ON LATTICES WITH FINITE RENORMALIZED COULOMBIAN
INTERACTION ENERGY IN THE PLANE

YUXIN GE AND ETIENNE SANDIER

ABSTRACT. We present criteria for the coulombian interaction energy of infinitely many
points in the plane with a uniformly charged background introduced in [5] to be finite, as
well as examples. We also show that in this unbounded setting, it is not always possible
to project an L2, vector field onto the set of gradients in a way that reduces its average
L? norm on large balls.

1. INTRODUCTION

In [5], S.Serfaty and the second author introduced an energy describing the coulombian
interaction energy of infinitely many unit positive charges in the plane with a uniformly
negatively charged background. This energy was dubbed W after a similar energy which
arose in [13] as a sharp (codimension 2) interface limit of a vector Modica-Mortola type
functional, in a bounded domain.

In turns out that W, defined below, appears naturally in several variational settings,
where minimizers or quasi-minimizers exhibit a vortex structure. This is the case of the
Ginzburg-Landau model of superconductivity ([5]) or the Ohta-Kawasaki model for diblock
co-polymers ([11]), other natural candidates would be superfluids modeled by the Gross-
Pitaevski functional or certain models for dislocations where the analysis of vortices is
already well advanced ([14, 15, 16] for example, the literature on these subjects is already
quite large).

In all these contexts, there exist limits when simultaneously the characteristic size of
a vortex goes to zero (a sharp codimension 2 interface limit) and the number of vortices
tends to +o0o, because of an external applied field or boundary conditions. Then the
vortices of minimizers will be described at the macro-scale by a certain optimal density
and at the micro-scale by discrete subsets of R? which minimize W, this energy accounting
for the interaction of individual vortices with the field generated by the density, the latter
being constant at the microscale if the optimal density is well-behaved.

Another context in which W appears is the case of weighted Fekete N-sets. The Fekete
N-sets are N-tuples of points in the plane which minimize an energy w, which is the
sum of their logarithmic interaction plus a potential term which confines them. In the
aforementionned models, the Fekete IV sets would arise when the sharp interface limit is
taken but the number of vortices remains equal to N. When N tends to +oco, again W
governs the arrangement of the points at the microscale ([6], [7]).

Finally, the energy W plays a role in the Coulomb gas model in statistical mechanics,
for which the probability law density of N particles is Py = ﬁﬁe‘ﬁw", where [ is the
inverse of temperature and Z, g is the partition function. There ([6], [7]) the minimum
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of W appears in the asymptotic expansion of log Zy 3 as N — +o0o for large (3, i.e. small
temperature.

Until now, some basic but usefal facts are known about W (see [5]): It is bounded
below, admits minimizers, and minimizers may be approximated by doubly periodic con-
figurations of points. It is also known that among perfect (Bravais) lattices, the triangular
lattice is the unique minimizer of W ([5]). The minimal value of W is not known, even
though it can be used to express other quantities as in the aforementionned expansion of
logZn g, but also the energy of weighted Fekete N-sets (see [17]). Finding the minimum
of W seems to be a challenging problem, even though such results exist for energies that
similarly measure the distance of a discrete subset of R? to the uniform measure ([18]).

In this paper we focus on the natural question of which discrete subsets A C R? are such
that W(A) < +oo. This question is of interest for instance in the context of Coulomb-
gases where it is shown in [6] that for any (3, one can extract in a natural way from Py
and as N — 400 a probability measure on discrete subsets of R? which is concentrated
on those sets for which W is finite.

It turns out that even though the logarithmic potential involved in W is very long range,
a lot can be said about this question. It turns out also that it connects to problems of
independent interest and which to our knowledge have not been adressed in the litterature.
The first one is that of a Hodge decomposition for L2 _ instead of L? vector fields. More
precisely is it possible to project an Ll20€ vector field on the set of gradients in a way that
reduces its average L? norm on large balls ? We provide a counter-example in Remark 3.
The second question is that of estimating the number of points of a quasi-cristalline lattice
in a ball of radius R, a classical problem for Bravais lattices (see [2] for instance). Although
we have no answer to this, our results give a hint that such estimates might exist.

2. MAIN RESULTS

Let us now define W. We note that somewhat different definition was recently intro-
duced in [12] which generalizes to other dimensions. It is shown in [12] that both definitions
agree in the case of A’s for which the distance between two distinct points of A is bounded
below by a positive number, what we denote below uniform A’s.

Given a discrete set A in the plane and a real number m > 0, the renormalized energy
introduced in [5] is defined in several steps.

First, denoting v := Zpé A 9p and for any vector-field j solving

(1) —div(j) = 2n(v — m) in R?,

and belonging to L2 (R? \ A, R?) we define W (jj) as follows: For any R > 1 we denote by
xR a smooth approximation of the indicator function of Bp, the ball centered at 0 with
radius R. More precisely we assume that

(2) xR >0, [Vx&llso <C, xg =1 on Br_1 and xg = 0 on R?\ Bg,

where C is independent of R. Then we let
(3)

Wi(j 1
W) = limsup IRy ) — lim sup &

Xrlji)? +7logn Y xr(p)
R—00 |BR| n—0 2 /RQ\UpeAB(P:W) Z

pEA
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Second, we consider the set Fj of vector fields in L2 (R?\ A,R?) satisfying (1) for a
given A and m, and the subset P, of curl-free vector fields in Fy, or equivalently the set
of those elements in ) which are gradients. We may now define

4 W(A) := inf W(VU), W(A):= inf W(j).
) (A) = int W(TU), W(A) = inf W(j)

Note that 5 and P, depend on m, hence so do W (A) and W(A). But in fact (see below)
the value of m is determined by A in the sense that W (A) or W (A) can only be finite for
at most one value of m (which is the asymptotic density of A whenever it exists). In any
case, the value of m will always be clear from the context or made precise.

Remark 1. It will be useful to generalize somewhat the above definition to allow j’s

satisfying (1) with
vi= Z apdp.

peEA
In this case one should modifiy the definition of W (j, xr):

Xrli® + 7wlap*logn > xr(p)-
peEA

. . 1
6) Wl =lmswp [
n—0 R2\Upea B(p.m)

In [5], only W is considered. One could think at first that W and W are equal, the
argument being the following: Since W () may be seen as the average of |j|? over R? (with
the infinite part due to the Dirac masses in (1) removed), then projecting onto the set of
curl-free fields would reduce this quantity, so that the infimum of W (j) over ¥ would in
fact be acheived by some j € Py, proving that W (A) = W(A). It turns out however that
this is not the case and in fact we prove (see Theorem 1 below) that with m = 0,

Theorem. W (N) = +oo and W(N) < +o0.

The rest of the paper is devoted to giving sufficient conditions on A for W and/or W to
be finite. There are roughly two factors which can make W or W infinite. First, there is
the logarithmic interaction between pairs of points, which can be made infinite by bringing
points very close to each other: we will not consider this factor here and to rule it out we
restrict ourself to uniform A’s in the following sense.

Definition 1. Given a discrete set A and weights {op}pen, we say that

v=27 Z apdp
pEA
s of uniform type if

min —q| >0, supla,| < oo.
p¢q€A|p q| ’ pGIF\)‘ p|

If the weights are all equal to 1 we simply say A is of uniform type.

