs to the first chart and x satisfies (3). Note that if
x7 satisfies condition (*1), then x; satisfies again the assumptions of the
proposition since lemma 7.16(2) does not occur for f(z) < 1 — 1/w(x); this
is also true if x; satisfies condition (*3) by lemma 7.16(3) (note that p =
w(z) = 2 does not occur: (7.76) gives A;(x) = 1/2 while (3) gives f(z) = 0,
a contradiction with B(z) > 1). The claim now follows with strict inequality
c(xy) < c(zx) by (7.77).

Assume that x1 = x’. Turning to lemma 7.17, 2’ is resolved or x’ satisfies
condition (*2) with

Ay(2) = Ai(z), B(a) = Ai(z) + B(z) — 1 < B(x)

by (7.76). This proves the claim with ¢(z;) < ¢(z) in this case.

Summing up, we have proved the claim with strict inequality ¢(z1) < ¢(x)
except possibly if both x and x; are in case (*1), k(z1) = k(x) and §(z;) =
B(z) = 1. One concludes the proof again by corollary 3.9. ]

Proposition 7.22. Assume that k(x) = 2, x satisfies condition (*2) and
v(x) = 1. Then z is good.

Proof. By lemma 7.15(4), x; is resolved or satisfies the assumptions of propo-
sition 7.21(1) or (3) if x; is not a point at infinity. Therefore x; is resolved in
this case. If x; is the origin of a chart, then x; is resolved or satisfies again
the assumptions of this proposition by lemma 7.17(2).
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Applying lemma 7.19, it can thus be assumed that C'(z) = 0. Applying
repeatedly lemma 7.13 if Ay(z) > 1 or if As(x) > 1, we then reduce to the
case

0 < Ai(z),As(z) <1, C(x)=0.

Then () = Az(z) < 1 and the conclusion follows from proposition 7.21(2).
[

Proposition 7.23. Assume that k(x) = 2 and one of the following properties
holds:

(i) x satisfies condition (*1) with §(z) < 2;
(i1) x satisfies condition (*3), B(z) =1 —1/w(x) and (p,w(x)) # (2,2).
Then x s good.

Proof. Note that the special situations described in lemma 7.16(1)(2) do
occur here.

Assume that x; belongs to the first chart. Under assumption (i), z is resolved
or x1 satisfies condition (*1) or (*3); note that the latter occurs only if k(x7) is
an inseparable extension of k(x) (in particular d > p) and d; € N. By lemma
7.15(4), x; satisfies again assumption (i) of the proposition with k(x;) = k(z)
or is resolved by proposition 7.21(1)(3).

Under assumption (ii), x; is resolved or z; satisfies condition (*1) or (*3).
If z is as stated in lemma 7.16(1’), then x; is resolved or satisfies assumption
(i) with §(z1) = p/(p— 1) < 2, since (p, w(z)) £ (2,2).

Otherwise we may apply lemma 7.16(1)-(3): if x; satisfies condition (*1),
we get G(x1) <1+ 1/p, B(z1) < 1if k(2') # k(x), from lemma 7.16(1); if 2,
satisfies condition (*3), we get f(z1) < f(x), strict inequality if k(z’) # k(x),
from lemma 7.16(2)(3). By proposition 7.21(1)(3), z; is resolved or satisfies
again the assumptions of the proposition with k(z;) = k().
Assume that x1 = x’ is the point at infinity. Then x; is resolved or x; satisfies
condition (*2) with C'(z1) < 1 by lemma 7.17(1)(3); therefore x; is resolved
in any case by proposition 7.22.

One concludes the proof again by corollary 3.9. [

Lemma 7.24. Assume that k(z) = 2 and one of the following properties
holds:
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(i) x satisfies condition (*1) with 3(z) = 2;
(ii) x satisfies condition (*3) with B(z) < 2.
Let (uy,us9;us; Z) be well 2-adapted coordinates at x and

7 = (ZI = Z/u27u/1 = ul/u27u27ug = U3/U2)

be the point at infinity. Then x' is resolved or (x' satisfies condition (*2)
with C(x') = 1 and the following respectively hold:)

(i’) p=2and dy ¢ N;
(ii’) p>3.

Proof. By lemma 7.17, 2’ is resolved or 2’ satisfies condition (*2).

Under assumption (i), lemma 7.17(1) furthermore gives C'(2') < 1; if
C(2") < 1, we are done by proposition 7.22. If C(2') = 1, lemma 7.17(1)
implies that C'(x) = 1; moreover

Ai(2) = Ay(2) = Ay (), C(2) = B(a') — Ax(2') = 1. (7.78)

We now prove that 2’ is resolved unless (p = 2 and d; ¢ N). To prove
this, it is sufficient to prove that any possible x5 in (7.70) is resolved when
xy = «'. Note that (u), us;us; Z) are well 2-adapted coordinates at z’. Let

. -1
1na/h = Z/p - G/Z/ Z/ + Fp7Zl7a,/7

notations as in lemma 7.10(4) w.r.t. the face og;, of Ao(h';u), ug;uf; Z). We
expand

w(x)
Uiipdl U27pd/2 p, 2" ol — NU?/,w(w) + Z MzUéW(x)ilPZ(Uia UQ)’ (779>

i=1
where d}, == d; + w(z)/p — 1 and
P(U}, U) = U Uy Qi(U1, U),

with Q;(U], Us) zero or not divisible by either U] or Us,. Since C'(2) = 1, we
have by definition

ai by > iAi(xy), 1 > degQ; (U}, Us)
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whenever Q;(U;,Us) #0, 1 <i < w(zx). Since C(x) = C(z') = p(2') =1, we
have
degy; Qi, = i1 and degy,Qi, = ia (7.80)

for some 41,149, 1 < iy,is < w(x). Let
$,2 = (Z//UQ,UQ/UQ,UQ,U(%/UQ), xg = (Z//ullvullauﬂ/ullaug/ull)

be the points “at infinity”. If 25 € {z}, 27}, then lemma 7.15(1) implies that
xo is resolved or xq satisfies condition (*2) with C'(z5) = 0 by (7.80). So x9
is resolved in any case by proposition 7.22.

If zo & {2}, 25} and k(za) # k(2'), we apply lemma 7.15(4): then x5 is
resolved by proposition 7.21(1)(3).

If xo & {ah, 25} and k(zs) = k(2'), we apply lemma 7.15(3")(3)(4). Note
that the special situation in lemma 7.15(3’) yields x5 resolved if (p,w(x)) #
(2,2) by proposition 7.23(i). Therefore x5 is resolved or one of the following
properties holds:

(A) o' satisfies the requirements in lemma 7.15(3") for p = w(z) = 2 and
xo satisfies (7.56) (in particular d; ¢ N);

(B) x4 satisfies condition (*3) with 5(z2) <1+ 1/p.

Since (dy,0,w(x)/p) is a vertex of A(h;uy,ug, us; Z) which is not solvable, we
have p & k(x)P in (7.79) if dy € N. As k(xy) = k(2'), x5 satisfies condition
(*3) only if

(dy,dy) € N* and d; + dy € N.

On the other hand d), — d; = w(x)/p — 1 € N, so the latter holds if and only
if (p =2 and d; ¢ N) as required.

Under assumption (ii), we are done by proposition 7.22 if C'(z') < 1.
Assuming that C'(2’) > 1, we have

1 < max{f(z) - C(x),C(x) — Aolx)} <2
by lemma 7.17(3). It is easily deduced that
B(a') = As(a') = B(a) — C(ar) < 2 (7.81)
and that

B(x) 21, 0< Cr) < 1— 1w(e) and fola) < —/w(a).  (7.82)
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The proof is now a variation of that under assumption (i) and we explain
now how it is to be adapted. To begin with, (7.79) holds with d, := d; +
(1+w(z))/p—1. Since C(x) < 1, fa(x) < 0 and C(2’) > 1, (7.80) is now
replaced by

degy;, Qi, = i1 for some i1, 1 <4 < w(x). (7.83)
Note in particular that we have C'(z) = 1.

If zo € {2}, 25}, we apply lemma 7.17: z), (resp. z3) is resolved or
C(xh) < 1 (resp. C(zf) = 0) by (7.81) (resp. by (7.83)). Therefore z; is
resolved in any case by proposition 7.22.

If 2o & {x},25} and k(xe) # k(z1), then xo is resolved by the same
argument as under assumption (i).

If 2o & {a}, 25} and k(x2) = k(x1), we first note that 2’ is not as specified
in lemma 7.15(3’): since C'(z) < 1, we have A;(z') = A;(z) > 0. Applying
then lemma 7.15(3)(4), the argument used under assumption (i) gives x
resolved or d; + d, € N. Since d, —d; — 1/p € N, this can possibly hold only
if p> 3. L

Lemma 7.25. Assume that k(x) = 2 and x satisfies one of the following
properties:

(1) x satisfies condition (*1), 5(x) = 2 and, given well 2-adapted coordi-
nates (uy, ug; ug; Z), the polynomial ingh = ZP — GE~'Z + F, 7, where

w(z)
Uy Fpza = pUs™ + 3 w0y @ Ui vy, (7.84)

i=1
notations as in lemma 7.10(4) w.r.t. the face
oy =y = (Ai(2), 8(x)) € Da(h; ur, up;us; Z)
has p; # 0 for some i with 1 <i <p—1;
(i1) = satisfies condition (*3) and B(x) <2 —1/p.
Then x s good.

Proof. We again consider three cases.

Assume that v, = x' is the point at infinity. We review the proof of lemma
7.24 with our extra assumptions and claim that 2’ is resolved.
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Under assumption (i), we get 1 <iy < p—11in (7.80) by (7.84). Turning
to (A) and (B) in the proof of lemma 7.24, note that (A) does not hold since
w1 # 0 in (7.84). Finally if (B) holds, then B(z2) < 1 —1/(p — 1) because
1 <y < p— 1. Therefore x5 is resolved by proposition 7.21(3).

Under assumption (ii), note that (7.82) is strengthened to
0<C(z)<1—1/pand fa(z) < —1/p

since B(x) < 2 —1/p. We thus get 1 <i; < p—1in (7.83). We also get
B(xg) <1—1/(p—1) if (B) holds, so x5 is resolved by proposition 7.21(3).

Assume that k(zy1) # k(z). If z; satisfies condition (*1), lemma 7.15(4)
and lemma 7.16(1) give 5(z) < 2 in any case. Therefore z; is resolved by
proposition 7.23(i).

If x; satisfies condition (*3), the same conclusion holds under assump-
tion (i) except possibly if C(x) = d = 2. By (7.84), we then get f(x;) <
1—1/(p—1) and z; is resolved by proposition 7.21(3). Under assumption
(ii), @, satisfies again the assumption (ii) in this lemma with §(z1) < B(x)
by lemma 7.16(3).

Assume that x1 # ' and k(z1) = k(z). The independence statement in
theorem 7.12 reduces to

11 = (2" = Z/uy, uy, uy = usfuy, uy := ug/uy).

Note that the extra assumption (7.84) is unaffected by this coordinate change.

Under assumption (i), lemma 7.15(1) shows that x; is resolved or
satisfies again condition (*1) with #(z1) < §(z) = 2. By proposition 7.23(i),
x1 is resolved unless equality holds. In this case, we have

Clx) = B(x) = B(r1) = 2

and z; satisfies again assumption (i) of this lemma.

Under assumption (ii), lemma 7.16 shows that x; is resolved or satisfies
condition (*1) or (*3). If one of lemma 7.16(1")(2) applies, we have y(x) =1
and z; satisfies condition (*1) with B(z;) < 2. We are done if inequality is
strict by proposition 7.23(i); otherwise w(xz) = p = 2 and z; satisfies (i) of
this lemma.
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Any other situation yields v(x;) < 7(z). If z; satisfies condition (*3),
then x; satisfies again (ii) of this lemma with §(z1) < 8(x) by lemma 7.16(3).
If 2y satisfies condition (*1), we have G(x;) < 2. We are done if inequality is
strict by proposition 7.23(i).

Assume then that (z; satisfies condition (*1) and 3(x;) = 2). We argue
as in the proof of lemma 7.16. Let

Ufplep,Z,a = (uU; + Uy)U. + Z U3 JUl (Uh Us), (7.85)

J€Jo

where p € k(x), 14 d; := degy, V;(Uy, Us), with b; > jA (x), d; < jB(z),

notations as in lemma 7.10(5). By assumption (ii), we have
: d;
jeJo= =+ <2—-1/p.
J

Note that for j € Jy, we then have 1 + d; < 2j, and inequality is strict if
j > p. If min Jy > p, arguing as in the proof of lemma 7.16 (B(x) > 1, cases
1 to 4), we then get G(x;) < 2: a contradiction. This proves that

1 <jp:=minJy <p-—1. (7.86)

Let y' := (Ai(x1),B(z1)) € Ao(h;uy,uh;ul; Z'), where (ug,ub;ul; Z') are
well 2-adapted coordinates. With notations as in lemma 7.10(4), the initial
form polynomial in,h’ w.r.t. the face o) = y’ satisfies an equation (7.84),
say
w(z) A .
Ul—pd’1 e = M/U?/’w(m) + ZM;UéW(w)—JUlel(m)Ué%’ (7.87)
j=1
with d} == d; + (1 + w(x))/p — 1, i), # 0 by (7.86). Therefore x, satisfies

assumption (i) in this lemma.

Summing up, the following has been proved: if x satisfies (i), then x; is
resolved or (k(x1) = k(x) and z; satisfies again (i)). If = satisfies (ii), then
x1 is resolved or x; satisfies (i) or (ii); if (ii) holds, then ((z;) < ((z) and
inequality is strict if k(x;) # k(x).

Consider the quadratic sequence (7.70). By the previous considerations,
there exists 79 > 0 such that either x,, is resolved, or (z, satisfies one and
the same assumption in the lemma with k(x,) = k(x,,) for every r > ry).
One concludes the proof again by corollary 3.9. [

218



We will now conclude the proof of theorem 7.18. Note the interesting
extra twist for p = 2.

Proposition 7.26. Assume that k(x) = 2 and one of the following properties
holds:

(i) x satisfies condition (*1) with 3(z) = 2;
(i1) x satisfies condition (*3) and f(z) <2 —1/w(x).
Then x is good.

Proof. This is a variation on the two previous lemmas. Note that we may
disregard the special case stated in lemma 7.16(1") in this proof.

Assume that x1 = x’ is the point at infinity. By lemma 7.24, x’ is resolved
under assumption (i) (resp. (ii)) if p > 3 (resp. if p = 2). Reviewing the
proof of lemma 7.24, we are done except possibly when (A) or (B) stated
therein hold. If (A) holds, then z, is resolved by lemma 7.25(i). If (B) holds,
x9 satisfies condition (*3) with B(zy) < 1+ 1/p. If p > 3 or if (p = 2 and
B(xg) < 3/2), we have ((z3) < 2 — 1/p and the conclusion follows from
lemma 7.25(ii). Therefore 2’ is resolved or

p=2and ((z2) = 3/2.

In the special case p = w(z) = 2, an explicit computation gives B(zz) < 1
if o satisfies condition (*3) (¢f. (ii) of proof of lemma 7.27 below), so 2’ is
resolved. This proves that x, is resolved or satisfies again the assumptions
of the proposition in any case.

Assume that k(xy) # k(z). Under assumption (i), x; is resolved or

Clz) 1 1
Blr) < ——+—-<1+—
(@) <=+ ;
by lemma 7.15(3). Then z; is resolved by proposition 7.23(i) or by lemma
7.25(i) except possibly if x; satisfies (ii) with (p = 2, S(z) = 3/2); in this
case, note that (x satisfies condition (*1), z; satisfies condition (*3)) implies
that d; € N.

