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Gross Pitaevskii energy for a single condensate

A single BEC, set under rotation 2 = Qe., is in a state which minimizes

1 1 1
) = [ 31V =i x rl + 50— @) + 5ol

Two mathematical limits

e g large, Thomas Fermi limit: analogue of Bethuel Brezis Helein analysis of
vortices, also Jerrard, Sandier-Serfaty. vortex core of size 1/,/g is much
smaller than the distance between vortices. Triangular lattice.

e Rapid rotation: {2 — 1. vortex cores start to overlap: reduction to a single
particle state: the lowest Landau level (LLL).




Figure 1: Numerical simulations illustrating experiments in the
group of Jean Dalibard




Minimize the Gross Pitaevskii energy in the Thomas Fermi limit, g large:
(1 . > L1 o 2 1 4
E() = [ 51V =i x r|" + or'lp (1 — Q) + Saly [,

under [g> 1|? = 1, r = («, y). Difficulty, the problem is set on IR” with a
constraint and a trapping potential. One can rewrite the energy as

1 1 1
B() = [ IV =i x il + Zg(14F = a(m)’ = Sga’ ()|

where a(r) = 1—252(}22 — r?), ay, a_ denote the positive and negative

parts of a, and R is determined by the constraint [ a; = 1.

Leading order, inverted parabola profile:

I = au(r).

Splitting of energy. (Trick due to Mironescu) to get the energy of the vortex
balls




Let 1 be the minimizer at Q = 0, then n* ~ a () and let v = 4/, then

1 1
E() - E(n) = [ 50190 =i x rof’ + Sgn' (ol = 1)°
Next order: computation of the critical velocity €2. for the nucleation of the

first vortex. The ground state stays real valued until €2..

Next order vortex balls of size 1/,/g. The behaviour of the vortex core is
given by f(r)e* where £(0) = 0, and f is the solution tending to 1 at infinity

of
o f

'+ == S+ - =o
r r

Vortex location miminize the vortex interaction energy
2
> " |pil* = > log |p; — p;|
i 0,

Numerically, almost a triangular lattice.




ll. Two component condensates: numerical
simulations




2 component condensate: 2 wave functions, new phases and defects.
V. Schweikhard, |. Coddington, P. Engels, S. Tung, and E. A. Cornell (2004): a
square lattice is stabilized in a two component condensate.
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Two component condensates (Aftalion-Mason)

2 different isotopes of the same alkali atom, isotopes of different atoms, or a
single isotope in 2 different hyperfine spin states: 2 wave functions 1, and
with f |¢1|2 = Ny, f |’l,b2|2 = No

1 1 1
Bog) = [ 2190 =it x rgl + Sr (1 - 0) + gl

E = Eq 4, (Y1) + Eqg,(Y2) + g12 / |¢1|2|¢2|2

e g1» small: 2 components are disk-shaped with vortex lattices. a vortex in
component 1 corresponds to a peak in component 2. Square lattice.

e g1, large: phase separation and breaking of symmetry: rotating droplets

e intermediate regime: phase separation but no breaking of symmetry, one
component is a disk, the other is an annulus. Skyrmion in the boundary layer

e vortex sheets
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J12 large:

phase
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lll. Two component condensates: rigorous results
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What can be proved

2

Werecall T'j5 = 1 — 212
9192

o If I'152 > 0, we expect phase coexistence. If g1, g2, g12 are large, TF limit
(g1 = a1g, go = g, g1z = a12g With g large).

— leading order, inverted parabola profile. The computation of the limiting
profile involves the coupling

1
Oé1|7ﬁb1|2 + Oé12|¢2|2 = A1 — 5(1 — 92)7“2

1
arz|1]? + azle|’ = Ao — 5(1 — Q%)

Either 2 disks with different radii or a disk and an annulus. Convergence in
the TF limit. No vortex in the exterior until the first critical velocity
(Aftalion-Noris-Sourdis following Aftalion-Jerrard-Letelier and Karali-Sourdis).
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What we can prove in ANS:
e unigueness of the ground state at {2 = 0. Either 2 disks or a disk+annulus.

e precise estimate of the convergence to the Thomas-Fermi limit. Proved by
constructing an approximate solution. Then using the linearized operator, we
perturb it to a genuine solution. By uniqueness, it is the ground state. Related
to the talk of C.Gallo.

e until the first vortex, the minimizer is unique and real valued. Done by
division of the ground state at €2, by the ground state at {2 = 0 and with
jacobian estimates, we prove that the ratio is 1. It means that the ground state
stays real valued until the first vortex.




— computation of the critical velocity for the 1st vortex, called €. (in
component with larger radius). (Aftalion-Mason-Wei)

— vortex peak interaction. The equation of the vortex core has to be replaced
by a system of vortex/spike (f(r)e”, S(r)) where (f(r), S(r)) satisfies

) _i2+a1f(1—f2)+a1232f20’
T r
(Tf) + S(1 — 5%) 4+ af’S = 0.

