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(Sε)

{
ε2∆η1 +

(
µ1 − |x |2

)
η1 − 2α1η

3
1 − 2α0η

2
2η1 = 0

ε2∆η2 +
(
µ2 − |x |2

)
η2 − 2α2η

3
2 − 2α0η

2
1η2 = 0,

where x ∈ R
d , d = 1, 2, 3, ε is a small parameter, µ1, µ2 > 0 are

chemical potentials, α0, α1, α2 are positive constants.

Goal

◮ construct (η1ε, η2ε) solution to (S) such that η1ε, η2ε > 0,

◮ understand the behaviour of (η1ε, η2ε) as ε → 0
(Thomas–Fermi limit).



Results for one single equation

(GP) ε2∆ηε + (1− |x |2)ηε − η3ε = 0, x ∈ R
d ,

Ground states ηε of (GP) converge in the limit ε → 0 to

η0(x) =

{ √

1− |x |2 if |x | < 1
0 if |x | > 1

0 1 |x |

η0(x)

We set ηε(x) = ε1/3γ(y) where y = 1−|x |2

ε2/3
.

Then γ = γ0 + ε2/3γ1 + ε4/3γ2 + · · · , where
◮ γ0 is the Hastings-McLeod solution of the Painlevé II

equation, that is the unique solution of
(PII) 4γ′′0 + yγ0 − γ30 = 0, y ∈ R.

that satisfies γ0(y) ∼
y→+∞

√
y , γ0(y) →

y→−∞
0,

◮ for n > 1, γn satisfies γn(y) −→
y→±∞

0.



The Thomas–Fermi limit for the system
We expect (η1ε, η2ε) −→

ε→0
(η10, η20),

where η10, η20 are compactly supported in disks with radius R1 and
R2, and given by (we assume R1 < R2)

0 6 |x | 6 R1 R1 6 |x | 6 R2 |x | > R2

η210
Γ2

2α1Γ12
(R2

1 − |x |2) 0 0

η220
R2
2−R2

1
2α2

+ Γ1
2α2Γ12

(R2
1 − |x |2) R2

2−|x |2

2α2
0

It implies Γ2/Γ12 > 0. We will assume later Γ2 > 0, Γ12 > 0.

We also assume R2
2 > α0

α1

Γ2
Γ12

R2
1 (ensures that η20(0) > 0).

0 R1 R2 |x |

η10(x)

0 R1 R2 |x |

η20(x)



Different ansatz depending on x ∈ R
d

Let β ∈ (0, 2/3).
R
d is divided in three domains D0, D1, D2 defined as follows.

D0={x,|x|26R2
1−εβ}

D1={x,||x|2−R2
1 |62εβ}

D2={x,|x|2>R2
1+εβ}

0 R2
1−2εβ R2

1−εβ R2
1 R2

1+εβ R2
1+2εβ R2

2 |x|2

In each of these domains, we use a different variable and a
different ansatz to look for a solution (η1, η2) of (Sε) that
converges to (η10, η20) as ε → 0.

domain D0 D1 D2

variable z = R2
1 − |x |2 y1 =

R2
1−|x |2

ε2/3
y2 =

R2
2−|x |2

ε2/3

ansatz η1(x) = ω(z) η1(x) = ε1/3ν(y1) η1(x) = 0

η2(x) = τ(z) η2(x) = ε1/3λ(y1)
1/2 η2(x) = ε1/3µ(y2)



Formal expansions of ω and τ in D0

x ∈ D0: η1(x) = ω(z), η2(x) = τ(z), z = R2
1 − |x |2.

ω = ω0 + ε2ω1 + ε4ω2 + · · ·

τ = τ0 + ε2τ1 + ε4τ2 + · · · ,
where

ω0(z) = η10(x) =

(
Γ2

2α1Γ12

)1/2

z1/2,

τ0(z) = η20(x) =

(
R2
2 − R2

1

2α2
+

Γ1
2α2Γ12

z

)1/2

For m > 1, (ωm, τm) are obtained recursively by plugging these
expansions into (Sε) and cancelling the terms corresponding to
successive powers of ε2 in the equations.