Under assumption (ii), 1 is resolved or
1

2 1
Blr)<-+-<14 -
(@) < , ,
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by lemma 7.15(2). Then z; is resolved in any case by proposition 7.23(i) or
by lemma 7.25(ii).

Assume that x1 # x' and k(x1) = k(z). We may assume once again that z;
is the origin of the first chart of the blowing up.

Under assumption (i), x; is resolved or z; satisfies again assumption (i):
same proof as in lemma 7.25(1).

Under assumption (ii), x; is resolved or satisfies again one of (i)(ii): same
proof as in lemma 7.25(ii). If x; satisfies again (ii), we have §(z;) < f(x) by
lemma 7.16(3).

Summing up, it has been proved that x; is resolved or z; satisfies again
the assumptions of the proposition. Under assumption (i), x; is resolved or
one of the following properties holds:

(1) k(z1) = k(z) and x; satisfies again (i);
(2) p =2 and z; satisfies (ii) with G(z;) = 3/2;
(3) p =2 and x5 satisfies (ii) with G(z2) = 3/2.

Under assumption (ii), z; is resolved or one of the following properties
holds:

(1) k(z1) = k(x) and x; satisfies (i);
(2’) k(z1) = k(x) and x; satisfies again (ii) with 3(x;) < f(x).

Consider the quadratic sequence (7.70) and suppose that (2) (resp. (3))
above occurs. Suppose that event (1’) occurs again at x, for » > 1 (resp. for
r > 2). By (2’) and lemma 7.25(ii), we may assume that 3(x,) = 3/2, so
x, is resolved by lemma 7.27 below. Therefore there exists rq > 0 such that
either z,, is resolved, or (x, satisfies one and the same assumption (i) or (ii)
with k(z,) = k(z,,) for every r > r(). The proof now concludes once again
by corollary 3.9. O

Lemma 7.27. Assume that p = 2, k(z) = 2 and x satisfies condition (*3)
with B(x) = 3/2. If 1 satisfies condition (*1), then x1 is resolved.
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Proof. We argue as in the proof of lemma 7.25 (7.85) and (7.87): we have
B(x1) = 2 and, since [(z) = 3/2, there exist well 2-adapted coordinates
(uy, uy;uy; Z') at xq such that
w(z)
U1—2al’1 FQ,Z’,a’ _ M/Uéw(w) + ZM;Uéw(ﬂc)—lejAl(m)UéQj’ (7.88)
j=1
with &} :=dy + (1 + w(x))/2 — 1, p} # 0 or ph # 0. We conclude by lemma
7.25(1) if 1, # 0.

Assume then that pf = 0 and let a := ordyw(z). If (a = 1, Ai(x) € N
and g4/ ~" = A2 for some A\ € k(x)), we may perform the Tschirnhausen
transform U — Uj + )\UlAl(gc)Ué2 and get p, = 0 in (7.88). Since [(z1) = 2,
we nevertheless obtain p; # 0 for some jo > 3 in (7.88). In other terms, we
may assume that one of the following assumptions holds:

(i) a>2and py # 0;

(i) a =1, (Ai(w) ¢ Nor ppp'™" ¢ k(x)?) and pij # 0;
(ii) a =1, Ay(z) € N, pp = 0 and y, # 0 for some jo > 3.

We consider three cases and review again the proof of lemma 7.25:
Assume that xo = x| is the point at infinity. Situation (A) has been solved
in lemma 7.25(i). Situation (B) does not hold by [27] proof of I.8.3: equality
B(x3) = 3/2 is achieved only in the situation of ibid. 1.8.3.6 case 2. This
implies (u; = 0 for 1 < j < 2% — 1, and phe # 0): a contradiction with (i)
and (iii) above. This also implies B(z) = A;(z) + f(z) € N viz. [27] 1.8.3.4
(so Aj(x) € N since f(x) = 2), and
OFs 71 o

ON
viz. [27] 1.8.3.5 where d] ¢ N here: a contradiction with (ii). One gets
B(xs) < 3/2 (actually: [(xs) < 1 if x3 satisfies condition (*3)), so 2’ is
resolved by lemma 7.25(ii).

Assume that k(xs) # k(x1). Then xo is resolved.
Assume that xo # x| and k(zs) = k(x1). Then x5 is resolved or x, satisfies
again (7.88) with ,u; #0 for some j > 1, j<2ifa>2.

Iterating, the conclusion follows again from corollary 3.9.

aFQ,Z’,a’

U4 >, lel

221



Proposition 7.28. Assume that k(z) = 2, x satisfies condition (*2) with
v(x) = 2. Then z is good.

Proof. By lemma 7.15, 1 is resolved or satisfies again condition (*) with
(1) <2

If 2 satisfies condition (*1), then x; is resolved by proposition 7.23(i) or
by proposition 7.26(i).

If x; satisfies condition (*3), we have [(z1) < 2 — 1/w(x) by lemma
7.15(4). Therefore z; is resolved by proposition 7.26(ii).

If x; satisfies condition (*2) and y(x1) = 1, &1 is resolved by proposition
7.22. Therefore x; is resolved or satisfies again the assumptions of the lemma.
The conclusion follows from lemma 7.19. O

Proposition 7.29. Assume that k(z) = 2, x salisfies condition (*3) with
B(x) =2 —1/w(x). Then z is good.

Proof. This is now a variation on proposition 7.20. By lemma 7.16, x; is
resolved or satisfies again condition (*) with y(x;) < 2 except in the special
situation specified in lemma 7.16(2). Applying the previous lemmas, we are
done except possibly if k(x1) = k(x) and (1) or (2) below holds:

(1) z; satisfies again condition (*3) with f(z1) = B(z) =2 — 1/w(x);
(2) x; satisfies condition (*1) with 3(x1) = 2 + 1/w(z).

Suppose that (2) holds; by lemma 7.15(1)(4) and lemma 7.17(2), x5 is
resolved (y(z2) < 2, B(xe) < 2 — 1/w(x) if x, satisfies condition (*3)) or
satisfies again (2) with k(x2) = k(x1). We conclude once more by corollary
3.9. [

8 Projection theorem: transverse and tan-
gent cases, reduction of x(z) = 3,4 to monic
expansions.

In this chapter and the next one, we prove theorem 5.1 when k(z) = 3,4
(definition 5.1). This is restated as theorem 9.6 below. The structure of
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the proof is similar to that of theorem 7.18: first getting a stable form for
the equation of in,, h (i.e. monic expansions, definition 8.1 below), then
introducing a projected polygon with secondary invariant (z).

Two important differences with x(z) = 2 arise. On the one hand, no
simple reduction works for each of k(z) = 3,4 separately and we have to
deal with both cases at the same time. On the other hand, the monic case
is resolved by blowing up Hironaka-permissible centers J C X which are not
necessarily permissible in the sense of definitions 3.1 and 3.2.

Given a valuation p of L = k(X) centered at x, we consider finite se-
quences of local blowing ups along pu:

(X,z) = (X, x0) «— (X1, x1) — -+ — (X, ;) (8.1)
with Hironaka-permissible centers ); C (X}, x;), viz. (5.2).

Up to the end of this chapter, “resolved” stands for “resolved for (p,w(x),3)”
(remark 5.2).

Definition 8.1. (Monic expansion for x(z) > 3). Assume that x(z) > 3.
We say that x satisfies condition (**) if there exists well adapted coordinates
(u1,ug,u3; Z) at x such that the following conditions are fulfilled:

(i) 1+w(z) # 0mod(p);

(ii)) F = div(uy) (resp. E = div(ujug)), and v := (dy,dy, (1 + w(z))/p) is
the only vertex (resp. is a vertex) of Ag(h;uy,us,us; Z) in the region
T = dl-

Assume k(z) = 4, we say that x satisfies condition (T**) (for “towards
(**)”) if there exists well adapted coordinates (uq,ug,us; Z) at x such that
one of the following conditions is fulfilled:

(i) e(z) =w(z), div(uy) € F and Vdir(z) =< Uy >;

(ii) €(x) = w(x), div(uju) € E and v := (dy + w(z)/p, ds, ds) is the only
vertex of Ag(h;uy,us,us; Z) in the region xo = da;

(i) £ = div(ujug) and v := (d; + w(x)/p,d2,1/p) is the only vertex of
Ag(h;uy,us,uz; Z) in the region xs = ds.

223



When z satisfies any of (**) or (T**), we simply say that “h has a monic

expansion for (uy, us, us; Z)”. In cases (**) and (T**)(iii), the nonexceptional
variable uz will usually be denoted v.
Remark 8.1. If x satisfies (i)(ii) or ((iii) with ¢(z) = w(x)) above for (T**),
we have k(z) < 2 or k(x) = 4. On the other hand, one may have (iii)
with k(x) = 3 if e(x) = 1 + w(x). We however claim that 7/(x) = 3 in this
situation. Namely, by definition 2.16,

8TFp 2

H($):3<:>H ! gk( )[Ul,UQ].

W.l.o.g. it can be assumed that Us € Vdir(z). By (iii), we then have

OTF, z
dUs

with A # 0 and @ ¢ k(x)[Uy, Us]. It is then obvious that 7/(x) = 3.
i)o

As a consequence, it is sufficient for our purpose to check (i)(i
order to check (T**), since x is already resolved if k(z) < 3.

H-! = \UXY 1 Uy ®(Uy, Uy, Us),

r (iii) in

8.1 Preliminaries: transverse case.

Let (uy,us,us; Z) be well adapted coordinates at z, where k(z) = 3. In
particular, we have €(z) = w(x) 4+ 1. The initial form polynomial

in, h=2° GV 'Z +F,z; € G(ms)[Z]
has H 'GP C k(x)[U, ..., Udu@)+1 and an expansion

w(z)

Uy "M U2 Fy gz = Uy O 4 U590 (U, U), (8.2)

i=0
with Us € Vdir(z), ¢ € k(z) and ®; € k(z)[Uy, Usiy1, 0 < i < w(zx). Since

k(x) = 3, note that we have

(w(z) +1# 0 modp and ¢ # 0), or
(8.3)
®;1(Uy, Uy) # 0 for some i < w(x) — 2, w(z) —i # 0 modp
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Proposition 8.1. Assume that k(x) = 3, E = div(ujus) and
leI‘(l’) =< U3,/\1U1 + U, >, /\1 7é 0.
Then x is resolved.

Proof. Take Yy := {z} in (8.1) and assume that z; is very near z. Since
Uy ¢ Vdir(z), we have G = 0. Let u} := u;/uy, j = 2,3. By theorem 3.6, we
have

1 = (X' = Z/ug,ur,v = uy + 1, uy), B =div(uy), k(x) = k(x),

where v, € S is a preimage of \;. By assumption,

w(x)
— — oF, i rw(x)—1
U= pdle de—a(ZZ = Zci()qu + UQ)IU?)( )
=0

with ¢; € k(z) and ¢; # 0 for some i # w(x). Let (uy,v,uf; Z") be well
adapted coordinates at x;. Applying proposition 3.5(v) (with W’ := div(uy) C
SpecS’), we have

(\11(176 - Al,ﬂg» Q J(Fp,Z’,W’a E,7 W,) g k(w)[ﬂg,ﬂg](g,ﬂg) (84)
Since k(z1) > 3 is assumed, we have

—pd} _
Ol"d(gﬂé)Ul Fp7z/7wl = e(ac),

where
dy=di+dy—1+¢(x)/peN. (8.5)
If €(z1) = €e(x), we get Vdir(z1)+ < Uy >=< U, V,Uj > by (8.4), so
k(x1) = 2 by definition 5.1: a contradiction. Therefore €(x;) = w(x). Let
P = Cle(x)U;pdll p, 2! W' € k(x)[v, Ué]e(w).
We deduce from (8.4) that

_ _ 0P’ N
= W(1,V — A, Uy), Vdir (a_,) =<V.,Uy> . (8.6)
3

0P’
U,

The proof is now a variation of that of proposition 7.5, 7/(x) = 1, which
we state in the following lemma for further use. The assumptions are satisfied
by (8.5)-(8.6) and this concludes the proof. O
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Lemma 8.2. Assume that e(x) = w(x) and E = div(uy). Let (uy, ug, ug; Z)
be well adapted coordinates at x. Assume furthermore that the initial form

polynomial o
ingh = Z° + UPF, F € S/(u;)
of lemma 7.4 has di € N and
o 00 -
ler (aT, 8?) =< U2, U3 >,
oUy 0Uj3
where ® := CIW(I)HF € k:(x)[Ug,Ug]w(x)H. Then x is resolved.

Proof. 1t can be assumed that x(z) = 4, i.e. Vdir(z) =< U; >. We then
review the proof of proposition 7.5 for 7/(x) = 1, cases 1 and 2. We take
Yo :={z}in (8.1).

Case 2 of loc.cit. gives 1(x1) < (p,w(x),2) after blowing up x, hence
xy is resolved. Similarly, case 1 yields ¢(z1) < (p,w(x),2) or after possibly
changing well adapted coordinates:

o e< UL LU >,
with w(z) # 0 modp and
1 = (2" = Z/ug, u} = uy/ug, ug, uy :=uz/ug), E' =div(ujuy).  (8.7)

The case w(z) = 1 is dealt with as in proposition 7.5.

Assume that w(x) > 2. Let E) := div(u}) C SpecS’ be the strict trans-
form of E. We get an expansion

ing, h' = 2" + UP"F, FeS'/(W),
where d} = dy, dy = d; — 1 +w(x)/p and
(W)~ PETVE = (@) modas. (8.8)

It can be furthermore assumed that x(x;) = 4. By lemma 7.3(ii), we have
Vdir(z,) =< U] > or Vdir(x;) =< Uj, Uy > since pd; = 0 is assumed in this
lemma. We take ) := {x;} in (8.1) and first consider the point

"= (2" = 7' Juy,u] = u) us, uy = ugfuy,uy), B = div(ufuju).
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By (8.8), we obtain w(z”) < w(x) (resp. 7/(z”) = 3) if w(zx) > 3 (resp. if
w(z) = 2), so 2" is resolved in any case. By theorem 3.6 it can therefore be
assumed that

Vdir(z;) =< Uy > . (8.9)
Applying again (8.8), we obtain

yOF

o)~ (pet) 21
(%) ot

= @) modus.

Once again, we obtain ((z2) < (p,w(x),2) or after possibly changing well
adapted coordinates:

xy = (Z' Jug, vl := ] Jug, us, uy/us), E" = div(ufusy).

It is now clear that (8.8)-(8.9) are stable by blowing up. Iterating, we
obtain that z, is resolved for some r > 1 in (8.1) or there exists a formal
curve Y = V(Z ,u1,u3) whose strict transform passes through all points .,
r > 1. By proposition 3.8(1), it can be assumed that YV = V(Z,uy,us) is
permissible of the first kind. Then x is resolved by blowing up ) and the
conclusion follows. O

Lemma 8.3. Assume that k(xz) = 3. Then x is good, or there exist well
adapted coordinates (uy,us,us; Z) at x and an expansion (8.2) such that one
of the following properties holds.

(1) we have

O, € k(2)[Uh], 0<i<w(xz)—1, and
(8.10)
(I)w(z)—l—l = (>\1U1 -+ AQUQ)U;J(:E), A, A € k(:L‘)

Furthermore (®; =0 for every i > 0) or (x; =12’ in (8.1)), where

Yo :={x} and 2’ := (Z' := Z/ug, v} := uy/ug, ug, uy := uz/us);

(2) we have E = div(ujuz), 7'(x) = 1 and x satisfies condition (**) (defi-
nition 8.1).
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Proof. We always take ) := {z} in (8.1) and discuss according to x;. It can
be assumed that ¢(x1) > ¢(z) (in particular w(z;) = w(z)).