The second factor which can make W or W infinite is the interaction with the back-
ground. If we restrict ourselves to uniform A’s, then for a given m the quantities W (A)
or W(A) measure how close Zpe A Op is to a uniform density m. Our second main result
shows that this can be measured by simply counting the number of points of A in any
given ball (see Theorems 2 and 5). In particular we have
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Theorem. Assume that A is uniform and that there exists m,C > 0 and € € (0,1) such
that for any © € R? and R > 1 we have, denoting HE the number of elements in E,

(6) 4 (B(z, R)NA) — mrR*| < CR'"°
Then W (A) < 400 for this value of m.

This criterion for finiteness is optimal in the sense that if we replace the right-hand side
in (6) by CR'™, then it is not difficult to construct A’s satisfying (6) and having infinite
renormalized energies (see Proposition 5). This criterion can be relaxed a bit in the case
of W (see Theorem 5).

This leaves open the case e = 0 (in which case N and Z satisfy (6) with m = 0). In this
case we are able to prove a partial result (see Theorem 6 for a variant)

Theorem. Let A C 7% and A := Z*\ A. Assume there exists some constant C > 0 such
that for all x € R? and R > 1 we have

(AN B(z,R)) < CR.
Then W (A) < 400, with m = 1.

The proof of this theorem is based on the fact (see Proposition 6) that under the above
hypothesis there exists a bijection between Z? \ A and Z? under which points are moved
at uniformly bounded distances. This is a discrete analogue of a result of G.Strang [10].
Its conclusion cannot be improved to W (A) < 400, see Proposition 4.

The criterion !jj (B(z,R)NA) — meQ‘ < CR!'¢ is satisfied by perfect (or Bravais)
lattices, or more generally by doubly periodic lattices (see [3]) — even though in this case
(see below) the conclusion of Theorem 2 is almost trivial. However we are not aware that
this is known for quasi-cristalline lattices, and thus we give a construction similar to that
of Theorem 2 which allows us to conclude for an exemple of Penrose-type lattice A that
W(A) < +o00. We have not sought generality in this direction, and refer to Section 7 for
the construction of A and the proof that TW(A) is finite.

3. SOME PROPERTIES OF W, W

We always assume the following property of v :=
if A is uniform.

pEA dp, which is satisfied in particular

B
(7) lim sup v(Br) < 400

R—+oo |BR|
We begin by recalling some facts from [5, 6].

Structure of Pp: If A satisfies (7) and W(A) is finite, then the set {VU € Py |
W(VU) < +oo} is a 2-dimensional affine space. Any two gradients in this set
differ by a constant vector.

Minimization: For any given m, the function A — W defined over the set of A’s
satisfying (7) is bounded from below and admits a minimizer.

Scaling: Denote W, the renormalized energy with background m € R. If j satisfies
(1) and (7) holds, then

W) =m (W) = Glogm) . with ()= g (m) .



RENORMALIZED ENERGY 5

Cutoffs: If (7) holds, then the value of W(A) (or W(A)) does not depend on the
particular choice of cut-off functions ygr as long as they satisfy the stated proper-
ties.

Perfect lattices: Assume A = Zi @ Z# where (i, 7) is a basis of R? satisfying the
normalized volume condition |@ A U] = 1. Let A* be the dual lattice of A. Then,
taking m = 1,

) 62i7rp-x T
peA=\{0}

Moreover, the minimum of W among lattices of this type is acheived by the trian-

gular lattice
| 2 1 V3
A=/ —((1,0)Z - — | Z].
1 \/§<( aO) @<27 2) >

Uniqueness of m: For a given A, there can be at most one value of m for which

W(A) < +oco. Indeed if j; (resp. j2) satisfy (1) with mq (resp. mz) then —div(j; —

J2) = mg — my, and if my # mq this implies that W (j1) and W (j2) cannot both

be finite. To see this one can use Proposition 1 below in case the points in A are
uniformly spaced. Otherwise one has to resort to the corresponding result in [5].

One of the main points in [5, 6] is the fact that W is bounded below. This is in fact
very easy to prove in the case of A’s — or more generally v’s — which are of uniform type.

It is a consequence of the following useful fact.

Proposition 1. If j satisfies (1) with v of uniform type, then for any § < %infp;,gqu lp—q|
there exists g : R> = R and C > 0 such that

(8) g>—C,
such that
1
(9) g=3lil", on R*\UpeaB(p,9),

and such that for any compactly supported lipschitz function x,

/R2 xg — W(j.x)

where N = #{p € A | B(p,0) N Supp Vx # &}.

Remark 2. Note that if we take x such that x =1 on B(p,d) and x = 0 on every other
B(q,0) for q # p € A then (10) implies that [go xg = W(j,x). This implies in particular,
approzimating the indicator function 1p, s by such functions, that for any p € A

(11) / 9=W(,154.4)
B(p,9)

Proof. In R? \ U,eaB(p, 8), we let g = %\j\Q. Then, for any p € A and any r € (0,4) such
that |j| € L?(0B(p,r)) — this is the case for a.e. 7 — we define ), > 0 to be a value of
A such that

(10) < ON|[ Voo,

1 ol
(12) / min(|j[%, \) = —2 — 2ra,mr.
2 o) r
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The fact that A, , is well defined follows from the fact that the left-hand side of (12) is a
continuous increasing function of A which increases from 0 to (as A — +00)

2
1 1 Ta?
/ 172 > — / jrv :I(ap—mwr2)22—p—27r2apmr.
2 Josp.r) amr \ JoB(p.r) r r
For any r < § we let, on 0B(p,r),

1, ol 1
:§(M _/\p7r)+_7rapm_5*§10gg-

Then (9) is obviously satisfied, and (8) is satisfied with

2
log §
C = (supay, | O% | + 7|m| sup .
pEA o pEA

It remains to prove (10). For any function x and any 1 < ¢ we have

(13) / X(W ) Z/ (W—g>.
R2\Upea B(p,n) B(p,0)\B(p,n) 2

pEA
Then, writing A for the annulus B(p,d) \ B(p,n),

(14) /Ax<|j2’2—g>=X(p)/A(|j2|2—9)+A(X—X(P))<|j2|2_9>'
We have for any r < ¢, on 0B(p, )
(M = 3057 s ) = gmin (57 20).

hence using (12) we find

12 5 2 2
1
(15) / <|j| —g> :/ % —2raumrdr + 7(6* — n?) | mapm + L % P log =
A\ 2 n T 52 °6

_7(Ck og — — T (0]

On the other hand, since |x — x(p)| < 7||Vx|loo, and using (12) we have

2 r o
[ o= x) (“‘ - g)\ < 1 Vxll / 2] i (R +C)dr < OV
A 2 n 2 0B(p,r)

This together with (13),(14) and (15) yields

. Fis 9
hm/ X <g — = =) wx(p)aylogn| < CN||Vx|lsos
170 JR2\Upe A B(p,m) 2 pezj\ 8

where N = #{p € A | B(p,d) N Supp Vx # @}. This proves (10). O
Note that, contrary to the corresponding result in [5], we have not proved that the

constant C' in (8) is universal, which is a delicate point. We have included this weaker
result for the sake of self-containedness and because it has a simple proof.
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4. EXAMPLES WITH FINITE OR INFINITE ENERGY.

We begin by showing that moving the points in Z? at a bounded distance yields a A
with finite energy, assuming A is uniform.

Proposition 2. Let A satisfy inf, yep 2y |2 — y| > 0 and let ® : A — Z* be a bijective
map such that sup,ep |®(p) — p| < co. Then W(A) < 400, with m = 1.