Formal Expansion of µ in D2

x ∈ D2: η1(x) = 0, η2(x) = ε1/3µ(y2), y2 =
R2
2−|x |2

ε2/3

µ = µ0 + ε2/3µ1 + ε4/3µ2 + · · ·
Plugging the expansion in (Sε), we find for every n:

µn(y2) =
R

1/3
2

(2α2)1/2
R
−4n/3
2 γn

(

y2

R
2/3
2

)

,

where the functions γn are the one which where obtained in the
expansion of the ground state of the single equation.



Formal expansions of ν and λ in D1

x ∈ D1: η1(x) = ε1/3ν(y1), η2(x) = ε1/3λ(y1)
1/2, y1 =

R2
1−|x |2

ε2/3

ν = ν0 + ε2/3ν1 + ε4/3ν2 + · · ·
λ = λ−1ε

−2/3 + λ0 + ε2/3λ1 + ε4/3λ2 + · · ·
Plugging these expansions into (Sε), we obtain:

λ−1(y1) =
R2
2−R2

1
2α2

4R2
1ν

′′
0 + Γ2y1ν0 − 2α1Γ12ν

3
0 = 0.

λ0(y1) =
y1
2α2

− α0
α2
ν0(y1)

2.

For n > 1,
(
− 4R2

1∂
2
y1
+6α1Γ12ν

2
0 − Γ2y1

︸ ︷︷ ︸

=:W (y1)>0

)
νn = Fn,

λn = −2α0
α2
ν0νn +

2α2

(R2
2−R2

1 )
2 δn,

where Fn and δn can be explicitely written in terms of the λk ’s and
the νk ’s for 0 6 k 6 n − 1.



Calculation of ν0

◮ For R1 < |x | < R2, y1 → −∞ and ε1/3ν(y1) −→
ε→0

0, thus

ν0(y1) −→
y1→−∞

0.

◮ For |x | < R1, y1 → +∞ and

ε1/3ν0(y1) −→
ε→0

(
Γ2

2α1Γ12
(R2

1 − |x |2)
)1/2

, thus

ν0(y1) ∼
y1→+∞

(
Γ2y1

2α1Γ12

)1/2
.

Moreover,
4R2

1ν
′′
0 + Γ2y1ν0 − 2α1Γ12ν

3
0 = 0

has a non-trivial solution with fast decay at −∞ only if Γ2 > 0 and
Γ12 > 0. Under this condition,

ν0(y1) =
R
1/3
1 Γ

1/3
2

(2α1)1/2Γ
1/2
12

γ0

(

Γ
1/3
2 y1

R
2/3
1

)

.



Truncation of the asymptotic expansions
From now on,

ω(z) =
∑M

m=0 ε
2mωm(z), τ(z) =

∑M
m=0 ε

2mτm(z),

ν(y1) =
∑N

n=0 ε
2n/3νn(y1), λ(y1) =

∑N
n=−1 ε

2n/3λn(y1),

µ(y2) =
∑L

n=0 ε
2n/3µn(y2).

Comparison of (ω, τ) and ε1/3(ν, λ1/2) in D0 ∩ D1

Lemma. Let N > 0, M > β
2−3βN. Then for l = 0, 1, 2,

∥
∥
∥
∥

d l

dz l

(

ω(z)− ε1/3ν(y1)
)
∥
∥
∥
∥
L∞(D0∩D1)

= o(εβ(N−1/2−l)),

∥
∥
∥
∥

d l

dz l

(

τ(z)− ε1/3λ(y1)
1/2
)
∥
∥
∥
∥
L∞(D0∩D1)

= o(εβ(N−l)).



Comparison of ε1/3(ν, λ1/2) and (0, ε1/3µ) in D1 ∩ D2

Lemma. Let N > 0, L > 3β(N + 1)/2. Then for l ∈ {0, 1, 2},

∀α > 0,

∥
∥
∥
∥

d l

dz l

(

ε1/3ν(y1)
)
∥
∥
∥
∥
L∞(D1∩D2)

= o(εα)

and
∥
∥
∥
∥

d l

dz l

(

ε1/3λ(y1)
1/2 − ε1/3µ(y2)

)
∥
∥
∥
∥
L∞(D1∩D2)

= o(εβ(N+1−l)).



Approximate solution of (Sε)
We plug into (Sε) the ansatz

η1 = ε1/3
(

ρ1 + ε2(N+1)/3P
)

,

η2 = ε1/3
(

ρ2 + ε2(N+1)/3Q
)

,

where
ε1/3ρ1 = Φεω + χεε

1/3ν,

ε1/3ρ2 = Φετ + χεε
1/3λ1/2 +Ψεε

1/3µ.