First suppose that z; = 2’. By proposition 2.6, (u},us,u}; Z’) are well
adapted coordinates at z’. Since €(z’) > w(x) by assumption, we deduce
that degy, @i < 1,0 <4 < w(x). Similarly, ®;4, € k(z)[U)] for w(z) —i #
0 modp (resp. for w(z) —i =0 modp, i # w(x)) because w(x') = w(x) (resp.
because k(x’) > 2). Therefore (8.10) holds if ¢(z’) > ¢(x).

Assume now that x; # z’. By theorem 3.6, x; is resolved if
< Ul, U3 >C lel"(l’)

If (F = div(ujus) and 7'(z) = 2), it can thus be assumed by symmetry on
uy, ug that Vdir(z) =< Us, \\U; + Us >, Ay # 0. Then z is resolved by
proposition 8.1. Since x; is very near x, it can be assumed from now on that

Vdir(z) =< Us > . (8.11)
We get in (8.2): G = 0 and ¥;4; = 0 for w(z) —i # 0 modp. By (8.3), we

furthermore have
¢ # 0 and w(z) + 1 # 0 modp. (8.12)

If £ = div(ujus), we therefore have (2) and the proof is complete.

Assume now that E = div(uy). Let I := {i: ®;41 # 0}. To conclude the
proof, we will prove that

I # () = x; is resolved.
Let i € I. By (8.11) and (8.12), we have
w(z) —i=0modp, i+ 1% 0 modp. (8.13)
There is an expansion
Q1 (Ur,Us) = U V,44 (U, Us), a; > 0. (8.14)

where U; does not divide ¥,; ;. By (8.11), we have ag)—[}*; = 0, therefore
U,y € k(x)[UT, U], whence a; > 1 by (8.13). Expand

Vi1 (Uh, Us) =: uiUfbi +eoe, 1 #0, b €N
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After possibly changing Z with Z—¢, ¢ € S, it can be assumed that pd,+a; #
0 modp or p; € k(z)?. In particular (8.10) holds for i = 0.

If I ={0}, k(z1) > 2 implies that €(x;) = w(xy): x, satisfies the assump-
tions of lemma 7.1 (or of lemma 7.2) and the conclusion follows.

Suppose that ¢ > 1 in what follows. We can take a unitary polynomial
P(t) € S[t], whose reduction P(t) € k(x)[t] is irreducible and

1 = (X' := Z/uy,up, uy := P(ug/ur), uy := ug/ug).
Let (uy,ub,us; Z') be well adapted coordinates at x;. Given
0 0
D U=, {=
S { 18U17 {aAl}lEAO}’

we let ¢; p(t) = U, P (p L grhtg, ) € k(x)[t]<p,- By proposition
3.5(v), we have

w(z) < I{lbn{w(x) — i+ ordg, @i p(t)} < w(x),

where equality holds only if a; = 1 and k(z1) = k(z) by lemma 6.3(2). In
particular we have I C pN. Since k(x;) = k(z), it can be assumed w.l.o.g.
that P(t) =t and

®i+1(U1, UQ) = /LlUlUZl, for every 7 Z 0

after possibly changing well adapted coordinates (including ¢ = 0, ¢f. above).
Then (uq,u), uy; X') are well adapted coordinates at z; by proposition 2.6.
We obtain: €(z;) = w(z) and

w(z)/p
H 7 Fxr= Y U705 + 0,9,
k=0

for some @' € k(z)[Uy, U, Ul]. But then x(x;) < 2: a contradiction. This
completes the proof when E = div(uy). O

8.2 Preliminaries: tangent case.

Let (uq1,uq,us; Z) be well adapted coordinates at x, where x(x) = 4. This
splits into two different situations:
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e if w(x) = €(x), the initial form polynomial is of the form
in,h =2+ F, , € G(mg)[Z], (8.15)

where H'F), ; C k(z)[Un, ..., U@, 1 <e < 3.
o if w(x) = €(x) — 1, the initial form polynomial is of the form

in, h=2" -G 'Z+ F,; € G(mgs)|Z] (8.16)
with H='GP C k(x)[Uy, ..., Uelw@)+1, 1 < e < 2. By definition 2.16, we have
(0) #V(TF,z, E,ms) C k(z)[Uy,..., Ue]w(x). (8.17)

Definition 8.2. Assume that k(z) = 4 and €(x) = w(x). We say that
Vdir(z) is skew if for every subset J C {1,...,e}, we have

Vdir(z) #< {u;}jes > .

Assume that Vdir(x) is skew and first note that e = 2 or e = 3. Ele-
mentary casuistics, similar to that performed in the proof of proposition 7.8,
yield the following types up to reordering exceptional variables:

(T0) F = div(ujugus) an

oL

Vdir(z) =< MU + AUy + Us >, Mg # 0. (8.18)
(T1) E = div(ujusug) and
Vdir(z) =< MUy + Uz, AaUs + Us >, A # 0. (8.19)
(T2) F = div(ujusug) and
Vdir(z) =< MUy + Us, Us >, A\ # 0. (8.20)
(T3) div(uyuz) C E C div(ujusus) and
Vdir(z) =< MUy + Uy >, A\ # 0. (8.21)
Proposition 8.4. Assume that Vdir(z) is skew. Assume furthermore that
J(Fpz, E;ms) & (Us) N G(ms)e()

if x is of type (T2) above. Take (8.1) to be the quadratic sequence along fi.

Then there exists r > 0 such that either x, is resolved or x, satisfies
condition (**). If w(x) < p, then x is resolved.
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Proof. We discuss according to z; in (8.1), where zy = « is of type (Tk) for
some k € {0,1,2,3}. It can be assumed w.l.o.g. that ¢(z1) > (p,w(x),3).
Let u; := uj/uy, j = 2,3.

o Assume that k = 0. By (8.18), we have

J(Fp,Za Eyms) =< ()\1U1 + XUs + Ug)w(x) > . (8.22)
We expand
U Uy P U™ Bz = AU + (UL + NU) U -

where A # 0 by (8.22).
Suppose that w(z) # 0 modp. Since A\ Ay # 0, we also have |\, # 0 by
identifying the coefficient of U™ ™" in (8.22). By lemma 7.3(ii) with i = 1,

we deduce that
w(z) —1

p

ds + e N.

But then

0F, 7
0Us

with degy;, ® < w(z) — 2: a contradiction with (8.22) since A # 0.

This proves that w(z) = 0 modp (in particular w(x) > p). By lemma
7.3(i), it can thus be assumed that

U;pdl U{deUi;pdS (U3 > _ )\Ug)(x) + @,

UTPh U057 B, = N\ Uy + AUy + Us)“®

after possibly changing Z with Z — ¢, ¢ € S. After possibly reordering
exceptional variables, we have

1 = (X" 1= Z/uy,u,v = Pub), w = uj + Youy + 1),

where 71,72 € S are preimages of A, Ay and P(t) € S[t] is a unitary poly-
nomial whose reduction P(t) € k(z)[t] is irreducible. Applying proposition
3.5(v) (with W' := div(uy) C SpecS’), we have

J(Fpxrwr, B W) = (@®)) C k(a1) [, @) m). (8.23)
Since ¢(x1) > (p,w(x),3) is assumed, (8.23) reads

OF, x1wr OF, x1wr

—pd
U oo Ow

) = @)
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when E' = div(uy). If (8.23) is achieved by %, we then have e(21) = w(z) and
xq satisfies the assumptions of lemma 7.1; hence z; is resolved. Otherwise
(8.23) gives

Ul—Pd'l U2—pd'2 = (wl—l-w(x))?
for E' = div(uy) or E' = div(ujv). This proves that x; satisfies condition
o Assume that k = 1. By theorem 3.6 and (8.19), we have
1 = (X' :=Z/ur,ur,v = uy + 1, w = uy + ), E =div(u)

where 1,72 € S are preimages of Ay, As.

Assume that €(x;) = w(x). By proposition 3.5(v), x; satisfies the as-
sumptions of lemma 8.2 and the conclusion follows.

Assume now that e(z1) = 1 + w(z). Let (uj,v,w;Z’) be well adapted
coordinates at x. By proposition 3.5(v) and (8.19), we have

Vdir(z,)+ < Uy >=< U, VIV >.

This is a contradiction with definition 5.1, since x(x1) > 3 by assumption.

e Assume that k = 2. By theorem 3.6 and (8.20), we have
r1 = (X" = Z/ug,ug,v = uy +m,uy), B =div(iwug), k(z1) = k(x),
where v, € S is a preimage of A\;. By assumption, there exists

e(x)
P = Z(I)i(Ul,Uz)U;(x)_z € J(Fp,Z>Eva>

=0

with ®; € k(z)[Uy,Us); and @ypy = c(MU + Uy)“@ ¢ # 0. Applying
proposition 3.5(v) (with W’ := div(u;) C SpecsS’), we have

(©(1,7 = A, wy)) € J(Fpzwr, B W) C k(2)[W), U] 5m,). (8.24)

Therefore z satisfies condition (**) since E' = div(ujuj), ¢ # 0.

Assume now that w(x) < p. By lemma 7.3(ii), we have
di,dy €N, d3 €N, pdy + pdy + w() = p. (8.25)

232



Ifd; > 1, j =1,2,3, the center ), := V(Z, u;) is Hironaka-permissible
w.r.t. FE. Blowing up finitely many times, we reduce to the case d3 = 0,
0 < dy,dy < 1. By (8.25), we thus have

po(x) = p(di + d2) + w(z) = p, w(z) <p—2.
We thus deduce that m(z1) <14 w(z) < p, hence x; is resolved.

o Assume that k = 3. If w(z) < p, we may assume to begin with that
d(z) = 1 arguing as in (8.25) sqq. Let

v = (7" := X/ug,v1 :=uy/us, vg := us/uz, uz), E = div(vivaus).

First assume that x; # z’. We have
z1 = (Z/u1,u1,v := uy + y1,w := P(uj)),

where 7y, € S is a preimage of \; and P(t) € S[t] is a unitary polyno-
mial whose reduction P(t) € k(z)[t] is irreducible. Let (uy,v,w; Z}) be well
adapted coordinates. Applying proposition 3.5(v) (with W’ := div(uy) C
SpecS’), we have

J(Ep iz, B W) = (@) C k(a) [, 0] )- (8.26)

The conclusion follows as for type (T0): z; satisfies condition (**) or z; is
resolved by lemma 7.1. The latter holds if w(x) < p.

Assume now that x; = 2/. By proposition 2.6, (v, ve,us; Z’) are well

adapted coordinates at 2. We deduce that e(z') = w(x). Furthermore,
(8.21) implies that

J(Fyz, E'ymg) =< (MVi + Vo)™ > mod(Us) N G(mg)ew.  (8.27)

Suppose that Vdir(z') is not skew. By (8.27), we have 7/(z’) = 3, hence
' is resolved.

Suppose that Vdir(z') is skew. By (8.27), 2’ is of type (Tk) for some
k € {0,1,2,3}. Furthermore if k& = 2, then 2’ satisfies again the extra
assumption in the proposition also by (8.27). We are already done if k£ < 2,
so we may assume again that z’ is of type (T3) and iterate. In particular,
we have e = 3. In case w(z) < p, we again have d; = d;, 1 < j < 3.
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By proposition 3.8, it can be assumed that ) := V(Z, uy, uy) is permis-
sible of the first kind. Let # : X’ — X be the blowing up along ) and
rh € 771 (x) satisty «(z}) > (p,w(z),3). By theorem 3.6, we have

[L'/l = (X/ul,ul,v = u2/u1 +"}/1,U3), Ei = div(u1u3),

where 7, € S is a preimage of A\;. Then 2/ satisfies condition (**). If
w(z) < p, then m(z}) < p and x is resolved. O

Proposition 8.5. Assume that k(x) = 4, €(z) = w(x) and E = div(ujus).
Assume furthermore that the following properties are satisfied:

(Z) Vdu‘(a:) =< Uy,U; >;
(ii) the polyhedron Ag(h;uy,us, us; Z) has a vertex of the form

14+ w(x 1
Vv i= (Ulad27v3)7 U1+U3 = %7 U3 > _7

where (uy,us,us; Z) are well adapted coordinates at x.

Take (8.1) to be the quadratic sequence along p. There exists v > 0 such
that either x, is resolved or x, satisfies condition (**). If w(z) < p, then x
15 resolved.

Proof. Suppose that x; is very near z. By (i) and theorem 3.6, we have
xy = (2" := ZJug,uy := uy Jug, uy = ug/ug, uz), B := div(ujuyus),

and the polyhedron Ag (h';u}, u, ug; Z') is minimal by proposition 2.6. Since
vg > 01in (ii), v is induced by f, z by theorem 2.14, and f,, » has an expansion

fp,Z = Z’Y(X) Hu?fj, ’}/(X) S

x€ES 7j=1

such that y(v) is a unit. By (ii), ; is very near x only if v3 = 2/p, i.e.
Ul UL PRy B = Us(NUP T 4 U0 + B(ULL UL (8.28)

for some &' € k(z)[U;, Us, Us], where X’ # 0 is induced by v, and
w(x
(dy,dy, d3) = (di,da,di +dy — 1+ %) (8.29)
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To conclude the proof, we compute Vdir(z;). First note that
ler(xl)—i- < Uz >=< U{, Ué, Us > (830)

by (i). If 7/(x1) = 3, then z; is resolved by theorem 3.6.
Suppose that 7/(x1) < 2. This gives

Vdir(z1) =< Uy + MUz, Uy + X\yUs >, A}, N, € k(z). (8.31)

Since X' # 0, we have (X, ;) # (0,0). We are done by proposition 8.4
if MJA, # 0 (type (T1)) or if A, = 0 (type (T2) where the extra assumption
holds by (8.28)-(8.31)).

Suppose finally that
Vdir(xy) =< Uy, Uy + MUz >, A, # 0.

We now apply lemma 7.3(ii) to the U} -term in (8.28), i.c. for the
variables (Us, US, U]) respectively and i = 1. We deduce from (7.8) that

_1 —_~ —_~
d'l—i—%EN, dy,dy ¢ N and pdy, + pds + 1 = p.

Turning back to (8.29), we get
pdy = pdy+ 1, 2(pdy +1) =p.

This is a contradiction, since p > 3, and the proof is complete. O]

8.3 Reduction to monic expansions (**) and (T**).

We can now conclude the reduction to monic expansions.

Proposition 8.6. Assume that k(x) = 3. Let p be a valuation of L =
k(X) centered at x. There exists a finite and independent sequence of local
permissible blowing ups of the first kind (8.1) along pu such that one of the
following holds for some r > 0:

(i) x, is resolved or satisfies condition (T**);

(ii) x, satisfies condition (**).
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If w(z) < p and 7'(x) = 2, then (i) holds.

Proof. 1t can be assumed that the conclusion of lemma 8.3(1) above holds.

If ;.1 = 0 for every ¢ > 0, then z; satisfies condition (**) and we are
done. Otherwise, we may furthermore assume that

vy =12 = (7' = Z/ug, u| = uyfug, ug, vy := uz/uy), E' = div(ujus)

with «(2’) > «(z). Note that when E = div(ujuz), (8.10) marks an excep-
tional component div(u;) of E.

