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De nition : d-webW 4 of codimension ron a domainU  CN is

i = ‘normal'to F; : r-di erential form such that

n (0]
TFizker i = 2Ty i(i)=0

General position assumption : (caseN = nr)

1 1< <ip d =) LN AN, 60
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Remark :

De nition : two websW and W © are equivalent if

9' local isomorphism such thatw ="' W?©
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Main problem : to classify webs up to equivalence

Example :

a planar 2-web is locally trivial
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Examples of webs : in the theory of Lie groups

G = Lie group of dimr
product /G

G
1 2

G G

W= W{( 1; 2;product) : 3-web of codimensiom onG G

Question :

Algebraic properties | ? Di erential properties
of the Lie groupG . of the 3-webW g
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Example : Bol's web B

1.
Mos ': Moa' P'nf0;1;1g
2.
3. . Qo
X X X y
B=W x;vy; —; :
Yy Ty y@ w
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with regular 2-osculation ak

g

SurfaceS P®

Hyperplane H Curve S\ H Equation
H  Tex Node : x> y2=0
H2C' Pl Q Cusp: x2 y3=0
X «‘ AN
De nition _: ‘. Tacnode : x2 y*=0
H “principal’ <G\
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Let H = a principal
hyperplane ofS at x

De nition : Ly 2 PTgsx is a principal direction'of S at x

Proposition : [C. Segre] If x is not an umbilic :
there are 5 principal directions @& at x

Theorem : [C. Segre]
Sis totally umbilic ) S vo(P?) P®

the “principal curvesform

2
S6 va(PY) Segre's 5-welSW g on S
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Example :
P2 . .
P - o four points in

P= o
y general position

= Blp(P?) ———P? Del Pezzo's surface

o« K !
K ! very ample embedding' : ——/p5
() 6 w(P?) Segre's 5-wetSW : (, on" ()
' SW.( :5-webonP? = Bol'swebB

Remark : = BIp(P?)"' Mos
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X = smooth cubic hypersurface iP*

9 6 lines X through

a general pointx 2 X 6-web by lines orX

Y = smooth degree 4 hypersurface PP

9 64.512P%s inY

throughy 2 Y general 64512web by 2-planes oY

Z2"1 = smooth intersection of two hyperquadrics iR?"*3
922" P"s  inZ

2N _ _
throughz 2 Z general 27"-web byn-planes onz



Webs in projective algebraic geometry



Webs in projective algebraic geometry

C = algebraic curve of degred in P?



Webs in projective algebraic geometry

C = algebraic curve of degred in P?

C

PZ

deg(C)=d=4



Webs in projective algebraic geometry

C = algebraic curve of degred in P?

C C
P2 PZ
deg(C)=d=4 ClasqC) =4




Webs in projective algebraic geometry

C = algebraic curve of degred in P?

C C
P2 PZ
deg(C)=d=4 ClasqC) =4

De nition : W ¢ = web formed by the lines tangent t&



Webs in projective algebraic geometry

C = algebraic curve of degred in P?

C C
P2 PZ
deg(C)=d=4 ClasqC) =4

De nition : W ¢ = web formed by the lines tangent t&

= d-web by lines orP>nC
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Webs in projective algebraic geometry

V' = reduced algebraic subvariety of degreein P"

(projective duality)
y

Wy = d-web of codimensiom on G, (P")

De nitions : a webW is
1. algebraic if W =Wy withV P" algebraic

2. algebraizable if W ' Wy with W\, algebraic
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V' = reduced algebraic subvariety of degreéein P™*" 1

2 G, 1 P*" 1 generic

V=p() + +pa()

d local submersiong; : G, 1 P™" 1 : AV

W piiiips Wy d-web of codimr on G, 1(P™" 1)
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A quote by Chern

Vi P™' lofdegreed !  d-webWy onG, ; P™" 1

Remark : codim Wy =r nr=dimG, ; P™r 1

Even restricting to the case of webs whose codimension divides
the dimension of the ambient space :

[Chern 1982] :

\the subject is a wide generalization of the geometry of projeet
algebraic varieties. Just as intrinsic algebraic varieties aregaized
to Kahler manifolds and complex manifolds, such a genesdian
to web geometry seems justi able.”