Proof. Let Ry = 2sup,ep |®(p) — p|- Then for every p € A, we solve

—AU, = 27 (0 —da@)) in B(p,Ri)
% =0 on 0B(p, R1)

where v is the outer unit normal on the boundary. Let V be the Z2-periodic solution —
which is unique modulo an additive constant — of

~AV = 2r| > 41| inR?
pEZ?
Then by periodicity |V (z) + log | — p|| is bounded in C? (U,cz2B(p,1/4)), while V(z) is
bounded in C? of the complement. More precisely we have the (see for instance [5])

eZwrp-x

Y@= 2 Sp

peZ?\{0}
Now we define j : R> = R by
J=VV+) VU,
peA
where VU, is is extended by 0 outside of B(p, R1) and thus defined on the whole of R?.

From the assumptions on A and ® the sum above is finite on any compact set and thus
7 is well defined and solves

—div(j) = 27> &—1] inR2
peEA

On the other hand, Uy,(z) + log|z — p| — log |z — ®(p)| is bounded in C?(B(p, R1)),
uniformly with respect to p € A. It follows that j + Vlog|z — p| is bounded in B(p,¢)
uniformly with respect to p € A, and j is bounded in R? \ UperB(p, ), where § > 0 is
half the minimal distance between points of A. A straightforward consequence is that
W (j) < 400 and then W(A) < +oc0. O

We will prove below that the conclusion in the above proposition cannot be improved
to W(A) < +o0.
A consequence of Proposition 2 is

Corollary 1. We have, with m =1,
W(Z*\ Z) < oo, W(Z*\N) < 0o
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Proof. We construct a bijective map from ® : Z2? \ Z — Z2 by

~f (prp2—1) ifpe>1
®(pr,p2) = { (p1,p2) if pp <0

The desired result follows from the above proposition. The proof for Z? \ N is similar. [J
A second tool for constructing j’s with finite energy is

Proposition 3. Assume j1 (resp. ja) satisfy (1) with a vy (resp. va) of uniform type.
Assume also that vy and v satisfy (7) and that v + ve is of uniform type.

Then, if W(j1) < oo for a background my and W (j2) < oo for the background mo, we
have

W (j1 + j2) < oo for the background my + ma.
First, we prove two lemmas.

Lemma 1. Assume j satisfies (1) and (7) with v of uniform type, and assume W (j) < oo.
Then there exists some positive constant C depending on j such that for any R > 1 and

§ < 2inf{lp—q||p#q€A}

i < CR?, / j—GP < CR,
BrNUpeaB(p,d)

/BR\UPEAB(pv(S)

where G(x) := oap|x7|2 if x € B(p,0) with p € A.

Proof. Let g be constructed in Proposition 1. From (10), we have
/ng < W(j,xr) + Cn(R) < CR?,

where n(R) := (A N Br+1). Hence

(16) [ xng < cre

On the other hand, since g > —C and from the properties of xr, we have

1.
00 [xnez [ g-cr> [ Sl + /
Br Br\Upea B(p,9) B(p,d)

For any p € A, we define
|51 + mag log 7

PEA, B (p,o

1
W (5, 1B(p,s)) = limsup 2/
n—0 B(p,6)\B(p:n)
We have, denoting A = B(p,d) \ B(p,n),

1/
517 = 5 [ I6P+li-GR+26- (-G
— 7a? 2106 0 4 1 /|jG|2+ap/ dr/ G)
n OB(p,r)
5
= 7wallo +/ '—G2+a// div(j — G
P g77 2 A|j | P n " JB(pr) J )

6 1
— 71-04[2) logg + 3 /A |] — G|2 + 772apm(52 _ 772)'
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Hence, we obtain
. 1 . 1 ,
(18) W(j,1p(ps) = hmsup/ |]|2—}—71'oz}27 logn = 71'042127 log 5—{—/ j— G| +m2a,md?
n—0 2.Ja 2 JB@p.s)
Thus, using (11),

1
(19) / g:waglog5+ / j — G)* + map,mé?
B(p.9) 2 JBwe)

Gathering (16) to (19), we get
1,. 1 .
CRQZ/XRQZ/ Slil* + > 2/ j - GI? ~ CR.
BR\UPEAB(pvé) pGA,B(p,5)CBR B(p,é)

This gives the desired result. U

Lemma 2. Assume j satisfies (1) and (7) with v of uniform type and let G be the function
defined in Lemma 1 — for some § < %inf{|p —q| | p # q € A} — and extended by 0 on
R?\ UpenB(p, ). Then

W(j) <oo & limsup][ j— G < o0
Br

R—o0

where fA denotes the average over A.

Proof. The “ = 7 part of the assertion follows from Lemma 1. We prove the reverse
implication. We denote by g the result of applying Proposition 1 to j.
Then from the properties of xr and using (10), (8),

W(jaXR)S/ QXR+CR2§CR2+/ g+ Y /B( 57
p?

Br Br\UpeaB(p,9) pEANBR

Then, as in the proof of Lemma 1,

. 1 .
| 9=Wlisee) =3 [ 1i-GE+ow.
B(p,9) B(p,9)

Using this and (9) we find

‘ 1 .
W) <CR 45 [ =GP
Br+s

This yields the desired result. O

Proof of Proposition 3. We denote A; the discrete set related to j; for i = 1,2 and A one
related to j1 + jo. We write v; = ZpeAi a; pop, 1 = 1,2. Then we choose

r .. ) :
0 < gmin(inf{lp — g [p # ¢ € A}, inf{[p — gl | p # ¢ € Ao}, inf{lp — g [ p # g € A}),

and let G;(x) = ai@ﬁ if x € B(p,0) for p € A;, and G; = 0 elsewhere.
Then, under the assumptions of the proposition, there exists C' > 0 such that for any

R>0
/ 71 — G1|2,/ lj2 — Ga|> < CR.
Br Br
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Therefore
| livt - @+ G < CR2
In view of the previous Lemrﬁ};, Proposition 3 is proved. g
Corollary 2. We have, with m = 0,
W(Z) < 400, W(N) < +00

Proof. There exists j1 € Fz2 and from Corollary 1 there exists jo € Fz2\7 such that W (5

and W (j2) are both finite with m = 1. Then, by Proposition 3 and since —div(j; — j2) =
> pez Op, and Z is uniform, we have W(j1 — j2) < 400 with m = 0, hence W(Z) < 4oo0.
The proof for N is identical. O

Proposition 4. For m = 0 we have
W(Z) < +o00, W(N) = 400

The case of Z. We define Vi (z) := —log | sin(7x)|. Direct calculations lead to
—AVy =271 ) 4, in R?
pEL
e cos(r)
cos(mx
\VVi(z)| = 7 —7—.
| sin(7z)|
Both Vi(z) and |VVi(z)| are 1-periodic functions. Straightforward calculations yield
W(VV1) < +oc.

g

The case of N. We must prove that no VU € Py is such that W(VU) < +oo. Our strategy
is to construct VH; € Py such that W(VH;) = +oo, and such that W(VHy, xg) <
CR?log? R. Then, if there existed VHy € Py such that W(VHy) < 400, we would
conclude that W (V(H; — Hs), xr) grows at most like R?log? R. Since H; — Ho is harmonic
we conclude from a Liouville type theorem that V(H; — Hs) is constant, which contradicts
W(VH;) =+4o.

To construct H; we use the Weierstass construction for a holomorphic function in the
plane with a simple zeroe at each p € N to define

r, z
Then we let
Hi(z) = — log |H(w)|.