If (¢ # 0 and w(z) + 1 # 0 modp), then 2’ satisfies condition (**) and
we are done for w(z) > p. Otherwise (i.e. if either w(x) < p, either ¢ = 0,
or w(z)+ 1 =0 modp), we have £’ = div(ujuy) and (u}, us, us; Z") are well
adapted coordinates at x’. Furthermore Vdir(z) =< Uy, Us > (by (8.10) if
w(z) > p, by assumption 7'(z) = 2 if w(x) < p). Let

CI)(Ul, U3) = Ul_pdlUQ_deFp,Z S k(x)[Uly US]w(x)+l

and consider two cases:

Case 1: €(z') = w(x). We have k(z') = 4 and
(U, Us) i= U, " U, "2 F, 7 = MU + U,0,(UL, Ta), (8.32)

with <I>/1 € ]{I(ﬁ)[U{, UQ]w(w),l.

If 7'(2') =1 (i.e. ] =0 or Vdir(z) =< Uy + AU; >, X € k(z)), then
x' satisfies condition (T**) or 2’ satisfies the assumptions of proposition 8.4
type (T3) respectively, and the proof is complete. We may thus furthermore
assume that

Vdir(z") =< U}, Uy > . (8.33)
Since k(x) = 3, we have at this point:

0P

0Us

Therefore Ag/ (h'; u}, ug, ul; Z') has a vertex of the form

1 deg;, O
V, = (Ui’dgavé)’ vll +Ué +W($)’ Ué’ - ng3 ’

236



where (uy, us,ug; Z) are well adapted coordinates at z. The proposition fol-
lows from proposition 8.5 whose assumptions are satisfied by (8.33)-(8.34).

Case 2: e(z') = e¢(x). We again have k(2’) = 3 and may iterate. Note that
for w(z) < p, we have Ay = 0 in (8.10) and

E, 5
OFpz _ O(Uy, Us) mod(Us) N G (Mg )e(ar).-

H! =
oU}

Then Vdir(z')+ < Uy >=< U;, Uy, U >, so 7'(2) > 2. We are done if
7'(2') = 3 and may iterate if 7/(z') = 2 as asserted.

Since the exceptional component div(u;) of E has been marked (cf. be-
ginning of the proof), the theorem holds except possibly if x, is in case 2
for every r > 0. In this situation, we apply proposition 3.8(1): w.lLo.g. it
can be assumed that ) := V(Z,uy,u3) is permissible of the first kind. Since
Vdir(z) =< Uy, Us >, it follows from theorem 3.6 that = is resolved by
blowing up V. O]

Lemma 8.7. Assume that k(x) = 4 and €(x) = w(x). Let u be a valuation
of L = k(X) centered at x. There exists a finite and independent sequence
of local permissible blowing ups of the first kind (8.1) along p such that one
of the following holds for some r > 0:

(i) x, is resolved or satisfies condition (T**);
(ii) x, satisfies condition (**).
If w(z) < p, then (i) holds.

Proof. By proposition 8.4, it can be assumed that one of the following con-
ditions holds:

(1) Vdir(x) is skew and satisfies condition (T2);
(2) div(ujug) C E and Vdir(x) =< Uy, Uy >.
Take (8.1) to be the quadratic sequence along p. Under assumption (1),

we have E = div(ujugug) and Vdir(z) =< Uy, \yUs + Uz >, Ag # 0 up to
renumbering variables. By proposition 8.4, it can be assumed that

J(FP7Z7 E,mg) C (Ul)G(mS)e(:v)'
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By theorem 3.6, we have
r1 = (Z[ug, uy := uy/ug, uz,v :=ugz/u; +7), E' = div(ujus),

where v € S'is a preimage of A\. Let W’ := div(uy) C SpecS” and (u}, ug, v; Z")
be well adapted coordinates at x;. By proposition 3.5(v), we have

J(Fy gy BSW') = Uy " J(F, 7, E,mis) C k() (@, ) a0
If ord (g, o Hyi Fy. 2w = w(z), we have k(x1) < 2 (so x is resolved) or

H'F,p =< U > mod(Uz) N G(ms)w).

In this last situation, the conclusion follows in each of the following pos-
sible cases:

e 1, satisfies condition (T**) if Vdir(zy) =< U] >;

e 1, satisfies the assumptions of proposition 8.4 if Vdir(x;) =< U +
NUy >, N #0;

e 1, satisfies the assumptions of proposition 8.5 if Vdir(z;) =< U{, Uy >.

If ord g, 5 Hy Fp 22w = w(x) + 1, we are also done by proposition 8.6 if
k(x1) = 3, since 7'(z1) > 2. Assume finally that x(z1) = 4, i.e.

OF, 71w
ov
Similarly, x; satisfies condition (T**) unless Vdir(z,) =< Uj,Us >. The

conclusion then follows again from proposition 8.5.

€(r1) =w(z) = ord(ﬂ/ﬁ)H‘}}, < ord(ﬂflj)H;VI,Fp,ZI,W/ = €(x).

Under assumption (2), it can be assumed that x; = 2/, 1(2") = (), where
= (2" = Z/us, v} == ui fusz, uy = us/us,u3), E' = div(ujugus).
By proposition 2.6, (u}, u), ug; Z') are well adapted coordinates at z’. We get
e(2') = w(x) and
Vdir(2')+ < Uz >=< U}, U;, Uz > .
If 7/(2") = 3, then 2’ is resolved by theorem 3.6. Otherwise, ' satisfies again

the assumptions of the proposition, with (1) up to renumbering variables or
(2) above.

Iterating, the proof concludes as in the proof of proposition 8.6: x is
resolved or the curve ) := V(Z, uy,us) is permissible of the first kind; then
x is resolved by blowing up Y, since Vdir(z) =< Uy, Uy >. m
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Proposition 8.8. Assume that k(x) = 4. Let p be a valuation of L =
k(X) centered at x. There exists a finite and independent sequence of local
permissible blowing ups of the first kind (8.1) along p such that one of the
following holds for some r > 0:

(i) x, is resolved or satisfies condition (T**);
(i1) x, satisfies condition (**).
If w(z) < p, then (i) holds.

Proof. By lemma 8.7, we are done if ¢(z) = w(z). Otherwise one of the
following conditions holds up to reordering exceptional variables:

(1) E =div(ujug), Vdir(z) =< Uy, Uy >;
(2) FE = diV(’LL1U2), lef(ﬂ?) =< MU + U, >, A1 7é O;
(3) div(uy) C F C div(ujug), Vdir(z) =< Uy >.

Take (8.1) to be the quadratic sequence along p. We may always assume
that
t(zy) > (p,w(x),3) and €(x1) = 1 + w(x) (8.35)

in this proof. Let

r' = (Z/us, vy = uy/uz, uy = uy/uz, uz), div(ujuz) C E,
where a:ggzz # 0. If z; = 2/, we have ¢(2') = w(z): a contradiction with

(8.35). This concludes the proof under assumption (1) by theorem 3.6.

Assume that x; # 2’. Under assumption (2), we can take a unitary
polynomial P(t) € S[t], whose reduction P(t) € k(z)[t] is irreducible, and

1 = (X" = Z/uy,ug,v = ug/ug + 1, w = P(uz/wy)), E' = div(u),

where v, € S is a preimage of A;.
Let W’ := div(uy) C SpecS’ and (uq, v, w; Z') be well adapted coordinates
at x1, 72/ .= X' — ¢, ¢ € S’. By proposition 3.5(v), we deduce that

iny b = 2% + Fy oy € GW')[ 2],
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where G(W') = k(x1)[uw), 055w [U:1] and
(@) C J(Fy 2w, B, W), (8.36)
If w(z) < p, assumption (2) reads:
H'F, 7 = Us(Uy + \U)*@ + &(U,, Uy), G = 0.

If & = 0, this is a contradiction since then x(x;) = 2 by (8.36). After
possibly performing a linear change of coordinates in ug, then picking again
well adapted coordinates, we reduce to:

O(Uy, Us) = U Up (U, U).
Since A(h; uy, uy, ug; Z) is minimal, we have U UY™® ¢ G(mg)? and obtain
OI‘d(@@)J(Fp’Z/,W/, E/, W’) S deg\lf = w(x) — 1,

also a contradiction, since w(z) = w(z) is assumed.
If w(z) > p, we may then furthermore assume that e(x;) = e(z) by (8.35),
so k(1) = 3 by (8.36). We conclude by proposition 8.6.

Under assumption (3), we define a refinement C of the function z —
(m(z),w(x)), cf. chapter 6. Let 7 : X" — (X, x) be the blowing up along a
permissible center of the first kind Y C div(uy), z; € 7 '(z). We set:

C(x1) < C(x) < x; satisfies the conclusion of the proposition.

By theorem 3.6, we have C(z;) < C(z) unless z; belongs to the strict trans-
form div(u}) C E' = div(ujusg) of div(u;). Otherwise, we let C(x1) = C(x).
With notations as in chapter 6, we claim that div(u;) has maximal contact
for the condition C (definition 6.1). To see this, suppose that C(z;) = C(x)
and apply proposition 8.6, lemma 8.7 and (1) and (2) above. It can be
assumed that
€(z1) = €(x), k(x1) >3 and Y = {z}.

If w(z) > p, we are done unless x; satisfies again (3) and the claim is
proved; if w(z) < p, we must still check that the situation

k() =3, 7'(x1) =1
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does not occur. By assumption (3), (8.17) with G = 0 gives an expansion

w(x)

U P Uy 2,y = L(U, Us, Us)UY® + Z Qir1(Us, Us) Uy

i=1
with L(0,0,Us) # 0, Quw)+1(Us, Us) € k(x)[U3, U5]. Therefore
(0) 7é V(Fp,Z’, E’,mS/) - ]{I(SL’IMU{, Ug]w(z)

after blowing up, where (u}, uq,v’; Z’) are well adapted coordinates at z’: a
contradiction with x(x;) = 3, 7/(x;) = 1. This concludes the proof of the
claim when w(z) < p. The proposition now follows from theorem 6.1. O

9 Resolution of k(z) = 3,4 with monic expan-
sions.

In this chapter, we prove projection theorem 5.1 in the case where k() > 3.

9.1 Basic notations, an exit case.

In the particular case where w(z) < p, there may appear a very special kind
of points x.

Definition 9.1. The point x is combinatoric if w(x) < p and if the following
algorithm starts and stops with success.

(i) if there exists div(u;) C E such that div(u;) N X is Hironaka-permissible,
choose one and blow up X along this one,

(i) if the center 2’ € X’ of our valuation is not w-near x: success,

(iii) if 2’ € X’ w-near x, and é(z’) < 2: success,

(iv) if 2’ € X’ w-near z, and é(2’) = 3 and there exists div(u;) C E’ such
that div(u;) N X’ is Hironaka-permissible, go to (i),

(v) else failure.

Remark 9.1. The reader sees easily that:

(i) if div(uy)NX is Hironaka-permissible, and if we blow up X along div(u;)N
X, there is at most one near point (in Hironaka’s sense): the point a’ of
parameters X /uy, uy, usa, us,

(i) if it is so, w(z') = w(x).
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9.2 From (T**) to (**), resolution for ¢(z) = w(z) < p.

The purpose of this section is to reduce theorem 5.1 for x(z) = 3,4 to points
satisfying condition (**) in definition 8.1. We prove the following proposition.

Proposition 9.1. Let x be in the case (T**) of definition 8.1, and u be a
valuation of L = k(X') centered at x. There exists a finite and independent
sequence of permissible blowing ups of the first kind

(X, ) =: (X, z0) — (X1, 21) — -+ — (X, z),

where x; is the center of p in X;, 0 < i < r, such that x, is resolved or (x,
satisfies condition (**) and w(zx) > p).

Proof. By proposition 9.3 below, there is weak maximal contact (definition
6.1) for the condition

C:={(T™) and v(x) > (p,w(z),3)}.

Furthermore nonresolved points created by blowing up along closed points
satisfy condition (**) with w(z) > p (proposition 9.3(i)).

Theorem 6.1 does not apply directly since maximal contact does not nec-
essarily hold (proposition 9.4 below). We must check that its proof remains
valid when using only those blowing ups of the first kind which are well be-
haved w.r.t. C. Blowing ups along permissible curves ) of the first kind are
used in:

Proof of theorem 6.1(b): ¥ = V(Z,u1,u3), E = div(ujuz). Then ) satisfies
assumption (3) of proposition 9.4 except possibly in case (T**)(i). Let W :=
n(Y) and expand:

w(x)

i=1

with 7y, € S/(uy1,us3), 7, a unit. We are done by proposition 9.4(1) if 7, = 0 for
1 < < w(x). Otherwise, blow up along x. There is nothing to prove except
at the point 2’ := (Z/uq, v} := uy/ug, us, us/us) on the strict transform )’
of Y, E' = div(ujus). Then z’ is now in case (T**)(ii) and the conclusion
follows from proposition 9.4, assumption (2).
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Proof of proposition 6.9(a): ¥ =V (Z,u1,us), E = div(uyus). We use nota-
tions as in proposition 6.9. Assumption (1) in proposition 9.4 is equivalent
to Ag(x) > 1. If Ay(x) = 1, there is an expansion

w(z)

UM U™ By = 70U + Y 3,07 7'05, W= (D),

i=1

with 7; € S/(u1, us), 7, a unit. Then

min {—ord@%} = fB(z) <1,

1<i<w(z) 1

since y(z) = 1 is assumed here. We prove that proposition 9.1 holds in this
situation.

If B(xz) > 0, we have VDir(x) =< U; > and get «(2') < (p,w(x),2) after
blowing up, so z is resolved by blowing up along ).

If B(x) = 0, we blow up along x. By proposition 9.3 below (proof in case

(T**)(ii)), we get 2’ resolved or (z’ satisfies condition (**) with w(x) > p)
except if 2/ = (Z/usz, v} := w1 /ug, uh := us/usz,u3) is the point on the strict
transform )’ of ), E' = div(ujubus). We now have VDir(z') =< U, U} >
or VDir(2') =< \\U{ + U} >, \; # 0. Blowing up along )’ gives z” resolved
or (z" satisfies (**) with w(x) > p), arguing as in the proof of proposition
9.4 below, assumption (2).
Proof of proposition 6.9(b)(c): ¥ = V(Z,u1,u;), E = div(ujugus), j = 2 or
j = 3. Assumption (1) (resp. assumption (2)) of proposition 9.4 is equivalent
to A;(z) > 1 (resp. to: j =3 and Ay(x) > 0). By symmetry, there remains
to deal with the case Y = V(Z, uy,u3) with As(z) =0, As(z) = 1. There is
an expansion

w(z)

w "™ =yt 4+ Y i, fie s
=1

with v € S a unit. Let f, € S/(u;) be the residue of f;. Then

A(ay.ms) [
min {w} =C(z) <1,

1<i<w(z) 1

since y(x) = 1 is assumed here. Arguing as in (a) above, we consider two
cases: C'(z) > 0 and C(z) = 0. Blowing up along ), we get respectively
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x resolved; ' resolved or (2’ satisfies (**) with w(x) > p). Proposition 9.1
holds in any case. O

This proposition leads to:

Corollary 9.2. Assume that w(z) < p and either k(z) = 4, or (k(x) = 3
and 7'(z) = 2). Then x is resolved.

Proof. Indeed, by propositions 8.6 and 8.8, there exists an independent se-
quence of local blowing ups (8.1) along p such that z, is resolved or z,
satisfies condition (T**). In the last case, apply proposition 9.1. O

Proposition 9.3. Let x be in the case (T**) of definition 8.1. Then div(uy)
has weak mazimal contact (definition 6.1) for the condition (T**) and k(z) >
3. More precisely, let m : X' — (X,x) be the blowing up along x and
'€ m (), with «(z') > (p,w(x),3):

(i) if ©’ is not on the strict transform of div(uy), then x' is resolved or
satisfies (**) with w(x) > p;
(i1) if ' is on the strict transform of div(uy), then x' satisfies (T**).