Related results by Eto, Kasamatsu, Nitta, Takeuchi, Tsubota, in the case of a
homogeneous condensate.

Existence of a non degenerate solution, upper bound for the full problem
(Aftalion-Wei). Related results: Alama-Bronsard-Mironescu.

_QJ|2

— > (log |pi — p;| + log |q; — qg|)+2(\pz! + | )+Z
i

where p; are the vortices for component 1, q; are the vortices for component
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m(1-T19)|log ;|
8T2,N191 |
goes from triangular to square: relation between I'15 and 2.

2 and cO =

(265 — 1). At some critical value of cg, the lattice
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Formal Abrikosov computation by Kasamatsu, Tsubota, Ueda (Int. J. Mod.
Phys. B, 2005)

Using the reciprocical lattice, they compute the lattice displacement and how,
as I'1, varies, the lattice goes from triangular to rectangular.
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2
fI'o =1 — ggl% < 0, phase separation is expected: asymptotic limit
[''y — —o0, 0r g1 — oo. The coexistence region gets asymptotically small.

Two droplets are expected.

We define pr = \¢1|2 + [a]?, Yk = /PTXE Xk = ]Xk|ei9k‘ so that
Ix1|* + |x2|* = 1and S. = |x1|* — |x2|*. We have S, = 1 when only
component 1 is present, S, = —1, when only component 2 is present.

e () = 0and gy, g- large, I'1o — —oo: Thomas Fermi regime with inverted
parabola profile for pr = |1]* + |¢2|*. Gamma convergence to a De Giorgi
type problem (Aftalion, Royo-Letelier).

Write S, = cos ¢, then the energy becomes (for g; = g» and 2 = 0)

2 2

[ 193B: + 901 + Srpr + 9122 (1 = cos? 6) + 912 (1 + cos” )

If g12 is large, then cos® ¢ ~ 1 almost everywhere, except on a boundary
layer.
pr is almost TF, and vanishes at interface.
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We go back to the GP energy for a single condensate with 1/&? = g; = go:
1 2 1 2 2 1 4
E.(n) = [ 2|V - |
(n) /2| ™+ 5rinl™ + 55l

under [ n* = N; + N,. We call n the ground state. Let pr = nv. Then the
energy splits into
E.(n) + F:(v) + Ge(¢)
with . .
2 2 4 2\2
F.(v) = [ 50 IVol* + 5n' (= [of?)

1 1
Ge(6) = [ oIV + 21 = —)n'v'(1 - cos’ 9)
ge
F. is a Modica Mortola type energy with weight.

|v| is 1 almost everywhere, but goes to zero on the interface region between
the two components.

We prove that G converges to 0 and F. converges o ¢, [; .. race n°.
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Limiting problem

defined by the inverted parabola n* = (A — 3r?), where D is the disk of
radius vA/2 and [, n* = Ni + Na.

Find the optimal D; and D- such that
D = D1 U Dy, [, n? = N, sz n* = N, and they minimize

3
faD1m6D2 m-

Better to have half spaces than disk+annulus to minimize this interface
integral.

Related results of Berestycki-Lin-Wei (no trapping potential)




Vortex sheets

Add rotation. This requires to understand the equation for S, (or ¢) at leading
order.
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IV. Spin orbit coupling

28



Spin orbit coupled condensates

/>

k=12

1 1 *
(;wmz + 5r2|wk|2 — QY L.V, + %w‘*) + gra|i | [1a]?

« [ .0Y2  OYs . (.01 O0Y
e (’ax i ay> s <Za:c - ay>

under the constraint [ |1]? + |12|* = 1.

We assume g; = g» = g and define § = g12/g.

Aftalion-Mason, PRA 2013

We define pPT = ‘¢1’2 -+ ’¢2 2, ’(Pk = \/PTXks Xk = |Xk|€wk so that
Ix1]1% + |x2/? = 1and S. = [x1]” — |x2]”, Se = xTx2 + X5x1.
Sy = —1(XIX2 — X5X1)-

d > 1: segregation: at k = 0, one component is empty. As  increases, to a
giant skyrmion (disk+ think annulus circulation 1), to multiple annuli and
eventually stripes.
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Figure 2: Left column (a): (4,x) = (1.5,1.25) and right column
(b): (4,x) = (1.5,1.5). Density plots (frame (), component-1, and
(Il), component-2).
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Question: understand the Gamma limit of the spin orbit term in the

segregation case?
Ox oy

Formally in the case disk+annulus, we find that the circulation in each
annulus is 1.

(2 =0, 6 < 1: coexistence of the components, the global phase 6 = 6, + 65
is such that VO = —2k.S : relation with a ferromagnetic problem.

MORE IN THE TALK OF PETER MASON....




Conclusion

We have seen mathematical techniques to deal with two component
condensates in the case of

e coexistence: TF approximation, core of vortex - peak, vortex energy, LLL
open mathematically

e segregation: I" convergence in the case of no rotation. Open for vortex
sheets or spin orbit coupling
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