It is straightforward to check that the product in the definition of H converges uniformly
on any compact subset of C and that

—~AHy =27 ) 0 in R?
keN
and for all z € C = R2

(20) Hi(@) <Y [log(1 - )+ 7|
keN
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and

(21) |VH: ()| =

Z k(k — x)

keN

Next, rather than proving W(VHi, xgr) < CR?log? R, we prove the stronger, pointwise
estimates:

(22) VH, (2)] < Cllog(|z] + 1)+ 1), outside Uy B(k, %),
(23) 'VHl(x)+xik' < C(log(|z| +1)+1), in B(k,%).

For (22), take any z € C\ UgenB(k, 1), it follows from (21) that

V@ < Y (]k;h >+ >

1<k<[2la]+1] k> [2le]+1]

T

k(k — x)

1
— =1+4+11
k ‘ +15

where [-] denotes the integer part of a real number. We have
oo dt
EEDY MQSIJ:I/ =<1
k>[2]z|+1] (k = |z[) ol
1 2fa|+1
< 1+/ & < 2(10g(Je] +1) +1).
1

On the other hand,
1
— <
> s ©
1<k<[2[z|+1] 1<k<[2la|+1]
Therefore, for any z € C\ UpenB(k, 1), we have |[VHi(z)| < 8(log(|z| + 1) + 1), and

therefore (22) holds.
Now we prove (23). Let z € B(k, ;) for some k € N. As above

(Re(z) — k, —Zm(z))
|z — k?

or equivalently, if we use the division of complex number,

2|ac|+1 dt
§5+2/ ¥ < 5(log(|z| + 1) +1).
1

Re(k — x)

VH; (:L') +

' < 8(log(a| + 1) + 1) + + < 9(log(lz] +1) + 1),

1 1
’VHl(x) + x—k’ < 8(log(|lz| +1)+ 1)+ z < 9(log(|z| + 1) + 1),

since € C\ UjzkenB(i, 7). This proves (23)

We now turn to the proof that W(VH;) = +oo. This is done by computing a lower
bound for |VH;j(x)|. More precisely we prove that or any £ > 0, there exists some positive
constant C depending on € such that

(24) \VHy(z)| > (log(|z| + 1) — C1), if |Im(x)| > e|z| + 1.

For this purpose we consider the meromorphic function
x

fl@) =Y W)

keN
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If Zm(z)| > e[z + 1, then « € C \ UgenB(k, 7). Thus

fl@)y— Y <kix—]1€> <IIr<i,

1<k<[2]z]+1]
so that
(GRS SR I S 1‘
k| — —x
1<k<[2le|+1] 1<k<[2le]+1]
1
< 1
= Z Im(x)
1<k<[2la|+1]
1
< 1+ —_
2y )
< 2z +1
| Zm(z)|
< 1+2/e.

On the other hand, we have

> log (|2 + 1),

=

1<k<[2]z|+1]

hence (24) follows. We claim that this implies that W(VH;) = 4o0.

To see this, we need to bound from below the integral of xz|VHi|?. We define g by
applying Proposition 1 to VH; with § = 1/4. Then we deduce from (8), (9) and the fact
that xyg = 1 on Bgr_1 that

/XR\VH1\2 > / |VH,|? — CR.
Br-1

Then, integrating (24) on {z € Br_1 | |Zm(x)| > €|z| + 1} proves that W (VH;) = +o0.

We may now argue by contradiction to prove the proposition. Assume that there exists
Hy € Py such that W(VHy) < 4+o00. Then H = Hy — Hy is a harmonic function over R2.
For ¢ = 1,2 we define g; by applying Proposition 1 to VH; with 6 = 1/4. Then

CR® > W(VHa, xg) — W(VH, ) > / (9o — 1) — CR > / (g2 — 1) — CR.
Br-1

Then, letting G(z) = (z—k)/|x—k|? in B(k, 1/4) for every k and G = 0 outside Uy B(k, 1/4)
we have, as in (19), for every k

1
/ g¢:/ *|VHZ‘—G’2+C0,
B(k,1/4) B(k,1/4) 2

where Cp = —mlog4. Together with (9), this implies that

(R]
1 1 1
/ (92—q1) > 2/ (|VH,|* — |VH1|2)—5 E / §|VH1—G|2—CR.
Br_1 Br_1\UpB(k,1/4) k=0 ” B(k,1/4)
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Using (23) we have
1
/ SIVH — G < O log(k +1) 1%,
B(k,1/4)

so that

01%221

/ (|VHs|> — [VH;[*) — CRlog?R.
2 JBr_1\UkB(k,1/4)

Then, writing

|VH,|? — |VH,|? = |VH|? + 2VH - VH,
we find using (22) that on Br_1 \ UxB(k,1/4)

|VHs|> — |VH,|* > |VH|? — Clog R[VH|,
and thus, letting Agp = Br_1 \ UpB(k,1/4),

1 _ _
CR? > 2/ ([VH> — Clog R|[VH|) — CRlog?R,
AR
from which we easily deduce
/ |VH|?> < CR?*log® R.
AR
It follows by a mean value argument that there exists ¢ € [R/2, R — 1] such that
/ [VH|*> < CRlog’R,
0By
and since H is harmonic, for any = € By /4 We have
_ 1 _ 1
V2H (z)| < / VH| < C—VRRlogR.
’ ( ’ RQ 6Bt ‘ ‘ RQ
Fixing z and letting R — oo, we find V?H (z) = 0. Therefore VH is a constant, which is
clearly not possible since W(VH;) = 400 while W(VH; + VH) < +00. O
We summarize the content of this section in the following
Theorem 1. We have
(25) W(Z) < 400, W(N) < 400, W(Z*\ Z) < +o0, W(Z*\ N) < 400

(26) W(Z) < 400, W(Z?) < 400, W(Z*\ Z) < +o0
(27) W(N) = 400, W(Z*\N) = +o0

Proof. The result comes from Corollary 1, Corollary 2, Proposition 3 and Proposition
4. O

Remark 3. The fact that W(N) < +oo means that there exists j € Fy such that W (j) <
+o00. On the other hand, VU € Py = W(VU) = 400 since W(N) = +o00. One can
then take the convolution of j with a regularizing function to find a vector field j such
that the average of |§|2 over Bp is bounded independently of R, while if AU = div j, then
limsupg_, o fBR |VU? = +o0.
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5. SUFFICIENT CONDITIONS FOR FINITE RENORMALIZED ENERGY

Theorem 2. Given a discrete A, assume there exists m > 0 and € € (0,1), C > 0 such
that for any v € R? and for R > 1, we have

(28) |4 (B(z, R)NA) —mnR? < CR'"®
and

29 inf z—y|>0

( ) z,yeN,x#y | y|

Then W (A) < 400, for the background m.

Remark 4. For a Bravais lattice, the assumptions in the above theorem are satisfied. It
was proved by Landau (1915) — see [3] for a more general statement — that the first
assumption holds with ¢ = 1/3, see [2] for references on more recent developments.

We recall a technical lemma.