Proof. In the case (T**)(i), the reader sees that < U; >= Vdir(z) and, if we
blow up along x, any point 2’ with ¢(2") > (p,w(x),3) verifies (T**)(ii) or
(ii).

In the case (T**)(ii) and not (i), we have
UPh U P2 U5 E, 5 = MUY + Us P(UL, Us, Us),

by (8.15), with 0 # Ao € k(z), 0 # P € k(@)[Us, .., UdJuer1.
Either
VDIT(I) =< U,Uy >,

then «(2') > (p,w(x),1) only if 2’ = (Z/ug, w1 /us, ua/us, us) by theorem 3.6.
Clearly «(2") < (p,w(z),3) or 2’ satisfies (T**)(ii). Or we have
VDII‘(I) =< MU+ U, >, A1 7é 0.

This is case (T3) of proposition 8.4. Arguing as in its proof, cf. (8.26),
x’ satisfies condition (**) with w(z) > p or 2’ is resolved by lemma 7.1
except possibly if @' = (Z/us, uy /us, us/us, ug). Then (a’) < (p,w(x),3) or
x' satisfies again (T**)(ii).
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In the case (T**)(iii), we apply lemma 7.1 when €(z) = w(x): z is resolved
for © = (p,w(x),2). Assume that ¢(z) = 1 + w(x). By remark 8.1, we may
assume k(z) = 4.

If ' = (Z/us,u1/ug,uz/us,u3), we have w(z’) < w(z) and in case of
equality, e(z') = w(z) and 2’ satisfies (T**)(ii). In particular, we are done if
VDir(z) =< Uy, Uy > by theorem 3.6. There remains to deal with the case
m'(x) = 1.

Case 1: VDir(x) =< U; >. Expand

UM Uy P2 B,y = UsUSY + U,Q, Q € k(x)[Uy, Uz, Uslu(a). (9.1)

If @ = 0, the reader sees that ' satisfies (T**)(ii) or (T™**)(iii) if ¢(2") >
(p,w(x),3). The difficult case is @ # 0. By (8.17), we have

VOTF, 4

C< U“@ -
ou; — 1t

V(TE, , E,ms) = H-
This gives % =0, ie. Q € k(x)[Uy, Uz, UL] in both cases G = 0 and G # 0.
Expand again

Q=D U QiU UR), Q[Us, U] # 0. (9-2)

i=0
If ig = 0, we reduce to Q = 0 after possibly picking new well adapted
coordinates (uy, ug,v; Z') at .

If iy > 1, we apply proposition 3.5(v) to those elements of J(F, 2z, E, mg)
of the form:

10
U™ U; "D - Fyp = ApUsUy™ + Uz > UYETQ; p(Un, UR),
i=0
where D € {Ulg—Ul, U2§—U2, {g—,\l}ler}-

By lemma 6.3(2) (applied to F' := Q;,(Us, UY)), we get w(z') < w(z) with
strict equality if k(z') # k(z). If k(2') = k(x), it can be assumed w.l.o.g.
that ' = (Z/ug, u1/ug, ug, u3/us). Then o(2') < (p,w(z),2) by (9.1)-(9.2)
and the conclusion follows.

Case 2: VDir(x) =< MUy + Uy >, A\ # 0. We now have G = 0 and expand

U P U P2, 7 = Us(MU + Un)*@ + U,Q, Q € k(2)[Uy, Us, U
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If Q # 0, we expand again

10
Q - Z Uéan(:c)—i(Ub U2)a Qw(x)—io[Uly UQ] 7é 0.
=0

Since (uq,us,us; Z) are well adapted coordinates, we have
UP" UR™4 Quiay iU, Un] & G (ms)?.

If ig = 0, we argue as in the proof of proposition 8.8, ¢f. (8.36) sqq.: after
possibly picking new well adapted coordinates (uj,us,v; Z') at x, it can be
assumed that Uy divides Q = Qu)[Ui, Us]. We get w(z’) < w(z) if Q # 0;
if @ = 0, we obtain «(2') < (p,w(x),2) or ' satisfies the assumptions of
lemma 7.1 (lemma 7.2 if w(x) = 1), so 2’ resolved. In particular, the proof
is complete if w(x) < p.

If 49 > 1, arguing as in case 1, we obtain w(z’) < w(x) except possibly if

k(z") = k(x) and
a(l) :=pdy, a(2) :=pds+ 1, a(3) := 0, Fy:= Qu(z)—io[U1,Us]

satisfies the assumptions of lemma 7.3 with A = A\[*. Then it can be assumed
w.lo.g. that 2’ = (Z/uy,u1, 71 + ug/ur,us/uy), where 4, € S is a unit with
residue A\;. We obtain «(z') < (p,w(z),2) or 2’ satisfies the assumptions of
lemma 8.2. Then 2’ is resolved and this concludes the proof.

O

Proposition 9.4. Let z be in the case (T**) of definition 8.1 and Y C (X, x)
be a permissible curve of the first kind, n(Y) C div(uy), with generic point y.
Let

7 X' — (X, 1)

be the blowing up along Y and 2/ € 7 '(x), 1«(z)) > (p,w(x),3). Assume
furthermore that one of the following extra assumptions holds:

(1) VDir(y) =< U >;
(2) Y =V(Z,uy,u3) and x satisfies (T**)(i1) or (iii),
where (uq,us,us; Z) are well adapted coordinates. Then one of the following

holds:
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(i) x' is resolved, or (x' satisfies (**) with w(x) > p);
(i1) =’ maps to the strict transform of div(uy) and satisfies (T**).

Proof. As ) has normal crossings with E, we can choose in any case well
adapted coordinates (uy,ug, us; Z) at x such that Y = V(Z,uy,u;), i = 2 or
1=3.

Let us see the case where Y = V(Z, uy, us), div(ujuz) C E, up to renum-
bering uq, u3. As Y is a permissible curve of the first kind, we have

Ul—pdl U2—Pd2 (]z))_pd3 sz € k‘(ZL‘) [U1, UQ]E(SC)

by proposition 3.1, in particular €(z) = w(x).

If < U; >C VDir(z), we are done by theorem 3.6 unless equality holds
and ¢/ = (7' := Z/ug, v} := uy/ug, us, uz). We may therefore assume that x
satisfies (T**)(i). Note that (u},us,us; Z") are well adapted coordinates at
a’ by proposition 2.6. The proof is trivial under assumption (1) and we get
a’ resolved or (T**)(ii). Under assumption (2) (with wus, us relabeled), we
have £ = div(ujugus) and there is an expansion

(z)

pdi, —pd

- 2,,—pd3 — w w(z)
uy "M uy PP us PP fy 7 = yup Y modug (ug, ug)

with 7 € S a unit. We get 2’ resolved or (T**)(ii).

Finally if VDir(x) =< MUy + Uy >, Ay # 0, « is in case (T**)(ii) with
E = div(ujugus), assumption (2) (with ug, uz relabeled). We are done by
theorem 3.6 unless

¥ =(X":=Z/up,ur,v =y + ug fuy,uz), B = div(ujus),

where 7, € S is a unit with residue ;. Applying proposition 3.5(v) (with
W' :=div(uy) C SpecS’), we get

J(Fpxrwr, B, W) = () C S/ (ur, us) [ (57as) - (9.3)
If t(z1) > (p,w(x),3), (9.3) thus reads

—pd _—pd oF, X W —wlz
U PP 3%—6 = (v ( ))7
where d} 1= dy+dy+w(z)/p—1,i.e. 2’ satisfies condition (**). This situation
occurs only if (d}, d3) € N?; therefore 2’ is combinatoric if w(z) < p.
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Let us now see the case where YV = V(Z,uy,u3), E = div(ujug). If
€(z) = w(x), we thus have VDir(z) =< U; > by proposition 3.1, in par-
ticular z satisfies (T**)(i) or (ii). We are done by theorem 3.6 unless 2’ =
(Z/us,uy /us, ug, us). The reader ends the proof easily as above, under either
assumption (1) or (2): we get 2’ resolved or (T**)(ii).

If e(z) = 14w(x), x satisfies (T**)(iii) by assumption (2). By proposition
3.1, we have H'F, ;, =< UsU™ >. Since VDir(z) =< U; >, we are done
by theorem 3.6 unless ©' = (Z/us, u1 /us, us, uz). The reader ends the proof
easily as before. O

9.3 Resolution for (**), the end.

The purpose of this section is to prove the following proposition and theorem
which end the proof of projection theorem 5.1.

Proposition 9.5. Assume that = is in case (**) (definition 8.1), then x is
resolved for v = (p,w(z),3).

Proof. This follows from corollary 9.8 and propositions 9.17 and 9.18 below.
O

Theorem 9.6. Assume that x(x) > 3, then x is resolved.
Proof. By propositions 8.6 and 8.8, it can be assumed that
k(x) > 3, x satisfies (**) or (T**).

By proposition 9.1, the remaining case is when x satisfies (**). This case is
just the assumption of proposition 9.5. O

9.3.1 An extra assumption on the singular locus.

The following extra assumption (E)’ is used as a shortcut in order to ensure
that certain exceptional curves on X are Hironaka-permissible and can be
blown up in order to reduce w(z). Such blowing up centers are not used in [19]
and the authors do not know if such blowing ups are relevant in dimension
n > 4.

Definition 9.2. We say that (S, h, F) satisfies condition (E)’ if it satisfies
condition (E) and if

w(z) > p=n"'(E) = Sing,X.
where n~(mg) =: {x}.
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As stated after definition 2.11, we have in any case Sing,X C n YE)
whenever (S, h, E') satisfies condition (E).

Proposition 9.7. Let 7w : X' — X be a permissible blowing up (of the first or
second kind) at x € n™'(mg) and 2’ € 7= (z). If (S, h, E) satisfies condition
(E)’, then (S', I, E') satisfies again (E)’ at x'.

Proof. This reduces to proposition 2.13 if w(z) < p — 1. Assume that
w(z) > p, so we have d; > 1, 1 < j < e, by assumption (E)’. Let Y C X
be permissible with generic point y, W := n(Y) = V({u,}jes) C E and
I(W)S" =: (u), where

n : (X',2") — SpecS’

is the projection. By definition 3.1 or proposition 3.3, we have €(y) > w(z) >
p. Applying proposition 3.5(iv), we have H(z') = u‘®~PH(x)S’, therefore

ord(,H(z") = €(y) — p+ ordw H(x) > min{pd; : j € Jg} > p
and the conclusion follows. O

Corollary 9.8. It can be assumed that condition (E)’ holds in the proof of
proposition 9.5 and theorem 9.6.

Proof. All blowing ups used in the proofs of propositions 8.6, 8.8 and 9.1 are
permissible of the first kind. Il

Lemma 9.9. Let u be a valuation of L = k(X)) centered at x. There exists
a finite and independent composition of local permissible blowing ups of the

first kind:
(X, 2) = (Xp, x0) — (X1, 1) = -+ — (X}, 20),

where x; € X; is the center of u, such that x, is resolved or H(x,) # (1).

Proof. It can be assumed that w(z) > p. Since resolved means “resolved for
(p,w(x),3)” in this section, it can be assumed that

w(z;) = w(x), k(z;) >3

for every i > 0 along the process to be defined. Note that ord,,s H(z1) >0
is achieved by blowing up z if §(z) > 1.
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Assume now that §(z) = 1, i.e. 7(x) > 2 (definition 2.15). Since k(z) >3
and €(x) = w(x) = p, we actually have k(x) = 4, i.e.

inh = Zp—{—vaz, O#Fp,Z S k(ZE)[Ul,...,Ue]p, (94)

where (uq,us,us; Z) are well adapted coordinates.

o if 7'(z) = 3, let X' — (X, z) be the blowing up along z. Then x is
resolved by theorem 3.6.

o if 7/(z) = 2, let also X' — (X, z) be the blowing up along . W.l.o.g.
we have

VDlI‘(I) =< U1 + OélUg, U2 -+ OéQU3 >, (v, 09 € ]{Z(l’), (95)

where div(ujug) C E, and E = div(ujugus) if (aq, a2) # (0,0). By theorem
3.6, we have k(z;) = k(z). By proposition 3.5(v), we deduce that

oF,
< {a—i’lZ}Zer >C k(x)[{U; : o = 0}], (9.6)
where 7y : (X, 21) — SpecS; is the projection, since x(x1) > 3.
If ayag # 0, we therefore have F, ; € k(x)P[Uy, Uy, Us]. In particular,

0 <d:=degy, Fpz <p,

since Ag(h;uy,us, uz; Z) is minimal. Lemma 7.3(ii) applied to the term in U¢
of F, 7 gives a contradiction with (9.5), since d # 0 modp. We now assume
that oy = 0.

If ag # 0, we derive a contradiction in a similar way: by (9.6), the
coefficient of degree 0 in U in F, z must be zero; lemma 7.3(ii) applied to
the term of minimal degree d in U; of F, 7 gives again a contradiction, since
0 < d < p. This proves that VDir(z) =< Uy, Uy >.

By proposition 2.6, we have §(x1) = 1 and may iterate. By proposition
3.8, this process is finite or the curve ) := V(Z,uy, us) is permissible of the
first kind. Since VDir(xz) =< Uy, Uy >, blowing up along ) then completes
the proof.

e if 7/(x) = 1, it can be assumed that (9.4) has the form
inh = 27 + /\(U1 + a2U2 + OZ3U3)p, A g k)([)ﬁ)p, (97)

with div(u;) C E, and div(y;) C Eif a; #0, j = 2,3.
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If asaz # 0, let X’ — (X, x) be the blowing up along x. We get a
contradiction with x(z1) > 3 unless A € k(x1)P; but then §(z1) = 1 implies
that x; satisfies the assumptions of lemma 7.1 from which the conclusion
follows. We now assume that as = 0.

If ap # 0, let also X’ — (X, z) be the blowing up along z. The previous
argument works in the same way unless z1 = (Z/ug, uy /us, us/us, us). Then
x1 satisfies again (9.7) for some a3 € k(x) and we may iterate. By proposition
3.8, this process is finite or the curve ) := V(Z, uy, us) is permissible of the
first kind and we blow up along ). But then k(x;) = k(z), and this gives a
contradiction with x(x;) > 3. Therefore the lemma is proved unless

inh = ZP + AUV, XA & k(x)P, div(u;) C E. (9.8)

We now define a refinement C of the function z — (m(z),w(x)), cf.
chapter 6. Let 7 : X" — (X, z) be the blowing up along a permissible center
of the first kind ) C div(uy), 2’ € 7~ (z). We set:

C(z') < C(z) & 2’ satisfies the conclusion of the lemma.

By theorem 3.6, we have C(2') < C(z) unless 2’ € div(u}), where div(u}) C £
is the strict transform of div(u;). Otherwise, we let C(2') = C(x).

With notations as in chapter 6, we claim that div(u;) has maximal contact
for the condition C (definition 6.1). To see this, suppose that C(z) = C(z).
Note that d(z") > 1 or 2’ satisfies the assumptions of lemma 7.1 if A € k(a'):
a contradiction. If §(z') =1 and A ¢€ k(2')P, we get an expansion

inh' = 2" + szl, 0 7é szl € k’(JT)[U{, RN Ué/]p,

where (u},ub,us; Z') are well adapted coordinates at 2/, and the leading
coefficient of F), 7 in Uj is AU;?. Since C(z’) = C(x) is assumed, we actually
have

inh' = 2" + \U?

by (9.8) and the claim is proved. The conclusion now follows from theorem
6.1. O

Proposition 9.10. Let p be a valuation of L = k(X) centered at x. There
exists a finite and independent composition of local permissible blowing ups
of the first kind:

(X,:L’) =: (XO,J,’O) — (Xl,xl) e (mer)’ (9_9)
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where x; € X; is the center of u, such that x, is resolved or x, satisfies
condition (E)’.

