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De�nition : d-web W d of codimension ron a domainU � CN is

W d =
�
F1; : : : ; Fd

�

F1; : : : ; Fd foliations of codimensionr in general position

� 
 i = `normal' to F i : r -di�erential form such that

TF i = ker
�

 i

�
=

n
� 2 TU

�
� i� (
 i ) = 0

o

General position assumption : (caseN = nr)

1 � i1 < � � � < in � d =) 
 i1 ^ � � � ^ 
 in 6= 0
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Webs

De�nition : a d-web on a manifoldM is `W d = [ i W i
d

0 with

[ i Ui = M and W i
d = W d

�
�
Ui

=
�
F i

1; : : : ; F i
d

�

Remark :

De�nition : two websW and W 0 are equivalent if

9 ' local isomorphism such thatW = ' �
�
W 0�
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Main problem : to classify webs up to equivalence

Example :

a planar 2-web is locally trivial
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Examples of webs : on con�guration spaces

Example : Bol's web B

1.
M0;5

�!
...

�!
M0;4 ' P1 n f 0; 1; 1g

2.

3.

B = W
�

x ; y ;
x
y

;
1 � x
1 � y

;
x(1 � y)
y(1 � x)

�



Examples of webs : on surfaces inE3

� SurfaceS � E3

� S 6� S2  2-webW S on S



Examples of webs : on surfaces inE3

� SurfaceS � E3

S

� S 6� S2  2-webW S on S



Examples of webs : on surfaces inE3

� SurfaceS � E3

S

x

� S 6� S2  2-webW S on S



Examples of webs : on surfaces inE3

� SurfaceS � E3

S

x

� S 6� S2  2-webW S on S



Examples of webs : on surfaces inE3

� SurfaceS � E3

S

� S 6� S2  2-webW S on S



Examples of webs : on surfaces inE3

� SurfaceS � E3

S

� S 6� S2  2-webW S on S



Examples of webs : on surfaces inE3

� SurfaceS � E3

S

� S 6� S2  2-webW S on S



Examples of webs : on surfaces inP3



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x

 Darboux's 27 tangent
directions toS at x



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x

 Darboux's 27 tangent
directions toS at x

� Darboux's 27-webDW S on S



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x

 Darboux's 27 tangent
directions toS at x

� Darboux's 27-webDW S on S

� Example : � = cubic hypersurface in P3



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x

 Darboux's 27 tangent
directions toS at x

� Darboux's 27-webDW S on S

� Example : � = cubic hypersurface in P3

{ line L � �  pencil of conicsPL on �



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x

 Darboux's 27 tangent
directions toS at x

� Darboux's 27-webDW S on S

� Example : � = cubic hypersurface in P3

{ line L � �  pencil of conicsPL on �

{ 27 linesL1; : : : ; L27 � �



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x

 Darboux's 27 tangent
directions toS at x

� Darboux's 27-webDW S on S

� Example : � = cubic hypersurface in P3

{ line L � �  pencil of conicsPL on �

{ 27 linesL1; : : : ; L27 � �  27 pencils of conics on �



Examples of webs : on surfaces inP3

� [Darboux 1880] : webs on a surfaceS � P3

�
x 2 S
general

 Darboux's 27 oscula-
ting conics toS at x

 Darboux's 27 tangent
directions toS at x

� Darboux's 27-webDW S on S

� Example : � = cubic hypersurface in P3

{ line L � �  pencil of conicsPL on �

{ 27 linesL1; : : : ; L27 � �  27 pencils of conics on �

{ Darboux's web :DW � =
�
PL1; : : : ; PL27

�
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� SurfaceS � P5 x

S

�
with regular 2-osculation atx

�

Hyperplane H Curve S \ H Equation

H � TS;x Node : x2 � y2 = 0

H 2 Cx ' P1 Cusp : x2 � y3 = 0

De�nition :
H `principal'

Tacnode : x2 � y4 = 0
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�
Let H = a principal
hyperplane ofS at x LH

De�nition : LH 2 PTS;x is a `principal direction'of S at x

Proposition : [C. Segre] If x is not an umbilic :

 there are 5 principal directions ofS at x

Theorem : [C. Segre]

S is totally umbilic () S � v2(P2) � P5

� S 6� v2(P2)  the `principal curves'form
Segre's 5-webSW S on S
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Example :

� P =
�

p1
p2

p3 p4

�
� P2 four points in

general position

� � = BlP (P2)
� //P2 Del Pezzo's surface

� K � 1
� very ample  embedding ' : � �•

�
�K � 1

�

�
�

//P5

� ' (�) 6= v2(P2)  Segre's 5-webSW ' (�) on ' (�)

� � � � ' �
�
SW ' (�)

�
: 5-web onP2 = Bol's web B

Remark : � = BlP (P2) ' M 0;5
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� Y = smooth degree 4 hypersurface inP9
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�
�
�

�
�
�
�

9 64.512P2's � in Y
through y 2 Y general

 64512-web by 2-planes onY

� Z 2n+1 = smooth intersection of two hyperquadrics inP2n+3
�
�
�
�

�
�
�
�
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� C = algebraic curve of degreed in P2

C
P2

deg(C) = d = 4

�C

L

�P2

Class( �C) = 4

De�nition : W C = web formed by the lines tangent to�C

= d-web by lines on�P2 n �C
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� V r = reduced algebraic subvariety of degreed in Pn

x
?