Lemma 3. (Theorem 8.17 in [1]) Assume ¢ > 2 and p > 1 and v is a solution of the
following equation

—Nu=g+> 0ifi
i
there exists some constant C such that

_2 _2 _a
llull oo (B(0,r)) < C(R 7 |lullr(B0,2R)) + R4 | fllza(B(0,2R)) + R* HgHL‘J/Q(B(O,QR)))

Proof of Theorem 2. Assume A satisfies (28) and (29). The proof consists in constructing

j € Fp such that W(j) < 400, which is done by successive approximations constructing a

first some U, then a correction U? to U, then a correction U3 to U 4+ U?, etc... In this

construction, the U*’s are functions, and the sum of their gradients will converge to j.
Let R, = 2", For all p € A, we let U]} be the solution to

15(p,r)(Y)
—AU! = 9 _ BRI
U ) JUUBE

1y 9Up

Uply) =5, () = 0 on dB(p, Ry)

) s

where 1p(, ;) is the indicator function of the ball B(z,r). The existence of a solution with

s 1 .
Neumann boundary conditions follows from the fact that d, — %ﬁ“ has zero integral,

and the radial symmetry of the solution implies UI} is constant on the boundary, and the

constant can be taken equal to zero. In fact, extending UI} by zero outside B(p, R1), we
get a solution of

B 1B(p,R1)(y)>

~AU ) = 2 (dy(a) ~ 2220

in R?, which is supported in B(p, Ry).
We let
Uly) ==Y Up(y).

pEA
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This sum is well defined since, A being discrete, it is locally finite. Moreover U! solves

£ (AN By, k1))
7R;?

(30) —~AUNy) =2n Zép —ni(y) |, where nq(y):=
peEA

Then we proceed by induction. For any k > 2 we let U be the solution to

1pre )W) 1Ber)®) .
—AUF = 2 LR — Tk B(p,R
»(Y) 7r< TR, TR, in B(p, Ry)
_ oUy

Uk(y) =L@ = 0 on dB(p, Ry),
and we let U]’f = 0 outside the B(p, Ri). We let U*(y) := D opeh UZ’f(y), so that

_AUk(y) =27 (ng—1(y) — nk(y))

(31)

where, for any k € N,
§ (AN B(y, Ry))

2
TR

nk(y) =

Now we study the convergence of > 70 | VU*.
First we note that there is an explicit formula for U;f . For any k > 2 we have
y—p —%—FIHQ if|y\§%
U,’f(y)—V< i ) where  V(y):= ¢ B2y -1 il <py<i
0 if ly| > 1,

15

from which it follows, since [|[VU} || < R% and the sum defining U* has at most CRZ non

zero terms, that

(32) IVU*los < CRy.
Second we estimate ||U*||o. We claim that
(33) Vk > 2, 3Cy € R such that |U*(y) — Ckllee = O(R} ).
Indeed, from (28),
(34) I —mlloo < ORL.

On the other hand, letting n,(r) := # (B(y,r) N A), we have for any y ¢ A

Ury) = Y v (W) _ /OR'“ % (};) ! (t)dt = —/ORk %kv' <};k> ny (1)dt.

pEB(y,Ry)
But, using (28), we have n,(t) = mnt? + O(t17), hence
k fix 1 / t 2 1—¢
Uf(y) = mw/o EkV <Rk> dt+ O(R, ).

The first term is independent of y, we call it Cj. This proves (33).
Finally, we note that, from (34), it holds that

(35) |AU¥| oo = O(R;A79).
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Now, we claim that (33) and (35) imply that
(36) VU oo = O(R7)

To see this we use the elliptic estimate of Lemma 3. For all y € R? we have

<37>/ VUM = / V(UF - Cp)P?
B(y,Ry) B(y,Rk)

k
_ _/ AUk(U’“—Ck)+/ OU (k—cy) < CRy? (R,;?*f + HVU’“HOOR[E)
B(y.Ry) aB(y.Ry) OV

Now we apply Lemma 3. For ¢ = 1,2 we have
A (&Uk) = —271'82' (nk,1 - nk) y
therefore for any ¢ > 2 and p > 1,
_2 1—2
HaiUk”LOO(BRk/Q) <C (Rk UM Lo(Bg,) + Bi g1 — nkHLq(BRk)> :

Then, taking p = 2 and noting that (34) implies |[ng_1 — ngllq < C’R;ﬁ_(l%), we find
using (37) that

N

10U | Lo (B, 1) < C <Rk_2€ + Rk_EHVUkHLOO(BRk)) +CRy .

Bg, /2

This proves (36).

Now (36) implies that the sum Zk22 VUF converges, and if we let j = VU, +Zk22 VU,
then —divj = 2m(}_,c 6p — m), using (30), (31) and (34). Moreover j is a gradient since
it is a sum of gradients, thus j € Px.

To conclude, it is easy to check, using the assumption inf, yep 22y [z — y| > 0, that

W(VU!, xr) < CR? for all R > 1, and to deduce using (36) that W (j,xr) < CR?. O

For W the hypothesis of Theorem 2 can be relaxed somewhat.

Theorem 2. Assume there exists some non-negative number m > 0 and some positive
numbers € € (0,1), C > 0 and a increasing sequence {R,} tending to +oo such that for
any x € R? and for any n € N, we have

|8 (B(z, Ry) NA) —mrR2| < CR)F,
and such that
> R, < +o0

and

inf |z —y|>0.
z,yeN,x#y

Then W(A) < +o0.

We will use the following simple estimate.
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Lemma 4. Let u be a solution of the following problem
—Au = f inQ
{ % = 0 onoQ2
Then
| < clopisi

where C' is a constant independent of §2.

Proof. We have
/Q IVl = - /Q b = /Q Fu < il lloe < v/ ll2ll Flloe

Without loss of generality, we assume [« = 0. By Poincaré inequality,

[ulla < CVIQU[[Vulla.

Finally, the desired result follows. g
Proof of Theorem 2. Let

1p,
HA = Z 5]97 Iy = . )
pGA |BRk |
for any integer k > 0, where 15, is the indicator function of the ball B (0, Ry,).

At the first step, for all 2 € R? we let U} be the solution to

{ —AUz(y) = 27 (pa(y) — pa * [(2)) 1py (¢ —y)  in Bz, Ry +1)

Uiy) = 0 on 8B(z, Ry + 1).

This equation has a solution which is unique up to an additive constant since
/(MA(y) — pa x 11(2)) 1, (& —y) dy = pa * (TR1*1)(x) — wR1*pa + [ () = 0.
We extend VU by zero outside B(x, Ry + 1) and let

) = —

= VU (y)dz,
7TR12 - x(y) x

so that
—div(jl) =27 Zép —mi(y) |, where my = pupx*Iy*I.
peEA
Then we define j* by induction. For z € R? we let Uf be the solution to

~AUFy) = 2m(mp_1(y) — mp_1 * I1(2)) 1, (z—y) in B(z,Rp+1)
BBUV“I”C (y) =0 on OB(x, R + 1),

and extend VUF by 0 outside the ball B(z, R;). Then we let

) = —

=7 |, VU (y)dx
k
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so that
—div(5%)(y) = 2n(mp_1(y) — mi(y)), where my = my_1 * I, * I
We claim that
(38) mi(y) = m—+ O(R; ).
To see this, it suffices to note that from the commutativity of the convolution we have
myp = (up * L) % (I % Ig_q % Tg_q % -~ x [; % Iq).

Then from our first assumption |py I, — m| < CR,~ 119 which implies (38) since every
I}, is a positive function with integral 1, and thus convoluting a function with it does not
increase the L°° norm.

It follows from Lemmas 3 and 4 that for all £ > 2 and x € R?
VUS| oo (r2) < CRi—17°,

which yields for all £ > 2
5% | oo (r2y < CRg—1 .