Proof. Tt can also be assumed that w(z) > p and that
w(z;) =w(z), klx;) >3

for every ¢ > 0 along the process to be defined. By lemma 9.9, we may
assume that H(z) # (1) to begin with. Order

di > 2>de > 0=t dej1, dy >0,
where F = div(u; - - - u). We define ey, 1 < ey < e, by:
min{1,d.,} = min{l,d;} and d.y+1 < min{1,d,}.
The invariant is:
d(z) .= (d'(z) == max{0,1 — d1 },d"(x) := € — €g)ex-

Note that d(x) = (0,0) if and only if = satisfies condition (E)’.

Let m: X’ — (X, z) be the blowing up along a permissible center of the
first kind Y and 2’ € 7~(z). We refine the function z — (m(z),w(z)), cf.
chapter 6, by setting:

C(2") < C(x) & d(2') < min{d(z), (d'(z),1)}.

Otherwise, we let C(z') = C(x). To prove the proposition, it is sufficient to
prove that there exists a sequence (9.9) such that C(z,) < C(x). We claim
the following: assume that

n(Y) C div(u;) for some j, 1 < j < ey. (9.10)
Then d(z') < d(z); if d(2’) = d(z) (resp. if C(z') = C(x)), then 2’ belongs
to the strict transform of div(u;) for every j (resp. for some j) such that

e <j=<e.
To prove this claim, let W :=n()) and I(W)S’" =: (u), where

n . (X', 2") — SpecS’
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is the projection. By proposition 3.5(iv), we have H(z') = u®PH(z)S’,
therefore

g ord, H(2") _ e(x) 1+ ordy H(x)
' - W

a p p p
by (9.10). We get

> min{l,d; } (9.11)

d'(2') = max{0,1 — d}} < max{0,1—d;} =d'(x).
If equality holds, (9.11) implies that min{1,d}} = ord, H (2")/p, i.e.

ord, H(z')

) = d;-, for some j', 1 < j' < ef = eo(z)).

The claim follows immediately.
We now define Q(z) C (X, z) to be the Zariski closure of the set:

V(z) :={y € X:mly) =p, wly) > 0and Vj, 1 <j < e, y & div(u;)}.
By proposition 3.13, () is a (possibly empty) curve. Note that

(1) Q(z') is the strict transform of Q(x) in (X’, 2") if Y satisfies (9.10), and

(2) Qz)=01if ey > 2 orif d’(x) = 0.

We consider two cases:

Case 1: Q(x) = (). This implies that any permissible center of the first kind
Y satisfies (9.10). By the above claim, there exists j, eg < j < e such that
div(u;) has maximal contact for the condition C. By theorem 6.1, we obtain
a sequence (9.9) such that C(x,) < C(x).

Case 2: Q(z) # . Consider the quadratic sequence along p. By the above
claim and (1), we either obtain C(z,) < C(z) (in particular if we reach case
1), or achieve that )(x,,) is irreducible for some ; > 0; by proposition 3.8, it
can be furthermore assumed that Q(x,,) is permissible of the first kind when
the latter holds. Let then y; € (X, z,,) be the generic point of Q(z,,). By
(2), we also have:

eo(z,) = eg =1 and d"(z,,) > 1. (9.12)
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Let 7 : X' — (X,,,7,,) be the blowing up along Q(z,,) and 2’ € 7' (z).
Since d'(2') < d'(x,,) = d'(x), we have C(2’) < C(x) or are done by (1) and
case 1 unless

d'(z') =d(x), ey :=ep(z') =1 and d"(2') > 1.
Then 7 restricts to a finite morphism
Q(z") — Qz4,). (9.13)
We now iterate this construction: this constructs a sequence
(X @) — ( Xy yy) e (X ) o

where z,, € A, is the center of u. If C(z,,) = C(z), there is an induced
two-dimensional quadratic sequence

(Xmayl) — (Xr27y2> A (erayk) Al

where y;, € (X, z,,) is the generic point of the permissible curve Q(z,,) by
(9.13). By two-dimensional resolution, we have (m(yx), w(yx)) < (p,w(x)) for
k >> 0: a contradiction with permissibility. Therefore the above sequence
achieves C(z,, ) < C(x) for some k > 0 and the proof is complete. O

9.3.2 Proof of proposition 9.5.
From now on, we assume that (E)’ is satisfied.

Definition 9.3. (Preparation). Assume that z is in case (**) (definition
8.1). We define

1+ w(x
4}_“@220’

pr: {x = (z1,x9,23) € R%O] c<
as the translation by the vector (—d;, —ds, 0) followed by projection from the
point (0,0, H%@) over the (1, x2)-plane, followed by the homothety of ratio
ﬁ@. We will write Ag(h;uy,ug;v; Z), even Ay if no confusion is possible
instead of prAg(h;uy, us,v; Z) for short.
Let x be a vertex of Ay. We say that x is a left vertex if its ordinate is
bigger or equal the ordinate of the vertex of bigger ordinate of the side of
slope —1.
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Let x be a vertex of Ay. Let pr!(x) the edge of A(h;uy,us,v; Z) giving
x by projection, this edge is defined by an equation ayx; + asxs + azzrs = 1,
arasag > 0, as usual we define the monomial valuation v,, by

Vo (Z) =1, va, (u1) = a1, Vo, (u2) = o, v,, (V) = as.
We say that x is prepared if
7P — GV Z 4+ F, 7y i=ing, (h) € k(2)[Z, Uy, Uy, V]

verifies one of the following:
1- either Gy # 0,
2- either H _1% is not proportional to an w(x)-power,
3-or H'%lx — \ye@ ) € k(z)".

We say that (Z,uq, us,v) is totally prepared if

(i) Ag(h;uy,us,v; Z) minimal,

(ii) when pdy = 0 (fi. when E = div(uy)), all the left vertices of
Ag(h;uy, ug;v; Z) are prepared,

(iii) when pdy > 0 and pdy > 0 (& E = div(ujus) when w(z) > p), all
the vertices of Ag(h;uy,us;v; Z) are prepared.

Proposition 9.11. Assume that x is in case (**) definition 8.1. There exists
veS, ¢eS such that (Z — ¢,ur,us,v) is totally prepared. Furthermore x
is resolved for m(x) = p if Ag(h;uy, ug;v; Z — @) =0,

Proof. We apply a strategy similar to Hironaka’s strategy of minimizing in
[42]. Let us start by the a vertex x = (x1,22) not prepared. With the
notations as above, we have in,, (h) = Z? + F,, zx, with

Ul_pdlUQ_deFp,Z,x _ )\Vl—i—w(x) + Z )\jvl-kw(x)—jUfﬂClUgdfz’ = l{(JT)*,

1<j<1+w()

0F, 7x

oV
in particular, x; € N, 7 = 1,2. We take any invertible v, € S whose residue
is A" and we define

U;pdlUQ—pdz _ (1 +w($)))\<v+ )\,lelU;2)w(w)7 )\/ - k(m)*j

W= U+ YUy Uy
Then (Z,uy,us,w) is a regular system of parameters of S.

Ag(hsuy, ug;w; Z) C Ag(h;ur, ug;v; Z).
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Furthermore, let y = (y1,y2) another vertex of Ag(h;uy, us;w; Z), let
AT + dhro + asxg =1

be an equation of the edge of Ag(h;ui,us,v;Z) defined by y, of course
Vg (Ui u3?) > 1, so ing, (v) = ing, (w). In particular, y is still a vertex
of Ag(h;uy,ue;w; Z) and, if it was prepared for (uy,uq,v; Z), it is still pre-
pared for (uq,us, w; Z). Furthermore, if we make an eventual translation on
Z — Z — ¢, ¢ € S to minimize Ag(h;ui, uz, w; Z), as ing, (v) = iny, (w), in
the of expansion in,, (h), we just change in,, (v) by in,, (w): we can choose
¢ with v, (¢) > 1. So

Ag(hyuy, ug;w; Z — @) C Ag(hyug, ug;v; Z),

any prepared vertex y = (y1,y2) of Ag(h;uy, us;v; Z) is a prepared vertex of
Ag(h; U1, Ug; W3 Z — ¢)

We apply this process to each x = (z1,23) to be prepared, starting by
those of smallest modules. When this process is finite, we get the announced
result.

When this process is infinite, we get ¢, 1 € S such that (uy, ug, v—10; Z—¢)
is totally prepared. Let us remark that z is resolved if

Ag(h;ul,uQ;w; 7z — Qb) 7é @

The contrary would mean that A(h;uy, us;w; Z — ¢) has only one vertex
(dy,d2,1 + w(zx)): V(Z — ¢,w) would be a component of dimension two
of the locus of multiplicity min{p,1 + w(z)}, n(V(Z — ¢,w)) € E. This
contradicts (E) if w(xz) > p or if h is separable (assumption (ii) in theorem
14). fw(z) < pand h = ZP + f, 7, charS = p, x is resolved for m(z) = p
by a combinatorial algorithm, vid. proof of theorem 2.23.

The remark above implies that, after a finite number of steps, we apply
infinitely the process to vertices of smallest abscissa or (smallest ordinate and
E = div(ujug)) of Ag(h;uy,us,v; Z) and this smallest abscissa or smallest
ordinate remains constant.

Let us study the very special case where x := (A, () is the vertex of
smallest abscissa of Ay and that the process dissolves it, creating a new
vertex (A, '), ' > [ infinitely times. This implies A, 3, 5" € N.

Let a = (aq,0, a3), such that ayx; + azzs = 1 is the equation of the non
compact face of Ag(h;uy,us,v; Z) whose image by pr is the non compact
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face x1 = A of Ay. We get aypd; + as(1 4+ w(x)) = p, ;A — az =0, and

S
ingh =2 -Gl 'Z +F,, €gr,(S]Z]) = Uy, V][Z].
(U U1>
Let C := Spec ) By quasi- homogenelty and the uniqueness of the solution

[42] Corollary (4.1.1), there exists ® € O [Ul, V] = Oc[[U1, V]] with
o € UP™(V, U@ 0 € i U Oc|[U, V]],

such that
ingh = (Z — @) + UM~ (V — @)1+, (9.14)

Lemma 9.12. There ezists
pes, ¢ et (v,u) @ and we S, v—we (v’ ulud)s

such that
inoh = (Z = ingg)? + UPH W

When w(x) > p, (9.14) means that V(Z —®,V — V) is the only component
in the locus of multiplicity p of

= := Spec(Oc|[Us, V]]/(inah))

not contained in div(U;). Since O¢[Uy, V] is excellent and Noetherian, by
[25] lemma 1.37, this component is algebraic and the conclusion follows.

When w(z) < p, V(Z — &,V — ¥) is the only component in the locus of
multiplicity 1 + w(z) of Z not contained in div(U;): we conclude as above.
This ends the proof of lemma 9.12.

Let us remark that, if there exists another vertex x; which is already
prepared, then

g, (Z) = ing, (Z — ¢), ing,, (v) = ing, (w),

so x; is still prepared for (uy, us, w; Z — ).

By applying lemma 9.12, we see that there exists ¢ € S and w € S such
that the vertex of smallest abscissa of Ay(h;uy, ug; w; Z — ¢) is prepared.

The case where the process is infinite along points of smallest ordinates
is, mutatis mutandis, the same: by applying the remark above, we see that,
when E = div(ujus), there exists ¢ € S and w € S such that both the
vertices of smallest abscissa and smallest ordinate of Ay(h;uy, us; w; Z — @)
are prepared. This ends the proof of proposition 9.11. O
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Definition 9.4. (Invariants). Suppose x(z) = 3, suppose that (Z, uy, us, v)
is totally prepared. In the case where E = div(ujus), we choose u; so that
dy > 0 and let

(1) (A1(Z,uy,ug,v), B(Z, uy,us,v)) is the vertex of smallest abscissa of As;

(i) B(Z,uy,us,v) = inf{|x| |x €prA};

(iii) Ao(Z, uq,us,v) is the inf of the ordinates of points in Ay,
C(Z,u1,u2,v) = B(Z,u1,u2,v) — Ay(Z, uy, ug, v) — As(Z, ur, uz,v);

(iv) v(Z,uq,uz,v) € N is given by:

’Vﬁ<27 Uy, U2, U)—I if BE= le(Ul)
V(Zv Ul,U,Q,'U) = .
1+ |C(Z,uy,ug,v)] if E=div(ujus)

For sake of simplicity, most of the time, we will skip (Z,uy, us,v) and

write Ai(x), Ay(x), B(x),C(x), B(z),v(x).

Proposition 9.13. Suppose x satisfies conditions (**) and (E)’ with k(z) =
3 and (Z,uy,uq,v) is totally prepared. The following holds:

(1) V € Vdir(z) or z is resolved;
(i1) if B(x) =1 and E = div(uy), z is resolved or
/

xTr = (Zlaulhu/Z’,U/) = (Z/u2’u1/UQ,U2,'U/U2)

is the unique closed point x1 € 7' (x) in the blowing up ™ : X' — X
along x such that (x1) > (z), and =’ then satisfies conditions (**)
and (E)’;

(i11) if B(x) =1 and w(z) < p, x is resolved.
Proof. When B(z) > 1, clearly V € Vdir(z). When B(z) = 1, then

UMM U™ By = AV Y VIRETQ, (UL Ty), A #£ 0.

1<i<1+w(z)

Suppose V' ¢ Vdir(z), then

U1Pd1U2pd2f_;Z 7£ (1 _|_w(x)))\vw(z)7
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so 7'(z) > 2 by total preparedness. By proposition 8.1 and lemma 8.3, = is
resolved except possibly if

Vdir(z) =< V 4+ alUsy, Uy >, a € k(x)

up to renumbering uy, ug if £ = div(ujus).

Suppose a # 0, then it would mean that x = (0, 1) is a vertex of Ay. This
implies that

OF, .,

U;pdl U;pdz o

= (14 w@)AV+ala)*@+ Y~ X(Vall) 0~ Uy,
1<i<w(x)

SO H‘l% = (14 w(2))MNV +alU,)*® with notations as in definition 9.3:

a contradiction with total preparedness and (i) is proved.

Assume that £ = div(uy), so we have
VDir(z) =<V > or VDir(z) =< V,U; >

by (i). Apply now lemma 8.3(1) and note that the form (8.10) is automat-
ically achieved when (Z,uy,us,v) is totally prepared: if VDir(z) =< V >,
we have

UMM E, 7 € k(2)[U1, Ve (9.15)
by (8.10); if VDir(z) =< V,U; >, we have

U™ E, 4 € k(2)[Uy, V]gm® < U0, >

by (8.10). Therefore (ii) follows from lemma 8.3(1) and proposition 9.7.

To prove (iii), it can be assumed that VDir(z) =< V > by (i) and
corollary 9.2. In particular, we have

iy h = Z° + F, 5, UTPMU;P2E, , = \VT@ 4 QU Uy),

with A # 0, Q # 0, and Q € k(z)[U;] if E = div(u;). We blow up along «
and let ' := (Z/ug, u1/ug, ug, v/us).