(projective duality)?
y

W V = d-web of codimensionr on Gn� r (Pn)

De�nitions : a webW is

1. algebraic if W = W V with V � Pn algebraic

2. algebraizable if W ' W V with W V algebraic
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A quote by Chern

� V r � Pn+ r � 1 of degreed  ! d-web W V on Gn� 1
�
Pn+ r � 1

�

Remark : codim
�
W V

�
= r

�
� nr = dim Gn� 1

�
Pn+ r � 1

�

� Even restricting to the case of webs whose codimension divides
the dimension of the ambient space :

[Chern 1982] :

\the subject is a wide generalization of the geometry of projective
algebraic varieties. Just as intrinsic algebraic varieties are generalized
to K•ahler manifolds and complex manifolds, such a generalization
to web geometry seems justi�able."



Webs are everywhere...

� Algebra

� Topology

� Geometry

� Theory of dynamical systems

� Theory of DEs & PDEs

� Mathematical Ph ysics

� Economy
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� W d = d-web of codimension 1 onU � Cn

Theorem : [Bol (n=2), Chern]
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Corollary : for a degreed curveC � Pn : pa(C) � � (d; n)

De�nition : W d hasmaximal rankif rk(W d ) = � (d; n) > 0
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�
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� W is algebraizableif W ' W V with V algebraic

Fact : in many cases, maximal rank webs are algebraizable

Theorem : [Lie-Poincar�e] Let W 4 be a planar 4-web :

rk
�
W 4

�
= � (4; 2) = 3 =) W 4 is algebraizable

Theorem : [Blaschke-Howe 1932 ( n = 2), Gri�ths 1976]

Let W d be alinear d-web onU � Cn :

9 a complete AR =) W d is algebraic
*

rk(W d ) is maximal
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Theorem : [Bol ( n = 3 ), (Chern-Gri�ths), Tr�epreau]

Let W d be ad-web onU � Cn with n � 3 :

rk(W d ) = � (d; n) =) W d is algebraizable

Theorem : [Pirio-Tr�epreau 2013]

For a d-web W d of codimensionr > 1 on U � Cnr :

W d has maximalr -rank�
rkr (W d ) = � (d; n; r )

� =)
W d is `algebraizable'�

generalized sense ifd = dn;r
�



Algebraic geometry of webs

Algebraic curves Webs of codim 1

degreed curveC � Pn d-web W d on (Cn; 0)

! 2 H0(C; ! 1
C ) ! = ( ! i )d

i =1 2 A (W d )

pa(C) = h0(C; ! 1
C) rk(W d) = dim A (W d ) = �
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\(...) we cannot refrain from mentionning what we consider to be
the fundamental problem on the subject, which is to determine the
maximum rank non-linearizable webs. The strong conditions must
imply that there are not many. It may not be unreasonable to
compare the situation with the exceptional simple Lie groups."

Chern (1985) :

\The determination of all webs of maximal rank will remain a
fundamental problem in web geometry and the non-algebraic ones,
if there are any, will be most interesting."

Chern's problem : to determine and classify the exceptional webs
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Theorem : [Mar��n-Pereira-Pirio 2006]

There are planar exceptionald-webs for everyd � 5

Theorem : [Pereira-Pirio 2010]

Up to projective equivalence, there are

4 in�nite series and 13 sporadic examples

of exceptionalCDQL webs onP2

� The 5-webW
�

x ; y ; x + y ; x � y ; x2 + y2
�

is exceptional

AR : 8
�
x

� 6 + 8
�
y

� 6 +
�
x + y

� 6 +
�
x � y

� 6 � 10
�
x2 + y2

� 3 = 0

� The exceptional webs remain mysterious...
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Some problems : in web geometry

� Determine all the exceptional planar 5-webs

� Exceptional 5-webs ? ! analytic exceptional surfaces inP5

� Extend algebraic geometry to webs of maximal rank

( 9 Torelli theorem for webs ? )

� For a non-reduced curveC � P2 :

{ is there a web-theoretic objectW C corresponding to it ?

{ what would be an abelian relation for such a `web'W C ?
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Algebraic geometry Web geometry

Variety V r � Pn+ r � 1

degreed and dimr
W d on (Cnr ; 0)
d-web of codimr

! 2 H0(V ; 
 q
V ) q = 1 ; : : : ; r ! = ( ! i )d

i =1 2 A q(W d )

hq;0(V ) = h0
�
V ; 
 q

V

�
rkq(W d) = dim A q(W d )

hq;0(V ) � � q(d; n; r ) rkq(W d) � � q(d; n; r )

� For q < r :

determine the varietiesV r � Pn+ r � 1 of `maximal q-rank'

i.e. such thathq;0(V ) = � q(d; n; r ) whered = deg V
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