Therefore Y-~ [|7* oo < 400 and we can define j := 37,5 j*. The vector field j solves

—div(j) =27 [ Y 6 —m in R2.
pEA

Now it suffices to prove that W (j) < +oo. This is clearly a consequence of the fact that
W (j1) < +oo and the fact that >, [|j*]lcc < +00. On the other hand, W (j;) < +oo is
proved as follows: For any p € A, and any = € B(p, R1) we have ||UL(y) — logly —p||| < C
in C1(B(p,0)) with C,d > 0 independent of p, z and ¥, because of the equation satisfied
by U! and the uniform spacing of the points in A. Also, if ¢ B(p, R1), then |UL(y)| < C
in CY(B(p,d)).

Then, since j! = [ VU}/mR;?, we have |j(y) — log|y — p|| < C in B(p,§) for any p € A
and |j1| < C outside Uper B(p, §). This implies that W (j1) < +oc. O

Proposition 5. The conditions in Theorem 2 are optimal in some sense. More precisely,
for any m > 0 and any € > 0 there exists A such that W(A) = 400 and for any x € R?
and any R > 1

|8 (B(z, R) N A) — mmR?| < CR'*.

Proof. The counter-example is as follows, assuming without loss of generality that e < 1/2:
For all k € N, on the circle 0B(0, 4k), we distribute uniformly [327mk + k°] points, where
[x] is the integer part of x. This is clearly possible maintaining at the same time a
distance greater than min(1/5m, 1) (if k is large enough) between the points, since k* < k
as k — +o00.

Then we have as k — 400

(AN B(0,4k)) — mm(4k)? ~ 4 [i€] =~
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thus for any j such that

—div(j) = 27 Z(S — ,

pEA
and for any R € (4k + 1,4k + 3), we have

2
/ j-v=2r(§(ANB(0,R)) — mmR?) ~ ——}*e,
9B(0,R) 1+e

Thus there exist kg > 0, ¢g > 0 such that if & > kg and for any R € (4k + 1,4k + 3), we
have

2
1 1

39 / j? > / jov| > coktt®

(39) 2 aB(o,R)| | 47TR< dB(0,R) ’

Now we construct ¢ using proposition 1 with § < %infp;ﬁqe/\ Ip — ¢l and § < 1. For
functions {xr}r satisfying (2), we have for any k € N and since the support of y442 does
not intersect Upcp B(p, ) that

W (4, Xak+2) = /9X4k+2 =/ 9X4k+2+/ IX4k+2
UPEAB(pvd) R2\UPGAB(1)16)

and therefore, since g = l\j|2 outside Upcpa B(p, 6) and g > —C, we obtain
W(j, xars2) = Y / j|* — CR?* > CR*"™,
ioho1 ) B04i+3)\B(0,4i+1)

where we used (39) for the last inequality. Therefore W (j) = +oo. O

6. CRITICAL CASE

In view of Theorem 2 and Proposition 5, the critical discrepancy between Zpe A 0p and

the uniform measure m dz is when |f (B(z, R) N A) — mmR?| = O(R). This includes the
cases A = Z or N. As shown by Theorem 1, we cannot expect W(A) to be finite under
such an assumption. However we have the following result for W.

Theorem 3. Let A C Z? and A := Z? \ A. Assume there exists some constant C > 0
such that for all x € R? and for all R > 1 we have

f(ANB(x,R)) < CR.
Then, with m =1,
W(A) < 400
This result is a direct consequence of Proposition 2 and the following:

Proposition 6. Let A C Z2. Then the following properties are equivalent.

Property I.: There exists some constant C > 0 such that for all x € R? and for all
R > 1 we have

(40) §(ANB(z,R)) <CR
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Property I1.: There erists a bijective map ® : A — Z2, where A = 72\ A, satisfying

(41) sup | (p) — p| < o0
pEA

The fact that the second property implies the first one is not difficult. First note that
(41) is equivalent to the same property for =1, and that Property I is equivalent to the
same property with squares K of sidelength R replacing the balls of radius R.

Now assume (AN Kg) > CR, then ® 1(Kg N Z?) is included in Z? \ A and thus
contains at least C'R points which do not belong to Kr. Therefore, as C' — +o0, the
maximal distance between an element p of ®~!(Kg N Z?) and K tends to +oo. This
proves that II — 1.

The proof of the converse is less obvious. It is essentially an application of the max-
flow/min-cut duality, with arguments similar in spirit to those found in [10].

We let G be a graph for which the set of vertices is Z? and the set of edges is

A={pa) | paeZ’|p—dl=1}
where || - || is the Euclidean norm. Given an integer N € N, we define some function
un: Z? — Ry
p NQ—]j(AﬂKéV)
where KJY := [kN, (k+1)N) x [IN, (I+1)N) for p = (k,l). Since A = Z*\ A, py is indeed
non-negative and py(p) is equal to §(A N KIJ,V), i.e. the deficit of the points of A in KIJ,V.
We introduce the following notions.
e A flow, or 1-form is a map ¢ : A — R such that for any edge (p,q) one has

v(p:q) = —¢(a,p)-
e Given a flow ¢, its divergence div(¢p) is the function div(y) : Z2 — R such that for

any p € Z? one has
div(p)(p) = > ¢(p,q)
(p.g)eA
e Given a function f : Z? — R, its gradient V f is the 1-form V f(p, q) = f(q) — f(p).
e Given a subset A of Z?, its boundary OA is defined by
A= {(pg) € A| pe AqeZ?\ A}.

e Given a subset A of Z2, its perimeter is Per(A) := #(0A)

e A curve connecting p and ¢ is a set of edges {(po,p1), (P1,p2), s (Pn—1,Pn)} With
po = p and p, = q. A loop or cycle is curve such that p, = pg. A graph is connected
if any two points can be connected by a curve.

e Given a function f :Z? — R and B C Z?, its integral on B is defined by

F=3f0).
Jy= 210

We denote also f(B) = [ f.
e Given a 1-form ¢ and a curve ~, the integral of ¢ on v is defined by

A¢ =Y ¢(a)

acy
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e Given two 1-forms ¢ and ¢, their inner product is

(0.6) = 5 3 ela)s(a)

acA

e Given a 1-form ¢ and a subset S C A, the total variation of ¢ with respect to S
is defined by

1
[0,5] = 3 3" l(a)]
acsS
When S = A, we simply write [¢].

We have the following classical results.

Lemma 5. (Poincaré Lemma) Given a 1-form @, if one has j; @ =0 for any loop ~, then
there exists a function [ satisfying

p=Vf

Proof. One fixes some point p € Z? and for any ¢ € Z? one defines f(q) := fe o where C is
any curve connecting p and ¢. From the hypothesis, this definition is independent of the
particular curve chosen, and it is easy to check that ¢ = V f. U

Lemma 6. (Stokes’ formula) Let ¢ be a 1-form with compact support and f be a function
with compact support. Then one has

0.V =~ [ fdinty)
7.2
Proof. We write ¢ as linear combination of elementary 1-forms

Yp,g) = O({pa)} — O{(ap)}>
and note that

<a(p,q)7 Vf> = f(Q) - f(p) = - fdiv(a(p,q))a

7.2
since div(ay,q)) = dfpy — dq}- O

Lemma 7. (Coarea formula) Let f : 72 — Ry be a function with the compact support.
Then one has

v/ = /Ooo Per({f > t})dt

Proof. We note that
ViAW, a), (¢ p)} = |f(a) — f(p)|

and

(p,q) if f(p) >tand f(q) <t

<
oHf>t3n{p,q),(q,p)} = éq,p) if fh(q) >tand f(p) <t
otherwise,

which implies that
0L > 10 {(.a). (.p)}) :{ 1 if f(p) >t > f(q) or f(q) >t > f(p)

0 otherwise
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Therefore, we get

/0 TH0UF > 1) N {(p ). (.9t = |£(0) — F)]

Summing with respect to all couples of edges {(p, q), (¢,p)} proves the result. O
We may now set up the duality argument. For any given 1-form ¢ we let

l¢lloo = ( sgpAw(p, q) = sup{(¢, ¢) | ¢ is compactly supported, [¢] < 1},
p,q)E

and define,

o= min  max{(d,¢) | b€ Co,ld] <1},
—div(p)=pn

where C is the set of compactly supported 1-forms.