Webs are everywhere...

Algebra
Topology
Geometry

Theory of dynamical systems

Theory of DEs & PDEs

Mathematical Ph ysics

Economy
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A classical theorem

W 3 = a3-webonU C?
uj;up;uz Ul C = rstintegrals of W 3

Thm : [Thomsen 1927] The following assertions are equivalent :

1. W 3 is parallelizable ' =W (X;y;x Y)

2. W 3 is hexagonal
3. Wg3isat :Kyw, O

4. 9F1;F2; F3 such that Fy(up) + Fo(up) + Fs(uz) O
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De nition : W 3 is hexagonalf all "hexagons' are closed



A classical theorem

W 3 =a3webonU C?

U;up;uz U C = rstintegrals of W 3

Theorem : The following assertions are equivalent :

1. W 3 is parallelizable ' =W (X y;x y)

2. W 3 is hexagonal %

3. Wg3isat :Kw, O

4. 9F1; F,; F3 such that Fi(up) + Fo(uz) + F3z(usz) O
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W4 = W (ug;up;ii:;ug)  rstintegrals uj : (C™;0)! (C;0)

De nitions _ :
"Abelian relation'of Wq = Fp;::iiFg 2 O(cy) dst.
Fi(u1))+ + Fg(ug) O
n P 0
A Wy = ARoOfWy = iU (dF) O C-vector space

‘Rank'of Wy = rk(Wgq) =dimcA Wy

Example : log(x) +log(y) log(xy)=0
D E

A W x;y;xy = log(x)+log(y) log(xy)=0 rk =1
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Abelian relations and rank of algebraic webs

degreed curveC P" d-web W ¢ by hypersurfaces oR"
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degreed curveC P" d-web W ¢ by hypersurfaces oR"
loc

We =W (p1;:::;pa)

I = di erential of the rst
kindonC e ! 2 HO(' )

P
Abel's Theorem : ;p; ! 0 ( P (M) id:1 2A Wc¢

) Isomorphism: HO I I A ch pa(C) = rk W¢
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Webs of maximal rank

De nition : W4 hasmaximal rankif rk(W4) = (d;n)> 0

Examples :
1. degreed reduced curveC P?  d-webW ¢ on P?
HOTL A we PagC):rk(\fVC)
(Abel's Theorem) C 1)2(d 2 __ (d;2)

2. degreed "Castelnuovo's curveC  P": g(C) = (d;n)
HO1E " A We =) pa(C)=rk(Wc)= (d;n)

Fact : V' P™" 1 Castelnuove=) Wy has maximal rank
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Algebraization of maximal rank webs

W is algebraizabléf W * W\, with V algebraic

Fact : in many cases, maximal rank webs are algebraizable

Theorem : [Lie-Poincae] Let W 4 be a planar 4-web :

rk Wg = (4,2)=3 =) W 4 is algebraizable

Theorem : [Blaschke-Howe 1932 (n =2), Griths 1976]
Let W4 be alinear d-web onU  C":

|9 acomplete AR | =) W4 is algebraic
*

rk(W gq) is maximal







: germs of hypersurfaces i@

V4

Vq;::

i‘_ pa(H)
Va |

V2 |
2 P2(H)
V3 I
oP3(H)

H
A/
Y p1(H)

Pn
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1,2 " (V) not trivial (for i =1;:::;d)

AbeI—IrF1>verse Theorem :




Pn

1,2 " (V) not trivial (for i =1;:::;d)

AbeI—IrF1>verse Theorem 9V  P" alg. hypersurface

ip i 0 =) 91 2 HOV;!1 D 1) such that
Vi V,li=1ljy 8i=1;::15;n
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Algebraization of webs of maximal rank

Theorem : [Bol (n = 3), (Chern-Gri ths), Tepreau]
Let W4 be ad-web onU C" withn 3:

rk(Wgq) = (d;n) =) W 4 is algebraizable

Theorem : [Pirio-Tepreau 2013]
For ad-webW 4 of codimensiorr > 1 onU C" :