1

D0
D1 D2

0 R2
1−2εβ R2

1−εβ R2
1 R2

1+εβ R2
1+2εβ R2

2 |x|2

Φε χε Ψε



The equation satisfied by (P ,Q)

Aε

[
P

Q

]

= f 0ε (x) + f 2ε (x ,P ,Q) + f 3ε (x ,P ,Q),

where

Aε =

[
−ε4/3∆+ pε(x) rε(x)

rε(x) −ε4/3∆+ qε(x)

]

,

pε(x) = −α0

α2

R2
2 − R2

1

ε2/3
− y1 + 6α1ρ

2
1 + 2α0ρ

2
2,

qε(x) = −y2 + 6α2ρ
2
2 + 2α0ρ

2
1, rε(x) = 4α0ρ1ρ2,

f 0ε (x) = ε−2(N+1)/3

[

ε4/3∆ρ1 +
α0
α2

R2
2−R2

1

ε2/3
ρ1 + y1ρ1 − 2α1ρ

3
1 − 2α0ρ

2
2ρ1

ε4/3∆ρ2 + y2ρ2 − 2α2ρ
3
2 − 2α0ρ

2
1ρ2

]

,

f 2ε (x ,P ,Q) = −2ε2(N+1)/3

[
3α1ρ1P

2 + 2α0ρ2PQ + α0ρ1Q
2

3α2ρ2Q
2 + 2α0ρ1PQ + α0ρ2P

2

]

,

f 3ε (x ,P ,Q) = −2ε4(N+1)/3

[
α1P

3 + α0PQ
2

α2Q
3 + α0P

2Q

]

.



Estimate on the source term f
0
ε

Let N ≫ 1. Then there exists β ∈ (0, 2/3), L,M large integers
such that

∥
∥f 0ε
∥
∥
L2(Rd )2

. ε−2.

Estimate on the resolvent of Aε

Aε is invertible, and

‖A−1
ε ‖L(L2(Rd )2,H1

w (R
d )2) . ε−4/3,

where H1
w (R

d)2 is the closure of C∞
c
(Rd)2 for the norm

‖(P ,Q)‖2H1
w (R

d )2 =
∫

Rd

(
|∇P |2 + |∇Q|2

)
dx

+
∫

Rd max(1,min(|y1|, |y2|))(|P |2 + |Q|2)dx .



The fixed point argument
The fixed point theorem is applied to the map

Θε : H1
w (R

d)2 −→ H1
w (R

d)2

(P ,Q) −→ A−1
ε f 0ε + A−1

ε f 2ε (P ,Q) + A−1
ε f 3ε (P ,Q)

in the ball BR of H1
w (R

d)2 centered at the origin, with radius

R = 2
∥
∥A−1

ε f 0ε
∥
∥
H1
w (R

d )2
. ε−10/3.

From the Sobolev embedding H1
w (R

d) ⊂ H1(Rd) ⊂ L4(Rd) we
infer: for every (P ,Q) ∈ H1

w (R
d)2, we have f 2ε ∈ L2(Rd)2 and

‖f 2ε (P ,Q)‖L2(Rd )2 . ε2N/3+1/3‖(P ,Q)‖2
H1
w (R

d )2
.

Thus,
∥
∥A−1

ε f 2ε (P ,Q)
∥
∥
H1
w (R

d )2
. ε2N/3−1‖(P ,Q)‖2

H1
w (R

d )2
.

H1
w (R

d) ⊂ H1(Rd) ⊂ L6(Rd) implies

∥
∥A−1

ε f 3ε (P ,Q)
∥
∥
H1
w (R

d )2
. ε4N/3‖(P ,Q)‖3

H1
w (R

d )2 .

It follows that the ball is stable by Θε, and similar arguments show
that it is a contraction on that ball.



The main result

Theorem Let N ≫ 1. Then there exists β ∈ (0, 2/3), L,M large
integers, such that for ε small enough, there is (P ,Q) ∈ (H1

w )
2

with
‖(P ,Q)‖(H1

w )
2 . ε−10/3

such that
(

η1
η2

)

=

(
Φεω + χεε

1/3ν + ε2N/3+1P

Φετ + χεε
1/3λ1/2 +Ψεε

1/3µ+ ε2N/3+1Q

)

solves (Sε).