Lemma 8. One has

+oo
a = max 7 —/ un | dt
VfGCo,[Vf]sl/o </{f>t} N {f<—t} N)

Proof. By convex duality, we obtain

42 o= max min , ).
(42) (et 1) L P

Then given ¢ € Cp, we assume there exists a loop v such that

L¢#0

We may then define ¢, for any ¢ € R by
_Jt ifaeny
pila) = { 0 otherwise

Since 7 is a loop, ¢ has compact support and div(p;) = 0. Moreover, since fv ¢ # 0,
min(g, (v +¢t)) = —o0

which implies

min , ) = —00.
L, O 9)

As a consequence, the maximum in (42) can be restricted to those ¢’s for which the integral
on any loop is zero, i.e. to gradients, in view of Lemma 5. Therefore

43 a= max min Vi,
“3) (v el ner) —amti V)

Now, from Lemma 6, we have

o= max min —div = max
{VfGCol[Vf]Sl}—diV(so)=uN/ ()f {VfGCOI[Vf}Sl}/ u

On the other hand, for any function f with compact support we have as a well known
consequence of Fubini’s Theorem (see for instance [4], where this is named the bath-tub

principle)
+oo
/ pN f+ = / / pN | dt
0 {f>t}
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/MNf— = /;Oo </{f<_t} MN)dt-

Together with (43), this proves the result. O

and

Lemma 9. Assuming Property I of Proposition 6, there exists C > 0 such that for any
integer N and any finite B C 72, we have

un(B) <4CN Per(B)

Proof. Let By,---, B be the connected components of B. Then we have disjoint unions
B =U", B, and 9B = U, 9B;. Set B; := U,cp, K. We have un(B;) = § (B mA)
hence 3
MN(BZ') < Cdiam(Bi)
Now assume j = (p1,p2) and § = (G1,G2) are in B; and such that diam(B;) = ||p — .
Without loss generality, we may assume that ||p—q|| < 2(p1 —¢1). There exists p = (p1, p2)
and g = (q1,¢2) in B; such that p € KIJ,V and ¢ € Kév. Moreover,
P1—@g=Npr—q)+(N—-1)<N{pi—q+1).
On the other hand, from the connectedness of B;, for any integer x € [p1,q1] we have
BiN{r} xZ # & hence writing m, = min{y | (z,y) € B;} and M, = max{y | (z,y) € B;},
the two edges ((z,mg), (x,my — 1)) and ((z, M), (x, My + 1)) belong to 0B;. It follows
that
Per(B;) = {0B; > 2(p1 — q1 + 1),
and then

un(B;) < CN Per(B;), Z un(B;) < C’NZPer = C'N Per(B).

As a consequence, we obtain

Corollary 3. Assuming Property I of Proposition 6, there exists C > 0 and for any
integer N > 1 there exists a 1-form ¢ such that

(44) —div(p) = pn
and for every edge a € A,
(45) [p(a)] < CN.

Proof. 1t follows from Lemmas 7 and 9 that

+oo +o0
| >t <en [ pets > 1) = NV
and
+00 +oo
| <=t <on [Pt > 1) = ONIVLL
This implies using Lemma 8 that

a<CN _ max [Vf]=CN.
VfeCo,[VSI<1
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Using the definition of «, there exists a 1-form ¢ with the desired properties (changing
the constant to 2C for instance). O

Proof of Proposition 6. We construct the bijective map ® : A — Z2. This is done by
specifying the for every p,q € Z? the number of points in A N KI],V whose images by ®

belong to Z? N K év , as follows:

max(¢(p, q),0) if (p.q) € A
n — ﬁAﬂKN Z np—sq fp=gq
r (ha)eA
0 otherwise,

where ¢ is a flow satisfying (44), (45).
Now, for the numbers n,_,, to indeed correspond to a bijective map ® we need to check
some of their properties.

Property 1. If N is chosen large enough, then for any p,q € Z?, we have Np—q = 0. This
is clear when p # ¢. In the case p = ¢, we note that there are exactly 4 edges coming out
of p. Thus, from (45) and the fact that #(A N Kév) > N? — CN we find (with another
constant C still independent of V).

Np—p > N? — ON.
Thus we may indeed choose N large enough so that indeed n,_, > 0 for any p,q € 72.

Property 2. This one is clear from the definition of n,_,,: For any p € Z* we have

an—ﬂz =4(AN K;]av)

q
Property 3. For any q € Z? we have
Z np_>q — N2
p

Indeed, fixing g € Z? and all the sums below being with respect to p,

E :”pﬁq = Ng—q + E Np—q

(p.)€A
jjAﬂKN Z Ng—sp + Z Np—sq
(g:p)eA (p,)eA
=4ANK)+ DY e — D, elap)
(P,2)€Ap(p,q)>0 (g:p)€Ap(q,p)>0

Now since ¢(p, q) = —¢(q,p) we have
oo e - D elap) = ) elpq) = —dive(g).
(p,a) €A, (p,q)20 (a,p)€Ap(q,p)=0 (p,g)eA

Using (44) this sum is equal to py(¢) = N? — (A N K2), hence > Mp—g = N2
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The three properties insure that there exists a bijection ® : A — Z? such that for any
p,q € 72 we have
Npsg =tz € ANK) | ®(x) € Z2 N K}
Since n,_, # 0 implies ||p — ¢|| < 1, we find that || ®(z) — z|| < 2diam(K?"), for any
x € A. O

Remark 5. The conclusion of Theorem 3 holds under the following, less restrictive as-
sumption on A, which is assumed to be uniform, but not necessarily a subset of 72:

i) There exists some positive constant C' > 0 such that for any x € R? and any R > 1,
one has [f(AN B(z, R)) — 7R?| < CR.
ii) There exists some positive integer Ng € N such that for any p € 72, one has
§ (KMo nA) < N2
Indeed, the second assumption, implies that there exists an injective map
®,: K)°NA— KNonz?,

We define ® : A — Z2 to be the injective map whose restriction to KNO is ®, for any
p € Z% and let Ay = ®(A). Then Ay is of the form 72\ A, with A satzsfyzng (40).
Theorem 8 implies that W (A1) < 400 and then from (2) we deduce that W(A) < 4oo.

We conclude this section with

Theorem 3'. Let A C R? be discrete and uniform, and of the form A = Ay x Z, where
A CR.

If there exists C > 0 such that for any x € R? and R > 1 we have H(ANK (z, R))-R? <
CR — where K(z, R) is the square with sidelength R and center x — then W(A) < +oc.