W 4 has maximak-rank - W 4 is "algebraizable’
rk"(Wq) = (d;n;r) B generalized sensedf = dy;
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Algebraic curves Webs of codim 1

degreed curveC P" d-webW 4 on (C"; 0)
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Algebraic curves

Webs of codim 1

degreed curveC P"

d-webW 4 on (C"; 0)

I 2 HY(C;1})

L=t 2 A(Wa)

Pa(C) = h%(C;! ¢)

k(W ¢) = dim A (W ¢) =

Jc = HO(! §)-=H1(C;2)
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Algebraic curves

Webs of codim 1

degreed curveC P"

d-webW 4 on (C"; 0)

I 2 HY(C;1})

L=t 2 A(Wa)

Pa(C) = h%(C;! ¢)

k(W ¢) = dim A (W ¢) =

Jc = HO(! §)-=H1(C;2)

Jwy = AWg)-;0 " (C;0)

AJE Ck1 3¢

AW (V%0 dw,

c Jc

W g4 de ( =d+1)

Torelli's theorem

Torelli's theorem ?

"j1:C! PHO(C;! &)-

"F (GO PA(Wg)-
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Exceptional webs

Bol's webB = W x; v, %; % ; : ;g i) :) rk(B) 6

Aut(B) D E

A B = log(x) log(x) Ilog § =0 (Abel)

Abel's 5-terms relation :

1y ,p x@ y
1 x y(dl Xx)

X
D(x) D(y) D y D

whereD(x) = Lix(x) + w (Rogers' dilogarithm)

N 0O m|N

of maximal rank
[Bol 1936] : B is ‘exceptional’ & +
non-algebraizable
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rk(Wg)= (d;n)

De nition  : W4 on (C";0) exceptionalif .
+ non-algebraizable

Remark : W4 exceptional =) n=2 and d 5

Examples : B:D(x) D(y) D D Y +D ;g i; -0

W sk = “Spence-Kummer web

X X(1 y)
2D3 x +2D3zy D3 y +2 D3 +2 D3 ya X
x(1y) 1ty x(1 y)?
D3 xy +2Dg3 1 X +2 D3 Y@ x) Dj3 vy X)2
Algebrai F  Exceptional maximal rank
Fact - gebraic ceptional _ aximal ra

d-webs W ¢ d-webs - d-webs
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Chern-Griths  (1981) :

\(...) we cannot refrain from mentionning what we consider to be
the fundamental problem on the subject, which is to determite t
maximum rank non-linearizable webs. The strong conditions imus
imply that there are not many. It may not be unreasonable to
compare the situation with the exceptional simple Lie groups.

Chern (1985) :

\The determination of all webs of maximal rank will remain a
fundamental problem in web geometry and the non-algebraic pnes
if there are any, will be most interesting."

Chern's problem : to determine and classify the exceptional webs
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Exceptional webs

Theorem : [Marn-Pereira-Pirio 2006]

There are planar exceptiona-webs for everyd 5

Theorem : [Pereira-Pirio 2010]

Up to projective equivalence, there are
4 in nite series and 13 sporadic examples
of exceptionalCDQL webs onP?

The 5-webW x;y;x+y:x y;x?>+y? is exceptional
AR: 8x°+8 y %+ x+y®s x y® 10x2+y23%=0

The exceptional webs remain mysterious...
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Determine all the exceptional planar 5-webs

Exceptional 5-webs ! ? analytic exceptional surfaces PP

Extend algebraic geometry to webs of maximal rank
( 9 Torelli theorem for webs ? )

For a non-reduced curv€ P?:
{ is there a web-theoretic objedtV ¢ corresponding to it?
{ what would be an abelian relation for such a "wél§'c ?
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Algebraic geometry

Web geometry

Variety V" pmr 1

degreed and dimr

W 4 on (C™;0)
d-web of codimr

P2 HO(V; Y) g=1;:

L)L 2 A%W )

hao(v)= ho v; §

k(W ¢) = dim A 9(W g)

h%o(v)  9(din;r)

rkI(W )  9(d;n;r)

Forg<r:

determine the varietie¥ "

i.e. such thath%0(v) =

P"™" 1 of ‘maximal g-rank’

9(d;n;r) whered = degV
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THE END