Assume that £ = div(uy). By (i) and (9.15), the only point to consider
is 2/. By corollary 9.2, we are done unless ¢(2’) = 1(x), so a2’ satisfies again
assumption (iii) of the proposition with E' = div(uju}). Note that we have
Ay (2') > 0 by (*%).
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Assume that E = div(ujuy) and let z; € 7! (z) with «(z;) > «(z). By
corollary 9.2, we are done unless ¢(z1) = «(z). If ' = div(u)), we have
B(z') =1 except possibly if

a(l) == pdi, a(2) := pda, Fy:=Q(U1,Us)
satisfies the assumptions of lemma 7.3(ii). This holds only if

1+ w(z) cN

d/1 = d1 + d2 +
Then x; is resolved for m(xz) = p by blowing up d times along codimension
two centers of the form (Z’,u}). Otherwise, we have < Q >=< U} ™™ >,
x1 = 2/ up to renumbering wuy, us, so B(z') = 1 and z’ satisfies again as-
sumption (iii) of the proposition. Note that no renumbering is necessary if
Ay (x) > 0.
Summing up, z is resolved or we construct a sequence of infinitely near
points lying on the successive strict transforms of a formal curve

Yy = V(Z,ul,ug,@) C X = X xg SpecS.

By proposition 3.8 we may assume that ) is permissible of the first kind, so
x is resolved by blowing up along ). O]

Proposition 9.14. Assume that x satisfies conditions (**) and (E)’ with
k(x) =4 and let (Z,uy,us,v) be totally prepared. Let us call Y =V (Z,uy,v)
with generic point y.

(1) if w(z) < p, x is resolved;

(2) if w(z) > p and €(y) > 2, then (dl,dg,%@) is the only vertex of
Ag(h;uy,ue,v; Z) in the region 1 = dy. Furthermore Y is Hironaka-
permissible and x is resolved.

(3) if w(x) > p and E = div(uy), let m: X' — X be the blowing up along x
and ¥’ € 77 (z) with «(z') > (p,w(x),3). Then x’ is resolved or there
1s a Hironaka-permassible line

D' =V (Z' uy,uy), B = div(uju).
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Let '+ X" — X' be the blowing up along D' and x" € 7'~ (2) with
w(x”) > w(a’). Then:

(i) " satisfies again (E)’ and w(z") = w(x);
(i1) 2" satisfies condition (**), E" = div(u{uy) and k(z") = 3;

(iii) C(z") < 1 — s Ar(a”) <1, Ap(2") < 1.

1
1+w(z)
Proof. Statement (1) has been proved in corollary 9.2. From now on, we
assume that w(x) > p.

Let us prove (3). As k(z) =4, F = div(uy), we have Vdir(z) =< U; >.
By (**):
w(:p)

Fozr = u" ("0 £y 4wng), 4,7 invertible, ¢ € m

We blow up along z: if ' is w-near x, ' is on the strict transform of
div(uy). In the chart of origin (Z',uf, ub,v) := (Z/v,uy /v, us/v,v), we get,
before any preparation:

foz = WP O (0 4 ), ¢ € S, B = div(u)).

As 14+w(x) # 0 mod(p), the monomial u/P"yPh+e@)=ry is not a p-power,
it cannot be spoilt by any translation on Z": w(z’) = 1 < p < w(z). The
only difficult point is the point

= (Z' ul, uy, ') = (2 ug, ug fug, ug, v/ug), B = div(ujus).
There is an expansion h' = Z" + S0 f; 2" with

fp,Z’ _ ullpchulzpd1+w(z)—p(ﬂyvll+w(x)u/2 + "}/U/lw(z) + Ullulgwl), ¢/ e (916)

As we are at the origin of a chart, (Z’,u},u),v) are well adapted: e(2') <
w(z). As w(z) > p, we keep condition (E)’ at 2’ (proposition 9.7). We are
done unless

v(z") = u(x), ordy (ujuyy)’) > w(x).

In particular, we have inp, h' = Z"7 + F, 7.
e Case ord, (vjuyy)') = w(x). Since k(z') = 4, we have

Vdir(z") C< Uy, Uy > .

By (9.16), we have < U; >C Vdir(2'), so Vdir(z') =< U;, U] >.
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Then we blow up along 2/, the only possible w-near point is
" " " " n . !/ / / / / / / " . ", n
r = (Z y Uy, Ug, U ) T (Z /U ,ul/v ,U2/U 7U>7 E" = le(UIUQU )
There is an expansion

—pypdi ppditw(z)—p p2(pdi+w(x)—p) n2 1 nw(x) "o " "
Jpzr =up Uy v (yo" ul + 'y +ujuyy”), P e S

and we get w(z”) < 3: we are done for w(z) > 4.
When w(z) = 3, in J(F, z», E”, mgnr), there is an homogeneous polyno-
mial

P = VU + U'US AU + pUY +vV") 46U X\, 1,0, 6 € k(x) = k(z").

Applying the Hasse-Schmidt derivation 2 x 88;—,],32 = U} gives U} € Vdir(z").

The reader ends the computation and sees that 7/(z") = 3: 2" is is resolved.

When w(z) = 2, ¢" is invertible, we have VDir(z") =< U/, Uy >. We
blow up along x”, at the only possible w-near points, we have, with suitable
variables:

—mpdy ppditw(z)—p  im3(pdi+w(x)—p) ".om 1w () "o m
Jpzm = 1wy Uy v (vo"uy + vy + uy uy ™).

A quick computation shows that 7/(z") = 3, so 2" is resolved.
e Case ord, (ujuby)') > w(z). We get Vdir(z') =< U] >. We may decompose
in (9.16):

O =y o, P € (ul, up) T W € ().

By condition (E)’, the line D' := V(Z',u},u}) with generic point ¥y’ is
Hironaka-permissible, €(y') = 1.

Let us blow up along D’. Let us begin with the point 2/, at infinity, i.e.
xh = (2" u,uh, ") = (Z' Jul, ul, ug fuy, v, BT = div(ujuy).
We get H () = (uf it/ H1=2pyphite(@=p) anq
I e T e L AT

As we are at the origin of a chart, the coordinates (Z”,u/,u},v") are well
adapted, so e(z5) < w(x) — 1.
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For z, € 7'~ '(2') in the chart of origin
"= (2" U uy ") = (2 Juy, ul Juy, uy, 0", BT = div(ufuy),
we get H(xzs) = (w/PM P20 (in particular (E)’ holds) and
H() = 70" a0 0

As 1+ w(z) # 0 mod(p), the monomial H(z2)v" ™™ cannot be spoilt by
any translation on Z”: we have (m(zs3),w(x2)) < (p,w(x)). Because of the
monomial H (z2)u}“®™ /“®  we must have u/(z5) = 0: therefore x5 = 2"
is the origin of the chart. We have

min{ord,, (u W), ordy, ., (usuyv"y)} > w(z) +1

if (m(2"),w(2”)) = (p,w(x)): 2" is in case (**) with x(z”) = 3. This proves
(i) and (ii).

Let us prove assertion (iii) which is valid only for the point z” of param-
eters

(Z" ulf uly 0" = (2 0 July, b, v = (2 us, g Jus, g, v ug).

pd1)

In the expansion of f, 7, the monomial ( xulubv® = H(z)uubv® becomes

2 d1 1r2pdi+w(z)+1—2 2a+btc— +1
/2/ pulllp 1u’2’ pdi+w(z) P o U/1/au’2/ at+btc—(w(z) )v//c'

2 .
As f, 722 =y P f, 7, to the monomial H (z)ujulv® corresponds the monomial

H(z" )u’l’“ug%*b“ (@))€ in the expansion of f, z». The point

a b
l+w(@) —c 1+w(x)—c

(

gives the point (1+w(x) - 1+i?(;§7 - — 1) of pr(A(h; uf,usy,v"; Z")). For exam-

w(z)

) - pr(A(ha Uy, Uz, U; Z))

ple, the monomial H(z)y'u;""’ becomes

H(z' )u’l/w(x)ugw(x)fl.

Choose (ag, by, cp) such that <1+w(a;) o 1+wé7x0)—co — 1) is a vertex of of

pr(A(h; uy, us, v; Z)) with % minimal. Then, because of the monomial
H($)7’u°;(x),
2w(x) 2

QCLO + bo
1 {—-1=1- — 9.17
14+ w(z) — ¢ ~w(z)+1 w(z)+1 (9.17)
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in particular

Qg < ao + bo/2 < w(r)
l+w(@) —c ~ 14w —c ~ wx) +1
so the point
( Qo 2@0 + bo
T4 w(x)—c’ 1+w(z)—co
has both coordinates < 1, it is the vertex of Aq(h”;uf, uy;v"; Z") of smallest
ordinate.
Let us note that if (ao, by, cp) # (w(z),0,0), then, as Idir(z) =< U; >,
we have ag + by > 1 + w(z) — ¢, so —2%tbo ] > 90 5 () the last

1+w(z)—co = I4w(x)—co
inequality because u; divides g. When (aq, b, ¢p) = (w(x),0,0), we get

_1)

2ag + bo i 2w(x) _1:u)(x)—1Z p—1 -0,
1+ w(z) — ¢ 1+ w(z) l+w(z) ~ 14+w(x)

o " nl+w(z) "on "
Z — ) . .
fpzr = H (") (v + ujuyd), ¥ e S (9.19)

As we saw above, €(2”) = w(2”) + 1, k(2”) = 3 and we have (**). Then
(1+w?§)_co, lfi%b_oco — 1) is the vertex of Ay(h";uf, ul;v"; Z") of smallest or-
dinate, both coordinates are < 1 and positive. As 2’ and z” are origins of
chart, (Z”,uf,u3,v") are well prepared and no translation on v” can spoil

this vertex. By (9.17)(9.18), we get:

agp 1
Ol < — 0% ANV <l ——
(aj)_l—l—w(x)—co (@) 14+ w(x)’
2 b
0<A2(:1:”):a0—+0—1<1,
14+ w(z) — ¢
A2 < o < Zwtb gy

T l4w(@)—c T 14+w(x)—c
Note that A;(z”) > 0 because of (9.19). This proves (iii).

Let us prove (2). Since €(y) > 0, we have A;(x) > 0 and (dy, da, 1++@)
is the only vertex of Ag(h;uy,us,v; Z) in the region zy = dy, Uy € Vdir(x).
If Vdir(z) =< Uy, Uy >, then, if we blow up along z, as w(z) > p > 2, there
is no w-near point. The only case we have to look at is Vdir(z) =< U; >.

As w(x) > p, by condition (E)” at x: pd; > p, Y is Hironaka-permissible.
Let us denote by d := e(y) > 2. Then y0'™*®@ + g € (v,u;)? with g =

264



’y’u‘f(x) +ui0, ¢ € mg(z) N (v, u1)41, 4 invertible. Up to change 7/ modulo m,
there is a decomposition: ¢ = vy + U, ¢1 € (uy, v)*@ L ¢y € (ug,v)? .

foz = uy P g (’YUHM(@ + ’Y/Uf(x) + u1v1 + urtndy).
Let us blow up along ). In the first chart of origin
(Z',uy, ug, v') == (Z/ur, ur, uz, v/ur),
we get

__ 1pdi+d—p_spds tw(z) s w(x)+1-d 1,y w(z)—d rw(x)—d+1 4y ro
fp,Z’ = U Ug (VU Uy +7uy + Uy ¢1+U2¢2)7

1, ¢, € S". Because of the monomial

u/lpd1+d—pu/2pdz,y/u/lw(m)—d _ H(x/)”y’ullw(x)_d,
we get w(z1) < w(x) —d < w(z) — 1 for any z; in this chart.
Let us see the point at infinity ' = (Z',u}, uh, V") := (Z/v,u1 /v, us,v),
we get
fp,Z’ _ ullpdlu/deQU/pd1+d—P(,ﬂ]w(x)—&-l—d + ull¢/)’

1,0y, ¢y € S, As we are at the origin of a chart, (Z’,u), u),v) are well
adapted: €(2') <w(z)+1—-d <w(z) -1 O

Proposition 9.15. Assume that x satisfies conditions (**) and (E)’ with
k(x) = 4, F = div(uy) and let (Z,uy,us,v) be totally prepared. With the
notations of proposition 9.14, assume furthermore that

€(y) =1 and B(Z,u1,us,v) < 1.
Then x is resolved.

Proof. By proposition 9.14(1), we may assume w(z) > p. As A;(z) > 0 by
condition (**), e(y) = 1 implies that Ag(h;ui, us, v) has a vertex

d 16
X:(1+ ,—0), beN.
b p
This leads to ) ;
A = = .



On the other hand, since k(z) = 4, we have b > w(x), i.e. b= w(z).
Let us come back to the proof of proposition 9.14(2). The only point to
consider is the point 2’ at infinity, £’ = div(ujv). We get an expansion

Foz = w0 (0@ L), (¢) = (u5') mod(v').  (9.20)

The conclusion follows from lemma 7.1 applied to the well prepared coordi-
nates (v, ul, u9; Z'). O

The following proposition produces bounds identical to those occurring
for embedded resolution of surfaces [17].

Proposition 9.16. Assume that x satisfies conditions (**) and (E)’ with
k(x) > 3. Consider Hironaka-permissible blowing ups m : X' — (X, x) of
the following kinds:
Case 1: E = div(uius2) and w(zx) > p; we blow-up along D = (Z,uy,us).
Case 2: k(x) = 3; we blow up along x.
Let ' € 7= (z) with (m(z'),w(x’)) > (p,w(x)). Then w(z') < w(zx) and (z/
is resolved or the following holds):
(i) conditions (**) and (E)’ are satisfied at x’' and we have

7(z") < max{y(z),1}.

(i) if E = div(uiuz) and n'(z’) € SpecS[ub] (resp. n/(z') € SpecS|ub,v']),
where y .

(w1, uy = —2,1)) (resp. (ug,ub,v' := —))

U1 Uy

in case 1 (resp. case 2), then Ai(x') = B(x), (resp. Ai(a') = B(x)—1) and,
Ba') < As(x) + Clx) < B();

if (k(2') # k(x) and G(x) > 1), we have 5(z) < B(x);
if uy € mgr, then C(2') < min{C(z), f(x) — C(x)}, so C(z) < @;
if uh & mgr, then B(z') <1+ [C(x)];

(111) if «' is the origin of the second chart, i.e.

A Uy v
= (Z/ = u_27u,1 - u_27u27v) (resp. (Zl,U,l’u% u_2>>
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in case 1 (resp. case 2), then Ai(z) = A(2'), C(2') < 22 and
B(a") = Ai(x) + B(z) (resp. B(z') = Ai(z) + B(x) — 1);

(w) if E = div(uy), E' = div(u)) and B(xz) > 0, then B(z') < p(x), with
strict inequality if (k(z') # k(x) and B(x) > 1).

Proof. We first prove the proposition in case 1. Let z’ be in the chart
with origin (X' := l ,u1,uh,v). In the expansion of f,7 the monomial

d d d d d; b
Up lup 2 1+w(m) zuaug transforms into up 1+pd2 pUép 2 1+w(x) i a-‘rb / in the

expansion of f, 7, 0 <i <1+ w(x) — 4. This leads to:
fp,Z/ _ uglgchu/ pda (,le-i-w(z) + ulqb), dll — dl + d2 —1.

As 14+ w(z) # 0 mod p, the monomial up i uyP2 1+ will not be spoilt
by any translation on Z’: z’ satisfies (**) and (m(z'),w(z)) < (p,w(x)).
If w(z) > p, we have dj,ds > 1, so 2’ satisfies condition (E)’. Statement
v(2") < ~(x) follows from (ii). There remains to prove (ii).