Proof. The proof of the theorem will follow the same strategy as for Theorem 3, except that
we work now in one dimension. For any integer N > 0 and p € Z we let I, N — [pN (p+1)N)

and ™ (p) = N — (A1 N1)). We consider the graph with Z as the set of vertices and the
set of edges
A={(p,q) Ip.q € Z,|p—ql =1}
We claim that there exists C' > 0, and for any integer N > 0 a 1-form ¢ : A — R such
that

(46) —div(p) = pn,  [lelle < C.

Indeed we define ¢ as follows:

0 ifk=0
k
=N @) ifk>1
o((k,k+1)) = Z
> pn(i) k<0
\ i=k+1
It is clear that —div(¢) = un. Moreover, for instance if & > 1, then

o((k, k+1)) Z (N —#(ANLY)) =4(A1 N[N, (k+1)N)) — kN.
=1
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But considering the square K = [N, (k+ 1)N) x [N, (k 4+ 1)N), we have
1
KN =g (AN N, (k +1)N)) = - ((EN)? = $(ANK)),

and thus using the hypothesis of the theorem we deduce that |p((k, k+1))| < C as claimed.

Now we choose N > 2C' + 1 and following the proof of Proposition 6 we can construct
a bijective map ® : A; — Z? such that |®(p) — p| is bounded independently of p. This
induces a bijection with the same property from A to Z?, which proves Theorem 6, using
Proposition 2. [

7. A PENROSE LATTICE

We now describe the construction of a Penrose-type lattice A such that W (A) < +oc.
Of course it would be better to show that A satisfies the hypothesis of Theorem 2, but
this to our knowledge an open problem.

For simplicity, we consider the Robinson triangle decompositions in Penrose’s second
tilling (P2)-kite and dart tiling, or in Penrose’s third tilling (P3)-rhombus tiling, (see [8]).
The construction is as follows: §2; and €2 are two Robinson triangles, namely, §2; is an
obtuse Robinson triangle having side lengths (1,1, ), while £, is an acute triangle with
sidelengths (¢, @, 1), where ¢ = (1 4 v/5)/2; the scaled-up domain ¢Q; decomposes as
the union of a copy of €1 and a copy of {29, where the interiors are disjoint — and such
that s decomposes as the union of one copy of {2; and two copies of {2y with disjoint
interiors (see figure).

For i = 1,2 we choose a point p; in the interior of €2;.

Then we proceed by induction, starting with €2, choosing p; as the origin, then scaling
up by ¢, then decomposing, then scaling up again, then decomposing each piece, etc...
After n steps we have a (large domain) ¢™); tiled by a number of copies of either ; or
Q5. In each tile we have a distinguished point, the union of these points is denoted A,. As
n — 400 and modulo a subsequence, A,, converges to a discrete set A, which is uniform
since the distance between two points is no less than min (d(p1, 9Q1), d(p2, 0Q2)) .

Theorem 4. We have W(A) < +o0.

Proof. For each n we define a current j, as follows. On each copy of £2; we let j,, be equal
to (a copy of) VU;, where

~AU; = 6, — ‘5” in Q;
%o =0 on 99;.
Then j, converges as n — 400 to a current j such that the following holds in R?

—div(j) = 36, — o

pEA

where o = 1/|€;| on each copy of Q;. It is not difficult to check that W (j) < +o0, but
the background density « is not constant. We need to add a correction to j, which is the
object of the following
Lemma 10. There exist m € R and a solution of the following equation in R?

(47) —div(j) =a—m
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FIGURE 1

such that ||j'||co < +00,

i Assuming the lemma is true we let j = j + j'. Then —div(j) = ZpeA dp — m thus
j € p for the background m, and the fact that W(j) < +oc and j' € L> implies that
W(j) < +o0 and the Theorem. O

Proof of Lemma 10. The current j' is obtained as the limit of j,, where 7, solves

—div(j,) = ap—m, in "
(48) { n v =0 on 9(p"Q),

where ay, 1 Q1 — R is the function equal to 1/]€2;| on each of the copies of ;, i = 1,2
which tile ¢©"€);, and where m,, is equal to the average of o, on ¢©");.

The current j,, is defined recursively. First we define the equivalent of a,, for Qs-type
domains: For any integer n we tile ¢y by one copy of ¢~ 1 and two copies of "1,
then we tile each of the three pieces, etc... until we have tiled ¢"€2y by copies of either {2y
or . then we let G, : ¢"{23 — R be the function equal to 1/|€2;| on each of the copies of
Q;, 2 =1,2. We also define ¢, to be the equivalent of m,, i.e. the average of 3, on ¢©"()s.
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Finally we define 7, to be the equivalent of j, for type 2 domains, i.e. the solution of (48)
with «a,, replaced by 3,,, m,, replaced by ¢, and €y replaced by .

Below it will be convenient to abuse notation by writing ©™{2; for a copy of ¢©"€2;. Then
we have ©"Qq = " 101 U " 105, We let

(49) ]n — jnfllwn—lﬂl —|— ']_nfllsan—lng + VUnlSoan?
where
(50) AU, = (mp—mp1)lgn10, + (Mn — @n-1)1pn-1g, in "
88% =0 on A(¢"8).

It is straightforward to check that j,, satisfies (48) assuming j,—; and 7,—1 do.

The relation (49) is the recursion relation which repeated n times allows to write jj, as
equal to a sum of on the one hand error terms VUj, (or their type 2 equivalent that we
denote V4), for k between 1 and n, and on the other hand of a vector field which on each
elementary tile of type €1 of ¢©"€) is equal to jy and on a tile of type 29 is equal to Jg.
However from (48) we may take jo = 0 and jp = 0, thus we are left with evaluating the
error terms.

Claim: There exists C' > 0 such that for any integer k£ > 0 we have

VU oo, IV Villoo < ™.

This clearly proves that the sum of errors for k = 1...n is bounded in L*° independently
of n and therefore that {j,} is bounded in L®. Then the limit j/ is in L°°.

To prove the lemma, it remains to prove the claim, and to show that j’ satisfies (47)
for some m € R, which in view of (48) amounts to showing that {m,,}, converges. For
this we define ug, (resp. ug,+1) be the number of elementary tiles of type €1 (resp. €2)
in "Q;. We define similarly vy, and vg,+1 by replacing ©; by 3. Therefore ug = 1,
uy = 0, vg = 0, v1 = 1. We have the following recurrence relations

Uop42 = Up + U2n41, U2p43 = U2p + 2U2p41,

which we can summarize as the single relation u,y1s = upt+1 + up. Similarly v,y =
Up+t1 + Un. It follows that

1 a1 % —n P

Up =" ——+ () ", wm=¢"——+(—p)"—.

=Y (—¢) oo Y (=) 1o

We have u, = ap™ + O(¢™") and v, = bp™ + O(p™") with a = ﬁ and b = ﬁ strictly
positive. Then we easily deduce that

U2n + U2n41

U || + u2n41|Q2]

n = = m+0(p™"),

where
m = e
21| + @l |’
and similarly that g, = m+ O(p~4"). This proves in particular the convergence of {my, },.
Moreover it shows that the right-hand side of (50) is bounded by Cyp~%". By elliptic
regularity (lemma 3 and lemma 4) we deduce that
[VUnlloo < Ol |27 = Ol |27,

and a similar bound for V,,. This proves the claim, and the lemma O



RENORMALIZED ENERGY 29

Remark 6. The above construction could easily be generalized to similar recursive con-
structions.
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