The monomials defining B(z) in the expansion of f, 7 are minimal for
the monomial valuation v, defined by the weight vector « := (a,a,aB(z)):

Va(Z) =1, va(u1) = va(ug) = a, v,(v) = aB(z),
with

B p
 pdy + pdy + B(z)(1 4+ w(z))

Let us denote by
in, h=2°" G 'Z + F, 74 € gr,S|7]

At 2/, there exists P(t) € S[t], unitary of degree d := [k(2) : k(x)], whose
reduction modulo mg is irreducible and w := P(u}) is such that (X', uy, w, v)
is a system of coordinates at z’. Of course, we take w = u!, when 2’ is the
origin of the chart. In this special case where x’ is the origin, the reader
verifies that (X', u}, w,v) is totally prepared and that all the statements of
(ii) are true.

From now on, £’ = div(u;). Monomials defining B(z) become the mono-
mials defining A;(z') = B(x). The monomials defining the vertices of smaller
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abscissa of Ay(h'; u), w,v"; X') are those minimal for the valuation v,/ given
by
Vo (X') =1, vor(u1) = a, vy (w) =0, vy (v) =aB(z).

Let us denote by
inva,h = X/p — GZ/_IX/ + Fp7X/’a/ - gra/S = ]{}(ZL‘)[H&](@) [Ul, V, X/}

When G, # 0, we have A;(2") = B(z), B(z') = 0, so (ii) holds. Assume now
that Ga/ 7é 0.

Subcase 1.1: when

—pdy 77— 28F VAN w(x
Ulpd U2pd apv ¢<V ( )>
We expand
OF, 7. ir7a1(i) 7 raz (i
PPt = AV 4y T RO, Uy), (9.21)

1<i<w(x)

with A # 0, Q; = 0 or @; divisible neither by Uy, nor by U;. For Q; # 0:

a;(i) > 1A;(z), deg(Q;) <iC(z).

By proposition 3.5(v), %pxtal g the transform of 2nze Then, by [17]

oV oV -
lemma 6.2.3 a and page 92, the lowest abscissa of the vertices of the polygon
aF I o
A(—525 U w; Vi X)

ov
is B(z). The non compact face of lowest abscissa is not solvable and, after a
possible translation:

7 =X'+¢, ¢ € U] k(@) @) m V],
the ordinate 3’ of the vertex of lowest abscissa of

8vaz/7a/
A%

A( UL w; Vi Z')

satisfies
C(x)

<1417 8 < Ba)
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where [3(x) is the ordinate of the left vertex of the initial face of the polygon

A(a%i/z’a;Ula Us; V; Z). Then we have

sy <# <1419 s < g <mm <s@). 02

This implies all the assertions in subcase 1-1.

Subcase 1.2: when

)
R S A A

oV
We now have an expansion
[
UP Uy P2 By g = AVI@ 0 N~ yrignOu0,uy, Us),  (9.23)
1=0

with A # 0, Q; = 0 or @; divisible neither by U;, nor by Us. For Q; # 0:
aj(i) = (1+w(z) — pi)A;(z), deg(Qs) < (1 +w(z) — p1)C(z).

Take ig, 1 < o < (1 + w(z))/p maximal such that TP T@to)ypdtetioln, g
not a p'*-power. This iy exists by total preparation. By (9.23), the transform

OF,
of =5Z= now reads

/ F ’al .
U1_pdlag+ = XNV*@ )\ a unit. (9.24)

Preparation along the face of abscissa B(x) will thus be a translation Z" =

X'+ ¢" on X', no translation on v: this will just add a p"-power to the term
U, Pt Ite@—pio)B@gpt 0. (1 70) in (9.23), which will become of the form

7 U P+ He@)=pio)Be)ge 5 ¢ k() [w@)]@), 7 invertible.

By the usual computations ([17] page 92 or the blowing up formula applied
to del+a1(lo)U§d2+a2(m)Qio(Ul, Ug)), we have
deg(Q;
c<1+ egEiQ 0>; when dy = 0, ¢ < as(io) + deg(Qi,) < Ba(z) < f(x).
(9.25)
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This implies all the assertions in subcase 1-2, 2/ not the origin and (ii) is
proved. Permuting u; and wuy gives (iii).
We now turn to case 2. Let 2’ be in the chart of origin (X' := u_Z17 uy, uh, v').

By proposition 9.13(ii), we may assume that B(z) > 1,i.e. <V >= Vdir(z),
so v € mg. In the expansion of f, ; the monomial

pd1, pde, 1+w(x)—i, a, b . .

ui ub ™o ufuy, 0<i<14w(w)—i

d1+pda+1+w(z)—p, ; pd i b : :

becomes uf ™ PRIy pda Lw(@) =g a+by b iy the expansion of f, . This
leads to:

l+w(@) 3

Fozr = BB (@) L), dy = dy+ dy +
Then 2’ is resolved or ' satisfies conditions (**) and (E)’ as in case 1. Then
the proof runs along the same lines as above: equations (9.22) and (9.25)
remain true.

The case where 2’ is the origin of the second chart is given by a permu-
tation of u; and us in the computations above and the fact that the vertices
of Ag(h';uy/ug, ug;v/ug; Z/us) are the transforms of the left vertices of
Ag(h;uy, ug;v; Z) by the affinity (21, x2) +— (21,21 + 22 —1): they are totally
prepared. Il

Proposition 9.17. Assume that x satisfies conditions (**) and (E)’. Let p
be a valuation of L = k(X)) centered at x. There exists a finite and indepen-
dent composition of local Hironaka-permissible blowing ups w.r.t. E:

(X, 2) = (X, x0) « (X1, 21) e - (X, 2,), (9.26)

where x; € X; is the center of u, such that x, is resolved or (z, satisfies again
conditions (**) and (E)’ together with one of the following):

(i) B, =div(ui,), B(z,) < 1;
(i1) E, = div(uy,ug,), C(x,) = 0.

Proof. Let (Z,uy,us,v) be totally prepared. Let Y = V(Z, uq,v) with generic
point y. We define by induction on ¢ > 0 a sequence of local Hironaka-
permissible blowing ups w.r.t. E, or composition of two such local blowing
ups. Take i = 0 w.l.o.g. in the following definition.
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(1) if (E = div(uy), k(x) = 3), blow up along = (proposition 9.16, case 2);
(2) if (F = div(uy), k(z) = 4, €(y) < 1), blow up along z, then along
D' =V (Z' uy,ub) (notations of proposition 9.14(3));

(3) if (F = div(w1), k(z) = 4, €(y) > 2), blow up along ) (proposition
9.

(4) if (E = div(uyug), w(x) > p), blow up along D = (Z, uy, us) (proposition

9.16, case 1);

)

14(2));

)

(5) if (E = div(uyusg), w(x) < p), blow up along x (proposition 9.16, case 2).
We must prove that (A) this algorithm is well defined, i.e. z; is resolved

or satisfies again conditions (**) and (E)’, so it builds up a sequence (9.26),

then (B) this sequence is finite.

Note that any x fits into some of (1)-(5). To prove (A)(B), we recollect
results from the previous propositions. By proposition 9.14, applying (2)
produces x; satisfying again the assumptions of the lemma and fitting into
(4) with k(xy) = 3, y(z1) = 1; applying (3) shows that x is resolved.

We now turn to proposition 9.16. Statement (i) shows that z; is resolved
or satisfies again the assumptions of the lemma. The proof of (A) is thus
complete and we turn to (B). Assume w.l.o.g. that x neither satisfies (i) nor
(ii). In particular y(z) > 1. We first claim that there exists ro > 0 such that

Ty, s resolved or

v(z,) =1 for all r > r. (9.27)
By proposition 9.16(i), we have v(x1) < 7(z); by proposition 9.16(iii), in-
equality is strict if:

E = div(ul), E1 = diV(U,LllLQ,l)

provided y(z) > 2, f(x) # 2. In case f(x) = 2, we obtain C(z1) < 1. Then
any further occurrence of E, = div(uy,) along the algorithm will satisfy
B(x,) < 2 by proposition 9.16(ii)-(iv). Therefore it can be assumed that E
and F; have the same number of irreducible components for every ¢ > 0 in
order to prove (9.27) (note that we are done if (2) is applied).

If £ = div(uy), we reach (i) or k(z;) = k(z) for i« >> 0 by proposition
9.16(iv). The claim follows from corollary 3.9.

If £ = div(ujug), we get (9.27) by standard arguments on combinatorial
blowing ups.

To conclude the proof, we may hence assume that (F = div(uy), f(z) = 1)
or (£ =div(ujus), C(x) < 1).
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When (E = div(u1), #(x) = 1), this is stable by blowing up or yields
E, = div(uijuse,) (proposition 9.14(3) and proposition 9.16(iii)). Stability
ends after finitely many steps by proposition 9.16(iv) and corollary 3.9.

When (E = div(ujuz), C(x) < 1), this is stable by blowing up or yields
(i) (proposition 9.16(ii)). Stability ends up in (ii) for » >> 0 by standard
arguments on combinatorial blowing ups. O]

Proposition 9.18. Assume that = satisfies conditions (**) and (E)’ to-
gether with one of the following:
(1) E=div(u), B(z) < 1;

(it) B =div(uug), 4(z) <1, C(z) < 3, flz) <1-— 1++(x);

(iii) E = div(uyug) and C(z) = 0.
Then x is resolved for (p,w(z),3).

Proof. We assume that (Z,uy,us,v) is totally prepared. Let
c(r) := (Ai(2), B(r))
with lexicographical ordering. First suppose that
Ai(z) < 1 and (z is in case (ili) = As(x) < 1). (9.28)

If £ = div(ujuy) and k(z) = 3, we blow up along x. Let 2’ be a point w near
x. When 2’ is the origin of a chart, by proposition 9.16(i)-(iii), «’ satisfies
again the assumptions of the proposition with c¢(2’) < ¢(z). When 2’ is in
the first chart with £’ = div(u;), proposition 9.16(ii) gives

Ai(2') = B(z) —1 < Ay(x) + B(x) — 1 < Ay(z) and S(2') < 1.

In both cases, 2’ satisfies again the assumptions of the proposition together
with (9.28) and c(2') < ¢(z).

If £ = div(uusg) and k(x) = 4, we let J; := V(Z, v, u;) with generic point y;,
j =1,2. The condition €(y;) > 2 is equivalent to A;(x) > 1++(w) We apply
proposition 9.14(1)(2): then z is resolved except possibly if A;(z) <

1
1+w(z)”?
7 =1,2. Then

1
e < B(r) < Ai(z) + B(z) < 1.
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We deduce that equality holds and that VDir(x) =< Uy, Uy >. Since w(x) >
p > 2, we obtain w(z’) < w(z) after blowing up along x, so z is resolved.

If £ =div(uy) and k(z) = 3, we blow up along x. Note that 5(z) > 0 since
A1<I> < 1. Let
Z ., w , v

up = —,up, v’ = —)), E' = div(ujuy).

o= (7 = —,
Uz U2 Uz

If z1 # 2/, proposition 9.16(iv) gives
Ai(2') = B(z) = 1 < Ai(z) + B(z) — 1 < As(z) and B(2') < B(z).
Therefore x; satisfies again assumption (i) of the proposition together with

(9.28) and c(2') < c(z).

If 1 = ', proposition 9.16(iii) gives

(7)) = Ai(z), C') < % B(x') = B(x) + Ai(z) — 1 < Bla).

Therefore " satisfies again assumption (ii) of the proposition together with
(9.28) and c(z') < c(z).
If £ = div(uy) and k(z) = 4, « is resolved by propositions 9.14(1)(2) and
9.15.

Therefore the proposition holds by induction on c¢(z) under the extra
assumption (9.28).

Assume now that z satisfies assumption (i) with A;(z) > 1. In particular
€(z) =1+ w(x) and V € Vdir(x) by proposition 9.13. Furthermore,

1+ w(x)

dy + > 1. (9.29)

We have m(y) = m(x), €(y) = e(x) where Y = V(Z,uy,v) with generic point
Y, so )V is permissible of first kind. Let us blow up along ).

We are done by theorem 3.6 if Vdir(z) =< V,U; >. Otherwise we have
Ay(x) > 1 or B(x) > 0. Since V € Vdir(x), the only point which may be
w-near x is the point

= (7', uy, V') = (Z/ug, ur, uz,v/ur), B = div(uy). (9.30)
These are well adapted coordinates. If A;(x) > 1, we have

1+ w(x)

B(z") = p(x), Ai(z") = A1(x) —1>0, dy =d1 + - 1.
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Then z’ satisfies again conditions (**) and (E)’ by (9.29). By induction on
Ay (z), we reduce to A;(x) =1, since A;(z) < 1is (9.28).
If Aj(xz) =1, expand

Joz = U}fdl (yo!+®) + Z SRR T TS © 4 fi)
1<i<1+w(z)

with f1 € (v,u1)***® 4 € S invertible, 7; € S invertible or zero, ~,, invert-
ible for some ig with as(ig) = iofB(x) < ig. We get

fozr = /pd1+1+w(x) (’)/U/l+w(w)+ Z ,ijll—i-W(w) i /ag +dlf), fle s

1<i<14w(x)

Clearly ¢(2") < (p,w(x),2) and x is resolved for (p,w(z),3).

There remains to prove the proposition in case (iii) with A;(z) > 1,7 =1
or 2. See [26] I1.6.2 and I1.6.3 on pp. 1950-1951. The argument is similar
to the one used in the proof of proposition 6.9(b)(c).

If (w(z) > pand Aj(x) > 1), then Y := (Z,uy,v) is permissible of the
first kind. Blowing up along ), the only point which may be w-near x is the
point 2’ as in (9.30). We have

1+ w(z)

A1<LL’/) = Al(I>—1, AQ(LL’/) = AQ(I/), C(JI/) = O, dll - d1+ —-1>1.

Then 2’ satisfies again conditions (**) and (E)’. A descending induction on
max{A;(z), A2(z)} reduces to A;(z), A2(z) < 1 which is (9.28) and the proof

is complete.

If 1 4+ w(x) < p, we argue by induction on
d(z) := (max{A;(z), As(z)}, max{d;,ds},n)

where n := 2 if (A;(z) = As(z),d; = ds), n := 1 otherwise.

Suppose that Ai(z) > 1, dy + 1++@ > 1. Up to renumbering uq, us,
it can be assumed that ¢(z) = (Ay(z),dy,n) or (¢(z) = (As(z),ds, 1) with
dy + H‘;(x) < 1. Blowing up along Y := (Z uy,v), the only point which may
be w-near x is the point 2’ as in (9.30). If (m(2'),w(2’)) = (p,w(x)), 2’ is in
case (**) and we have

14+ w(x)

Al(IL‘/):Al([E)—l, C(l’l):O, d/1:d1+ —1<d1
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It is easily seen that ¢/(z’) < ¢(x).

The remaining case: up to renumbering u;, us, we have

14+ w(z) 1+w(:z:).

A1($)<1§A2(37), d2—|- <1§d1+

We then blow up along x. As case (i) is resolved, we have just to look at
the origins of both charts. Let us look at the first chart, of origin the point
2" as above. If (m(2'),w(z")) = (p,w(x)), 2’ is in case (**) and we have
Ay(2") = Ay(x), dy = dy and

14+ w(z)

Ai(2) = Aj(z)+ Ag(x) —1 < Ag(x), C(2') =0, d} = di + —1<d.

Therefore ¢(2') < ¢(x). The last point to look at is the point

"o A Ul (%
x —<—,—,U27—).
Uz Uz U2

If (m(2"),w(z")) = (p,w(x)), " is in case (**), and we have A;(x”) = A;(x)
and

Ay(2") = Ar(z) + As(z) — 1 < Ay(x), C(2") = 0.
Therefore ¢(z”) < ¢/(z). This concludes the proof. O
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